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Abstract — We compute the Drude weight and the critical exponents as functions of the density
in non-integrable generalizations of XXZ or Hubbard chains, in the critical high- or low-density
regime where the dispersion becomes almost quadratic, the Luttinger liquid description breaks
down and the Bethe ansatz cannot be used. Even in the regions where irrelevant terms dominate,
no difference between integrable and non-integrable models appears in exponents and conductivity
at zero temperature. Our results are based on a fully rigorous two-regime multiscale analysis and

a recently introduced partially solvable model.
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Introduction. — Understanding whether the behavior
of exactly solvable models is generic and persists in the
presence of integrability-breaking terms is a central issue
in physics. Interacting fermionic chains provide an ideal
arena, thanks to the presence of Bethe ansatz solvable
models, like the XXZ or the Hubbard model, and the fact
that cold atoms allow, at least in principle, an experimen-
tal verification [1-3].

Exact solutions provide a rather complete picture, in-
cluding critical exponents and Drude weights at zero tem-
perature for all densities, see, e.g., [4] for a review. The
zero-temperature Drude weight (whose finiteness signals
an infinite conductivity) for the XXZ chain was obtained
in [5]. For the XXZ chain with non-zero magnetic field
a strict lower bound on the Drude weight at finite 7" was
proven in [6] and in [7-10] it was extended to zero field,
using the construction of quasi-local charges in [8]. The
bounds are derived analytically for infinite temperature
(but the non-zero bound is believed to be true for all T')
and for special values of A = cosnzw/m, with n, m coprime
(some arguments have been given to show that the Drude
weight could be vanishing without this condition). Anal-
ogous results are known for the Hubbard model. Dynami-
cal correlations in solvable models are obtained in [11-13].
The Drude weights can be also obtained via dynamical
evolution of partitioned systems [14-22].

The above results rely on integrability which is gener-
ically lost in realistic systems. Luttinger liquid the-
ory [23] predicts the behavior of the Luttinger model
to be generic for non-integrable systems [24]. This was

rigorously proved [25] for static zero-temperature proper-
ties around the half-filled band case, where the disper-
sion relation is essentially linear. These limitations are
necessary; solvable models show that non-linear disper-
sion relations produce behaviors different from that of the
Luttinger model in the dynamical correlations or at finite
temperature; the same is true for static zero-temperature
properties at low or high densities.

For the same non-linear lattice dispersion relation, in-
tegrable or non-integrable interactions differ by irrelevant
terms, usually neglected in the field theoretic Renormal-
ization Group (RG) analysis; for instance, the addition
of a next-to-nearest-neighbor interaction makes the XXZ
model not solvable. The RG irrelevance of these terms
does not make them unimportant. On the contrary, at
positive temperature the Drude weight depends dramati-
cally on the integrability of the interaction [6,8], in analogy
with the classical case [26,27], see also [28-33]. More gen-
erally, irrelevant terms are known to play a crucial role for
transport properties. For instance, they ensure the can-
cellation of all the interaction corrections of the optical
conductivity of graphene [34,35].

The natural question we address here is the following:
for which properties is the behavior found in Bethe ansatz
solvable models at 7" = 0 generic even when the Luttinger
description breaks down and physics is dominated by ir-
relevant terms, that is in high- or low-density regime? We
answer this question in the case of static zero-temperature
properties, away from the Luttinger linear behavior. This
is achieved via a two-regime non-perturbative RG scheme
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that takes fully into account irrelevant terms. In the sec-
ond regime, in the spinful case we exploit emerging sym-
metries by using a recently introduced QFT model [36]
with a RG flow exponentially close to the flow of the non-
integrable chains. This QFT model is partially solvable
in the sense that only the density correlations can be ob-
tained in closed form.

We find that the critical exponents, in the low- or high-
density limit, tend to their non-interacting value in the
spinless case, while in the spinful case their limiting value
depends strongly on the interaction. In both cases the
Drude weight behaves essentially as in the non-interacting
case. In the special case of solvable interactions, Bethe
ansatz results are recovered.

Our analysis shows that there is no qualitative differ-
ence between integrable and non-integrable models at zero
temperature; the exponents have a similar behavior, the
conductivity is infinite and the limiting value of the Drude
weight is the same. This is true notwithstanding the fact
that in the low- or high-density regime the physics is com-
pletely dominated by irrelevant terms; the behavior found
in Bethe ansatz solvable models is generic at 7" = 0 even
when the Luttinger description breaks down.

Main results. — We consider a model of interacting
fermions with Hamiltonian

1 _ _
H = _5 Z(a;o’am-&-l,a + C‘C‘) - MZ a;iaa’;c, o
z,0

(1)

xr,o

E + - 1 -
+A w(:c - y)ax,aax,aay,a/ay,a”

z,Y

o0

where aig are fermionic creation or annihilation oper-

ators, o is the spin (¢ = 0 in the spinless case and
o =7,1 in the spinning case), & are points on a one-
dimensional lattice and w(x) is a short-range potential
such that > |z|*|w(z)| < oo for some o > 0. In the
spinless case with w(z — y) = 04 441 the system re-
duces to the XXZ model and in the spinning case with
Mw(z —y) = Udg, it reduces to the Hubbard model. For
other choices of the interaction no solution is known.
The truncated Euclidean correlations are

(Ox, ...0x,) =(T(Ox, ...Ox,))T,

where T is the time ordering operator, x = (xg, ), Ox =
eflr00,e~Hw0 and (-)r are the thermodynamic truncated
averages. Finally S(x —y) = (axay) denotes the 2-point
correlation function.
The density is p, = >, af ,a, , and the current is

defined via the continuity equation that gives

. 1 _ _

Jz = 2_Z Z(a;:r+1,aaa:,a + a’;:i_,a'aa:+1,0)'

(o8

Writing p = (po,p), the (Euclidean) zero-temperature
Drude weight D and the susceptibility x are given by

k=l lim (pppp)r and D= lim lim D(p)

with D(p) = (jpJj_p)T + A and
1

A==
20'

+ - + -
<a’z, aax+1, o + az+1, aax, 0) .

Here f(p) represents the Fourier transform of f(x). A
Ward Identity (WI) gives p2(ppp_p) = 4sin’p/2D(p)
which implies that

lim lim D(p) = lim lim{jpp—p) =0.
Note that D(p) is not continuous at p = 0 and it is essen-
tial to take the limits in the correct order. Moreover, the
limit pg — 0 should be taken along the imaginary axis,
but the Wick rotation holds for this model [37].

In the non-interacting case the dispersion relation is
—cosk and the Fermi momentum pp is defined by pu =
—cospr. We are interested in the low- or high-density
regime, that is for Fermi momentum close to pp = 0
(empty band) or pr = 7 (filled band) where the dispersion
relation is almost quadratic. In the presence of interaction,
at fixed p, the Fermi momentum becomes interaction de-
pendent; we find more convenient to fix the Fermi mo-
mentum to be given by —cospr = £1 Fr = pg, with r
small and pur = 1 in the empty band case while up = —1
in the filled band case. This is achieved by choosing an
interaction-dependent chemical potential u = pr 4+ v with
v = v(A) suitably chosen. The values of the chemical po-
tential corresponding to prp = 0,7 are called p. = =1+ .

Theorem. Consider the Hamiltonian (1) with 1 = pur +
v(\,r) and pup = —cosprp = £1 Fr. Then we have

K K
D="2 and k= —,

T T
where:

—in the spinless case for |A| small we have

v\ T) = zm(o)pf + O,

while

K- 1—17 7

1+7
v = sinpp(1+0W\?)),
0(0) — w(2
T = )\—w( ) —5(pr) + O\*r?),
2mv

with ¥ € (1/3,1/2); .
—in the spinful case for A = ﬁ > 0 small we have

v\, 1) = O(M/T), while

(1—2v,)* - VZ 2

L1+ vy)? — 41/2
2,2z U °°
v, V3

K = ———t
(1 —r4)? —4v2

where

v = sinpp(1+ OM\") + 0(\?)),

w =32 ope),
£y (71;(0) - L(QPF)) +0(32).

o 2
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Fig. 1: The main graph is the Drude weight D at fixed A in
the spinless case. The inset shows K.

In both cases, S(x —y) decays for large distance as |x|**"
with 2n =K + K=1 — 2.

In the Theorem r is a parameter that measures the dis-
tance of u from the critical chemical potential p.. In the
spinless case p. is shifted by the interaction and we get
te = 14+ 22w(0) for pgp = 1 and p. = —1 for pp = —1.
In the XXZ chain h, + A = p.. When r — 0 we get
K — 1 and D/sinpp — %, that is the critical exponent
and the Drude weight tend to their non-interacting values.
Figure 1 shows the behavior of D and K as a function of
the density close to the critical point; in the XXZ case it
closely reproduces the features found by the exact solu-
tion, see, e.g., fig. 1 in [38] or fig. 1 in [39].

In the spinful case we rescale the interaction as A =
Asin pr. In terms of A our results hold uniformly in 7.
In contrast with the spinless case, the theory is strongly
interacting since at criticality we have K — 1— Mi(0) /7 +
O(A\?). A remarkable cancellation takes place in the Drude
weight and D behaves as in the non-interacting case when
r — 0 (at least up to O(\?) terms), that is

Dm 1+vs =2y,
T 1—vy+ 20,

for r ~ 0. Such a behavior is present in the Hubbard
model, but it is proven here to be a generic feature. It
was missed in previous attempts based of field theoretic
RG methods. Figure 2 shows the behavior of D and K for
integrable and non-integrable interactions, as a function
of A and A. In the Hubbard case fig. 2 reproduces Bethe
ansatz result (e.g., figs. 9.2, 9.3 of [4] or figs. 13, 14 of [40]).

RG analysis: the quadratic regime. — We write the
FEuclidean correlations in terms of a Grassmann integral

W (A) :/P(da)e—V—VN-FB(A@),

where P(da) is a Grassmann integration on the
Grassmann algebra generated by the variables af _ with
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Fig. 2: The main graph is the Drude peak D at fixed A for
the spinful case. The upper inset shows K at fixed A while the
lower inset shows K as a function of A\. Colors and dashes are
as in fig. 1.

propagator

where

g(k) = .
g(k) —iko — cosk + cospp

Moreover V is the interaction and vN = v [dxaf ,ay , is
a counterterm introduced to take into account the renor-
malization of the chemical potential, that is we write
@ = pp + v with up = cospp. Finally B(A4,¢) is a
source term. Differentiating W (A, ¢) with respect to ¢
produces correlations of fermionic fields, while differenti-
ating with respect to A produces correlations of currents or
densities.

The starting point of the
decomposition

RG analysis is the

90 =3 gt = 3 g ),

h=—o00

(2)

h=—o0

where fh(k) is a compact support function which is non-
vanishing only for \/kg + (cosk — cospr)? ~ 2" see fig. 3.
From eq. (2) and the properties of Grassmanian integra-
}11:700 aﬁzf with
P(da) = H,llzioo P(da™). This decomposition naturally
leads to identify two regions, separated by the energy scale
2" ~ r; in the region where the energy is greater than
r the dispersion relation is essentially quadratic, while
for smaller energies it is essentially linear with a slope
of sinppg ~ +/T.

In the high-energy region where h > h* the single
scale propagator satisfies the scaling relations ¢ (x) ~
20/24(0) (2P 2, 27/22) and the scaling dimension is D' =
3/2—1/4—m/2, where | is the number of a fields and m
the number of A fields.

tions we have that we can write ai[’ o=
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Fig. 3: Schematic representation of the support Ay of the prop-
agator g™ (k) as a function of h.

We focus on the A = ¢ = 0 case. We define the effective
potential on scale h recursively as

Vhi(ash) = 1og/P(dah)evhﬂ(aghﬂ),

h .
where ¢=" = Zszoo a®. Tt can be written as

h— vt + RV,

where RV" is sum of all irrelevant terms, that is mono-
mials in the fields with D! < 0 while

Lvh = 2%)\hF,\ + 2huh Z/dx a;’fha;’fh

+zh2/dxa+ <hdoa ’Sh+5h2/dxa+ <h82 - Sh
(3)

where
, <h
x, |

Fy = /dxa;’fhax fha;r fha
in the spinful case and F = 0 if the fermions are spinless.
Notice the absence of the term [ af ,day ,dx and of local
terms with six fields due to parity and the Pauli principle,
respectively.

After integrating the field a” we obtain V"*~! as a sum
of monomials in the fields, that is

Vh=1(g<h=1) = /Wlhfl(x17 X)) Haih_l,

i=1

where VVlh_1 is expressed as a series in the running cou-
pling constant (r.c.c.) m, = (Vk, ik, Ok, A\p) (with Ay, =0
in the spinless case), & > h. We can now write V"1 =
LVh=1 + RVP=1 as in (3) with h — 1 replacing h and use
the local terms to compute the r.c.c. on scale h — 1. This
produces an expansion of the kernels Wlh in terms of the
r.c.c.. Calling 5, = maxg>p 1|, we get

||I/Vlh_1|| < 2h(3/27l/4) chez

Convergence in the r.c.c. follows from determinant

bounds [41], which imply convergence in A if the r.c.c.

remains close to their initial value during RG iteration.
The above construction gives the recursive relation

Np—1 = Mn + ﬁh(nha .. ,7770) .

The flow generated by 3" can be analyzed rigorously as
n [41]. The main observation is that at r = 0 all graphs
with a closed fermionic loop vanish while the tadpole
graph gives the shift of the chemical potential. Therefore,
in the spinless case we get [i5], |6 < Cr?|\| where the fac-
tor ¥ is due to the irrelevance of the quartic terms. Sim-
ilarly the contribution to v consists of the tadpole graph
plus O(Ar).

In the spinful case we must also consider A, which obeys
the recursive relation A\y_1 = 22\, — aX2 + O(\}) with
a > 0, from which [\s+| < C|A|. We thus see a non-trivial
fixed point that lies outside our convergence radius. For
the other r.c.c. we get |ij-|, [0n-| < CT?|A| + O(\?) while
the contribution to v consists of the tadpole graph plus
O(M)4+0(\?), see also appendix A. This is due to the lack
of the dimensional gains of the spinless case for graphs of
higher order.

RG analysis: the linear regime. — After the inte-
gration of the fields a',a?, ..., a" We*arrive at a functional
integral of the form [ P(daSh*)e*Vh (@), where P(da="")
has a propagator that depends only on the momenta in two
disconnected regions around the 2 Fermi points (0, +pr),
see fig. 3. Therefore, we write a="" as the sum of 2 inde-
pendent fields

agh _ § eiwpp:caihx
w==
with propagator

f<n+ (k)

5P (k) =
Yoo (k) —iko + wop-k

+7 (k)

where vy = O(y/), and f<p- (k) is different from 0 only
if k2 4+ v7.k* < 2", Finally #(k) is a bounded correc-
tion. In this case the scaling dimension is D? = 2 — [/2;
we write again V" = LV + RV", where RV" contains
all terms with negative scaling dimension while LV" con-
tains vy, the renormalization of the chemical potential,
and the quartic terms (quadratic marginal terms produce
the wave function renormalization Z; and the renormal-
ized Fermi velocity vp). In the spinless case the quartic
local terms have the form A, [ dxa;’fha;fha;’_gh ;”_Sh
with

An= = Mw(0) — @(2pr))

+ > (Wipr.pr,—pr, —pr) = Wi (pr, —pr, —pr, pr))-

k=h*

Due to the parity of the interaction, the first term is O(Ar)
while the second is close to p3 82W4 Since

0 0
Z |62Wf| < Z )\22h(—1/2+19) < C}\2r—1/2+19,
k=h* k=h*

we get Ape ~ O(Arzt?), so that it vanishes as r — 0.
In the spinful case there are three local quartic terms (if
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pr # m/2):

— 91,k f ajc_, w, a'a;, —w, Ja;cr, —w, o”a’;, w, o’ with g1, he =
2P 1220 (2pr ) +0O(MN?)), where the 27 /2 comes from
the scaling dimension;

_ + - + - : _
gQA,hfax,w,aax,w,oax,fw,a/ax,7w,a’ Wlth g2¢h* -

2" 12(22w(0) + O(N?));
- 94»hfai—,w,aa;,w,Ua;:w,a’a’;,w,o’

20" /2(22w(0) + O(N2)).

The integration over the time variables produces a factor
v~ "1 which is compensated by the v™ of the coupling,
so that the convergence radius (in A for the spinless case
or \ for the spinful case) is r independent. Observe that
the small factor in the effective coupling is produced es-
sentially by the Pauli principle in the spinless case, while
it follows from our choice A = Asinpg in the spinful case.

Finally we have to discuss the flow of the running cou-
pling constants. The single scale propagator §" (k) is the
sum of a “relativistic” part

with g4 p- =

1 fn(k)

~h
k = _—
gw rel( ) Zh 7Z'k0+w1)hk'

and a correction 7" (k), smaller by a factor %, that takes
h*

into account the non-linear corrections to the dispersion
relation. In the spinless case the beta functions for Ap
and vy, are asymptotically vanishing (i.e., the only contri-
butions come from the corrections #"), while

. AZ 2h . 2h
<C d < CAp—
|ﬂ/\| = e U}Qz* an |ﬂé| = hU}QL*

Thus, we get |A\n| < CM/2+Y while v_o, = sinpp(1 +
O(M?)).  Finally we have Zj, ~ Z,-27" with n =
A
ni (5=
In the spinful case if A > 0, we get g2, — g2, —c and
94, h — 4, —oo With 92, —00 = g2,h* — 910+ /2+ O()\2r1/2)
and g4, oo = g4 ne + O(N2r'/?). Finally we have gy 5 ~

91, h* —
lfaglylh =5 — 0 as h — —oo. Similarly we get ©

sinpr(1+ OAr?) +O0(N?)).

=), see also appendix B.

Emerging chiral model. — Here we focus on the
spinful case, since the spinless one is a special case of the
following discussion. In the second regime a description of
relativistic chiral fermions emerges, up to irrelevant terms,
and one needs to exploit its symmetries. A way to do
that is to introduce a reference model whose parameters
can be fine tuned so that the difference between the
running coupling constants of the non-integrable chain
and those of the reference model is small. The somewhat
natural choice of the Luttinger model does not work, as
the difference produced by the g; coupling vanishes in a
non-summable way.

We introduce a model [36] of fermions % ,w = & with
propagator

~h 1 fan(k)

k)= - =N
gw chz( ) Z*’ikoﬁ*ka

and interaction given by V = g1 F1 + goFs + gaFy, where

_ 2: — +
Fl_ / X-Yy wxwo xwawy,—w,aw,—w,a”
w, o, 0’
_ }: - - +
Fy = / wx -y xw otVx,w, 0y, —w,0’ Ty, —w,c’?
w, o, 0’
— +
Fy = E:/ X-Yy wxwa X, w, o y,wo’w w,o’ "
w, o, 0’

Here w(x) is a short-range interaction, with range ro and
w(0) = 1. Setting

x:§ Pw,x » x:§ WPw, x
w w

with po, x Yo Vb os 5o we get the WI for the
fermionic correlations

—ipoAo(Jo, pUic 1 p. o Vit )T
+va1 <jl¢ pwl:—i-p, owli_7 0>T =

. ~ o], @

E <wl:+p, ale(rer, 0>T
where Ag = (1 —va —2v,), Ai(1+ vy — 2~1/p), vy = ga/4dmv
and v, = (g2 — g1/2)/4mv. Similarly, if P, = —ipg + wop,
the density correlations verify

B, <5p,wﬁ—p, Ww)T = V4p—w<5p,w5—p,w’>T

P,
dowirzz )
Note in the above WI the presence of the anomalies, that
is the terms in v, and v4, which are linear in the couplings
gi- The model differs from the Luttinger model for the
presence of the g; term; it is however defined so that it is
invariant under the chiral phase transformation

—20, P (pp, ~wP-p, )T = —

+iax +
wx w,o — e wax,w,a

which implies, thanks to (5), that the density correla-
tions can be explicitly computed even if the model is not
solvable, see [25,36]. We choose @ of the form w(x) =
w(x? 4+ 23/v?), where @ has range 79 = 2~"" and sat-
isfies [dx|w(x)| = 1. It acts as an ultraviolet cut-off
that allows us to integrate safely the scales h > h* and

arrives at an effective potential V , differing from V"
discussed in the previous section by 1rrelevant terms. We
can choose the bare parameters g;, v of the reference model
so that its running coupling constants differ from those of
model (1) by exponentially decaying terms O(2”") and
the ratio of the Z tends to 1; this is achieved by choosing
Gi = gin +O(v/1A?)) and v = sin pr(1+O (A7) +O(\2)).
This implies that

2
i pr+ Rol®),  (6)

where Z; is the current wave function normalization
and Ro(p) is a continuous function in p (in contrast

D(p) =

27002-p5
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with the first addend in the r.h.s.); we use the WI
limy, 0 lim,, 0 D(p) = 0 to fix Ry(0) so that we get

Dip) = 7% (A +wva+2v,) +v3(1 — vy —20,)|p3
p)= w7200, p3 + v3v2p?
. 2 (1+V4)2_4V2 . 2 2 . .
with v; = G—57=55, v1 = (1 +v4)” — 4. The identity
P

. - + o ~ - +
<jpak+pp, aak+p+pF, 0>T - Zl <]1¢ Pwk—i-p, awk, 0>T

allows us to fix Z1, Z; indeed comparing (4) with the WI
for the chain

7ip0 </3pd1; aai—i-p, 0>T + p<]lf)&l:7 aa’I—i—p, 0>T -

(7)

A= ot "= +
<ak, o0k, a)T - <ak+p, oc%+p, 0>T
we get the consistency relation

Zy

- = v(l+ vy —2uv,).

Proceeding in a similar way for the susceptibility we obtain
the expressions in the Theorem.

Conclusions. — We analyze non-integrable generaliza-
tions of the Hubbard chain in the low- and high-density
regimes where the Luttinger description breaks down. Our
methods are based on a multiscale decomposition of the
propagator of the theory and are able to take into account,
in a rigorous and quantitative way, the irrelevant terms
normally neglected in the RG analysis. Our main con-
clusion is that no qualitative difference between solvable
and non-solvable models is seen in exponents and con-
ductivity at zero temperature, even in regions where the
Luttinger liquid description is not valid and the physics is
completely dominated by irrelevant terms. Both for inte-
grable and non-integrables models, the anomalous critical
exponents vanish or do not depend on the spinless or spin-
ful nature of fermions, while the Drude weight tends to the
same non-interacting values independently of the presence
of spin. Such results have been established by rigorous RG
methods able to take into account irrelevant terms. The
possibility of extending such methods to deal with the is-
sue of finite-temperature Drude weight in non-integrable
models is an important open question.

Appendix A: flow of the running coupling con-
stants in the quadratic regime. — We give some extra
detail on the flow of the r.c.c. in the quadratic regime.
Note that at r =0 and T'= 0 we have

— empty band case: pp =0, e(k) = —cosk + 1, and

" %efikxfe(k)zo :
27

9(x) = x(z0 > 0) /

—T

— filled band case: pr =7, e(k) = —cosk — 1, and

" dk —ikz—e(k)x
9(x) = —x(zo < 0)/ 5.¢ kz—e(k)zo

Therefore, all the graphs with order greater than 1 with
two external lines are vanishing if computed at the Fermi
points and r = 0. Indeed all one-particle reducible graphs
are vanishing due to the support properties of the propa-
gator. This implies that there is always a closed fermionic
loop which vanishes as the propagator is proportional to
X(xo > 0) or x(zo < 0). At first order there are two con-
tributions: the tadpole graph at r = 0 contributes only to
v and gives 2\w(0)pr /7 with pp = 0,7; the other graph
is vanishing for non-local interactions (the local potential
does not contribute) since v(x —y)g(x —y) is proportional
to v(x, Y)dz,y = 0.

The flow equations for iy, 05, have the form i,_1 = ip +
B, 6p_1 = 6n + B In the spinless case the fact that
there are no quartic running coupling constants produces
an improvement of O(2"?) with respect to the dimensional
bound. As we noticed above all the contributions with two
external lines computed at the Fermi points are vanishing
for r = 0, except for the tadpole which contributes only
to v. There is therefore a gain 727" in the beta function
for 2,0, and a further gain 2"’ (due to the irrelevance of
the quartic terms if the order is greater then 1 and to the
fact that the derivative can be applied on the interaction
at first order), so we get |ipl,|dn| < X:IICZ,LC|)\|7‘2*’“2’“9
and finally zp,«, 0, = O(Ar?). The same argument can be
used for the renormalization of the chemical potential vy,
and vy is the tadpole plus Z,IL:,L* N2hr2=h2h — O(\r); as
a consequence the shift of the critical chemical potential
is linear in A as stated in the Theorem.

In the spinful case, the contributions at first order to
the flow of iy, 0, give S\Zh>h* r2=h9%h < CrY9\ for the
same reason as in the spinless case. There is, however,
no gain due to the irrelevance of the interaction at larger
orders so that they give A2°C'>", <, . r2=" < ON? as the
quartic terms are now relevant. Fﬁnall}j, the value of v is
the tadpole plus 3, _,. A2"27" = O(A/7).

Appendix B: flow of the running coupling con-
stants in the linear regime. — In the spinless case the
beta functions for A, and v, are convergent and asymp-

. C . A2 oh A2 oh
totically vanishing, |3%| < C’U—hi—v%:, |88 < Cv}%’*p; As-

1/2+49

)

suming inductively that [A,| < CAr

h *
U22 < 2h=h" one gets that
h*

and using that

h*
A2 *
|)\h—1 o )\h*| < § ,r1+219_2k—h < C}\2r1/2+19
Vh*
k=h

(8)

h—1

A2, 1 Z
and v_o, = wvp + O(55~) ~ r2. Moreover, 7 =
h* b

1+ B! + B2, where (3% contains the contributions from
the irrelevant terms, like the quadratic corrections to the

dispersion relation, and is O(A%). Finally at first or-
der 05 has contributions only from non-local terms, the
derivative is applied on the interaction and is bounded by
Av > <p- 2% both in the spinful and in the spinless case.

27002-p6



Non-integrable fermionic chains near criticality

REFERENCES

KinosaiTA T., WENGER T. and WEIss D. S., Nature,
440 (2006) 900.

HOFFERBERTH S., LESANOVSKY I., FISCHER B., SCHUMM
T. and SCHMIEDMAYER J., Nature, 449 (2007) 324.
MAZURENKO A., CHIU CHRISTIE S., J1 GEOFFREY, PAR-
SONS MAXWELL F., KANSz-NAGY MRTON, SCHMIDT
RicHARD, GRUSDT FABIAN, DEMLER EUGENE, GREIF
DANIEL and GREINER MARKUS, Nature, 545 (2017) 462.
EssLER F. H. L., FRAHM H., GOEHMANN F., KLUEMPER
A. and KorepPIN V. E., The One-Dimensional Hubbard
Model (Cambridge University Press) 2005.

SHASTRY B. S. and SUTHERLAND B., Phys. Rev. Lett., 65
(1990) 243.

ZoT1os X., NAEF F. and PRELOVSEK P., Phys. Rev. B,
55 (1997) 11029.

PROSEN T., Phys. Rev. Lett., 106 (2011) 217206.
PROSEN T. and ILIEVSKI E., Phys. Rev. Lett., 111 (2013)
057203.

PROSEN T., Nucl. Phys. B, 886 (2014) 1177.

PEREIRA R. G., PASQUIER V., SIRKER J. and AFFLECK
1., J. Stat. Mech., 2014 (2014) P09037.

CAux J.-S., HAGEMANS R. and MAILLET J.-M., J. Stat.
Mech., 2005 (2005) P09003.

IMAMBEKOV A., SCHMIDT T. L. and GLAZMAN L. I.; Rev.
Mod. Phys., 84 (2012) 1253.

PEREIRA R. G., SIRKER J., CAUX J.-S., HAGEMANS R.,
MAILLET J. M., WHITE S. R. and AFFLECK 1., J. Stat.
Mech., 2007 (2007) P08022.

CAZALILLA M. A., Phys. Rev. Lett., 97 (2003) 156403.
LANCASTER J. and MITRA A., Phys. Rev. E, 81 (2010)
061134.

SABETTA T. and MiscUICH G., Phys. Rev. B, 88 (2013)
245114.

BERNARD D. and DoyoN B., J. Stat. Mech., 2016 (2016)
064005.

BERTINI B., COLLURA M., DE NARDIS J. and FAGOTTI
M., Phys. Rev. Lett., 117 (2017) 207201.

LaNGMANN E.) LEBowITZ J. L., MASTROPIETRO V. and
Moosavl P., Commun. Math. Phys., 349 (2017) 551;
Phys. Rev. B, 95 (2017) 235142.

[20]
[21]

[22]
[23]

[24]

[25]

[26]

[27]
28]

[29]
(30]

31]
32]
[33]
[34]
[35]
[36]
37]

[38]
[39]

[40]
[41]

27002-p7

KarrascH C., PROSEN T. and HEIDRICH-MEISNER F.,
Phys. Rev. B, 95 (2017) 060406.

ILiEvskl E. and DE NARDIS J., Phys. Rev. Lett., 119
(2017) 02060.

KARRASCH C., New J. Phys., 19 (2017) 033027.
HALDANE F. D. M., Phys. Rev. Lett., 45 (1980) 1358; J.
Phys. C, 14 (1981) 2575.

MarTis D. C. and MASTROPIETRO V., The Luttinger
Model (World Scientific) 2014.

BENFATTO G., FALCO P. and MASTROPIETRO V., Phys.
Rev. Lett., 104 (2010) 075701; Commun. Math. Phys.,
330 (2014) 153; 217.

BoneTTO F., LEBOwITZ J. L. and REY-BELLET L., in
Mathematical Physics 2000, edited by Fokas A., Grigo-
ryan A., Kibble T. and Zegarlinsky B. (Imperial College
Press) 2000, pp. 128-151.

LEBOWITZ J. and SCARAMAZZA J., arXiv:1801.07153.
ALVAREZ J. V. and Gros C., Phys. Rev. Lett., 88 (2002)
077203; Phys. Rev. B, 66 (2002) 094403.

Juna P. and RoscH A., Phys. Rev. B, 76 (2007) 245108.
HEIDRICH-MEISNER F., HONECKER A. and BRENIG W .,
Eur. Phys. J. ST, 151 (2007) 135.

HEIDARIAN D. and SORELLA S., Phys. Rev. B, 75 (2007)
241104.

SIRKER J., PEREIRA R. G. and AFFLECK 1., Phys. Rev.
Lett., 103 (2009) 216602; Phys. Rev. B, 83 (2011) 035115.
STEINIGEWEG R., HERBRYCH J., ZOoTOS X. and BRENIG
W., Phys. Rev. Lett., 116 (2016) 017202.

GIULIANI A., VI MASTROPIETRO and PORTA M., Phys.
Rev. B, 83 (2011) 195401.

Boypa D. L., BrRacuta V. V., KATSNELSON M. I. and
ULYBYSHEV M.-V., Phys. Rev. B, 94 (2016) 085421.
BENFATTO G., FALCO P. and MASTROPIETRO V., Com-
mun. Math. Phys., 330 (2014) 217.

MASTROPIETRO V. and PORTA M., J. Stat. Phys., 172
(2018) 379.

SIRKER J., Int. J. Mod. Phys. B, 26 (2012) 1244009.
PsarouDAkl C. and Zotos X., J. Stat. Mech., 2016
(2016) 063103.

Scuurz H. J., arXiv:cond-mat/9302006.
BoNETTO F. and MASTROPIETRO V.,
Poincaré, 17 (2016) 459.

Ann. Henri



