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QUESHION 1 .. 70 point
An electric wire of lenght 1 and varying cross section p(x) is traversed by a current [.
At the left end it is insulated while at the right it is kept at constant temperature 7Ty .
The equation governing its temperature is thus

Ou(z,t) _ 2?u(z,t) + p(l‘,t)jz 0<z<1

ot dz?
uw'(0,t) =0 (1)
u(l, t) = T()
u(z,0) =Ty

where Tj is a constant.

(a) (20 points) Write the equation for the steady state w(z) of the rod. Show that a
particular solution of the steady state equation is:

() = I? /Ox(y —x)p(y)dy .

Write the general solution and find the steady state.

Solution: The equation for the staedy state is

%—l—p(x,t)IQ:O 0<z<1
W/ (0,t) =0 (2)
u(l,t) = Tg

Observe now that

d B xT €T
d—up(w) 212/ (y —2)p(y)dy = —12/ p(y)dy
X 0 0
so that
T @ =L [ oy = o)
dg2 PN T T gy J P = TR

Thus @,(z) solves the equation so that the general solution is
u(x) = a+ bx + upy(x)

Observe that u,(0) = u;,(0) = 0 so that b = 0 while

a=n+ﬂAa—wmww
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(b) (15 points) Write the equation for the deviation v(z,t) = u(z,t) — u(x).

Solution: Clearly we get

Qu(x,t) _ 0%v(w,t) 0<z<l1

ot~ 0x2
(0,4) = 0
v(l,t) =0

v(x,0) =T — uy(x).
where

T= —12/0 (1 —y)ply)dy

(¢) (20 points) Use separation of variable to reduce the problem to a Sturm-Liouville

problem. Find the eigenvalues and eigenfunctions.

Solution: Writing v(z,t) = C(x)T(t) we get the usual equtions

T(t) = =\*T(t)
C"(z) = =\C(z)  C'(0)=0C(1)=0.

The second equation give us
C(z) = acos(Ax) + bsin(Az)
where C'(0) = 0 implyes b = 0 and C(1) = 0 inplyes

cosA =10

1
)\:<n+§>ﬂ'

Thus eigenvalue and eigenfunction are

that is

Ay = (n + %) T Ch(z) = cos(\uz)
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(d) (15 points) Write the general solution of the problem with an expression for the
coeflicients a,, needed to match the initial condition.

Solution: We thus get that
u(x,t) = u(x) + Z ane "t cos( M)
i=1

where

/O 1 cos(Mnz)(T — ty(x))dx
/O 1 cos? (M) dz

(e) (15 points (bonus)) Assume that

plx) = Z A, cos(A\,z) .

Compute the coefficients a,,.

Solution: Observe that

! 1
/ cos*(\,z)dr = = .
0 2

Thus we have

1 [t .
an :5/ cos(Ap2)(T — tp(z))dr =
0
ILsin(Apx) o ! I _
:§T(T — 1,(7)) 0 + o ), sin(\,2)t, (v)de =
1 cos(Apz) _ ! I _
=Ty )| T ) coshenlila)de =
rot ’4,
=~z ) cos(Ax)p(x)de = — N

where we have used that ,(1) = T and u,(0) = 0.
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QUESTION 2 .. 30 point
Consider the Sturm-Liouville problem for 0 < x < 72:

)\2
4z

(a) (15 points) Show that the general solution of the above differential equation is:

é(x) = acos(A\x) + bsin(Ayx) .

Use the boundary conditions to find eigenvalues and eigenfunctions.

(Vad' (2)) = ——=o(x)  ¢(0) = ¢(n?) =0.

Solution: Observe that

P'(x) = _a2\))§ sin(A/z) + bﬁ cos(A/x)

so that

/ / A2 22 ] A2
(Vad(z)) = —a4\/5 cos(AVz) — 54\/5 sin(A\/x) = W

From ¢(0) = 0 we get a = 0 while ¢(7?) = 0 gives

o(z).

sin(Ar) =0

so that A\,, = n and

n(z) = sin(ny/z).
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(b) (15 points) We know that we can write \/z as
=0

Write an expression for the coefficients a,,.

April 4, 2018

Solution: From orthogonality we know that

dr

\/E:O if n#m

/(:2 sin(ny/x) sin(my/x)

Thus we get

(¢) (10 points (bonus)) Compute the coefficients a,,.

Solution: By changing variable y = \/x we get

/0 sin(ny)y dy o (ycos(ny) ™

ap = = —
n

/ sin®(ny)dy m
0
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