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1) The equation governing the temperature u(z,t) inside a rod is:

( Qu(x,t)  O%u(w,t)
= <zx<
ot Ox? 0sesl
ou(0,t)
i u(0,t)
ou(l,t)
o =" (T — u(1,t))
{ u(z,0) ==z

a) write and solve the equation for the steady state v(x).

The equation for the steady state is:

( 0%u(x,t
851:2 Lo
20(0) _
P rv(0)
o(1) _
\ 5 =r(T —v(1))

The general solution is still v(z) = az+b. The first b.c. tells me that a = rb while
the second tells me that a = (T — a — b) or, using the other, a = r(T —a —a/r)

from which we get
rT T

b) write the equation for the difference w(z,t) = u(x,t) — v(x).

The equation for w is the homogeneous version of that for u so that:

r awg,t) _ 8215233;@ 0<z<l1
6w(§2, b _ rw(0,1)
% = —rw(1,t)

| ul@0) = <1_ QTIJ v 2—|T-7"
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c) use separation of variable to reduce the problem to a Sturm-Luiville problem.
Find the eigenvalues and eigenfunctions. Explain why you can expand in eigen-
functions. Write the general solution for w(x,t) and an expression for the coeffi-
cient in term of w(z,0).

Writing w(z,t) = T(t)s(z) we get the equation

(2O )
aaz(f) = ps(x)
s'(0) —rs(0) =0
[ s'(1) +7s(1)=0

Observe that the Theorem on section 2.8 tells you that all g are non negative
so that I can write 4 = —\?. The general solution of the equation for s(zx) is
s(z) = acos(Ax) + bsin(Ax) so that s'(xz) = —aAsin(Ax) + bAcos(Ax). The first
b.c. tells me ra = Ab and the second tells me

2
Abcos(A) + rbsin(A) = A—b sin(\) — bA cos(Ax)

T
that gives
2r\
tan()\) = m
Observe that
. 2r\
llm —— =0

A—o00 /\2 — T2

so that we have infinitely many solution A, and lim A,, = nm. Finally we get
n—oo

Sn(x) = Ay cos(Apz) + 7sin(A,x)

From the general theory we know that the s, (x) are orthogonal because they are
the eigenvalue of a regular Sturm-Luoiville problem. Setting:

1
cn:/ s2(x)dx
0

We have, for every function f(z), that

where



So we obtain that the general solution is

oo
u(zx,t) = Z ane_’\itsn(x)
n=1

1! T T
Ay, = —/ [(1— r ):c— ]sn(aj)dm
cn Jo 2471 24r

we obtain a solution for our problem.

and setting
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e) Give an estimate from above and below of the first eigenvalue. How long do you
have to wait to be sure that |w(xz,t)| < 1072, Use only the series truncated at
the first term but observe that you need an estimate of the first coefficient.

Observe that the function

2r\
9N =333
is negative for for A < r and positive after. Moreover lim = —oo and lim =

A—r— A—r+
+00. Finally ¢(0) = 0. This implies that if 0 < r < 7/2 than r < \; < 7/2,
otherwise 7/2 < A\; < w. Writing the truncated solution we have

w(zx,t) ~ ale_’\%tsl(x)
Observe that |s1(x)] < A1 + 7 so that we have to find ¢ such that
la1|e ™ (A +7) < 1072

that is
In (1000(r + A1)|aq])

A

t>
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f) Bonus: write the solution of the problem. Remember that

cos(Az)  xsin(Ax)

/:L'COS()\x)dx = + \

in(\ A
/xsin()\x)dm _ SlIl)(\Q.’E) B :z:coi\( x)
We have to compute
1 1
=1
/ Sp(x)dz = / (An cos(Apx) + rsin(A,z)) dz = sin(A,) — r% =d,
0 0 n

and

1 1
/ xSy (x)dr = / (Anxcos(A\px) + raxsin(A\,z)) dr =
0 0

- (ot

+ zsin(A,z) +

1
rsin(A,z) 1w Cos()\nx)) B
An B

A2 A

0

- 1
= )\nr cos A\, + (1—}—;—%) sin \,, — )\—n = e,

Finally we have

1 /y2 2 2 .2
Cn :/ <)\” 5 T cos(2\,x) + An ;_T + 7\ Sin(2)\na:)) dr =
0

2)\2 -1 2)\2 1
:T# sin(2\,,) — 7 (cos(2A,) — 1) + %

so that

1 rl \ e, T d,
ap = — - n
24r/)c, 247rc,
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2) Let f(z) a continuous and differentiable function defined for all z. Assume that
|[f(@)] < Ce™

with C' and X positive. Finally let

fio =5 [ et f (o) da

27 J_

Consider now the function
Flz)= Y flx+nL)

with L > 0.
a) Show that F'(z) exists and it is periodic of period L.

Observe that

Flx+L)= f: fle+L+nL)=

=Y fae+@+DL)= Y fla+ml)=F(z)

so that F'(x) is periodic of period L. Let now 0 < x < L. We have

F(z)= Z flx+nL)<C Z e Mztnll < CeAe Z e Mk < 4o

n=—oo n=—oo n=-—oo

where we used that |z +nL| > |[nL| — |z| so that

e—)\|x—|—nL| < e)xxe—k|nL| )
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b) Let
F(z)= Z Cpe T

Find the coefficients ¢,,. (Hint: write an expression for ¢, as a sum of integrals
and than change variable y = z +nL and ...)

1 [ L I Lo o
Cm :f/o G_ZZTmF(JS)dJ?:En_z_:OO/O e f(w + nL)da =
1 0 (n+1)L i28% (y—n) 1 %) o
1 X [ e ey = ¢ [ )y -



