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1 Introduction

Vinogradov’s conjecture (actually, a special case of the conjecture), a major
unsolved problem in number theory, claims the following:

For every € > 0 and p a sufficiently large prime, there exists an
integer n satisfying |n| < pf, such that n is a quadratic non-
residue modulo p.

From the fact that (—1/p) = —1forp =3 (mod 4), to prove this conjecture,
one just needs to do so for the case p=1 (mod 4).

Currently, the best results on this conjecture are due to Burgess [2], who
showed that it holds for all ¢ > 1/44/e. Actually, what Burgess showed was
that for every integer z, one has the estimate

> (n/p)| = op'*logp).

z<n<z+pl/4logp

However, applying this estimate with x = 0, one sees that it is saying that
there are asymptotically as many quadratic residues as non-residues up to
p'/*log¢ p; and, if all those 1 < n < p'/*Ve+? were quadratic residues modulo
p, then since a little more than half of the n < p'/*1og®p have all their prime
factors smaller than p'/*ve*t we would have that the quadratic residues up
to pt/*log® p greatly outnumber the quadratic non-residues. This then would
be a contradiction, and so Vinogradov’s conjecture holds for all exponents
exceeding 1/4/e.



In the present paper we will present a novel method for attacking Vino-
gradov’s conjecture. We will begin by considering the case € > 1/2, where
we will show that the method succeeds, although this was a case long known
to hold (even before Burgess) and has many nice proofs; see, for example, [1]
and [4], and [3] for the treatment of a special case. Then, in a later section,
we will state a general theorem (Theorem 1), which encapsulates the method
for the general case ¢ > 0, though we have not yet been able to use the
method to handle the case 0 < e < 1/2.

2 The method for ¢ > 1/2

2.1 General discussion of the ideas

Our method is based on the following classical property of the Gauss sum:

If
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Further, we have that if p=1 (mod 4), then G(1) = ,/p, which gives
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If (a/p) = +1 for all |a| < p°, a # 0, then we observe that, with the
exception of the point a = 0, G(a) is the constant function /p. It turns out
that we can use this fact to produce a good rational approximation to the
number /p, and we will show that this approximation must be too good to
be true, at least when ¢ > 1/2.

The way that we build our rational appoximations is that we first con-
struct a function

f:F, - Z,

which has two nice properties described below, and then assuming that
(n/p) = +1 for all non-zero |n| < p°, we will use this function to form



the rational approximation
pF(0) - p(0)
pf(0) = f(0)

Roughly, the way we will derive this approximation is to find two expressions

for
> fm)(n/p).
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On the one hand, we will just be able to directly find an expression for
it if (n/p) = +1 for all non-zero n satisfying |n| < p®; and, on the other
hand, we will be able to find another expression using Fourier transforms
and Gauss sums. Equating these two expressions will give us our rational
approximation, up to some error. Finally, we will show that the error in this
approximation is too good to be true, since quadratic irrationals cannot be
too well approximated by rational numbers; and so, we will conclude that
(n/p) = —1 for some |n| < p°.

The two “nice properties” that our function f should have, in order to
make this approach work are, firstly, a “divisibility property”, which just says
that f(0)/f(0) = a/3, where a and 3 are “small” integers; and, secondly, it
must have a certain “decay property”, which is just that

> 1f(a)] is “small”.

pe<|al<p/2

We will make both of these requirements more precise in the next subsection.

2.2 The construction of f(n)

We will build our function f(n) using linear combinatorions of certain other
functions fy(n), which are perhaps best defined via their Fourier transforms
as follows: For an integer & > 1 to be determined later (it will depend only

on g), let
2%
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To find fy(n) we use Fourier inversion as follows
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On expanding out (1), one can check that
e fn(0) is a polynomial in N of degree 2k — 1; and,
° fN(O) = (2N)? which is a polynomial in N of degree 2k.

By these two statements we mean that for a fixed value of k > 1, there
exist polynomials

91(z), g2(x) € Zlz], deg(g1) = 2k —1, and deg(g2) = 2k,
such that
fn(0) = gi(N), and fx(0) = go(N), for all N > 0.

In fact, go(z) = (21)%.

One can clearly find rational numbers aq, ..., ag, such that

arg () + az91(22) + - - - + agpgr (2kx) = 2L

Then, since go(x) = (27)*, we must have that
a1G2() + a2g2(22) 4 - -+ agega(2kz) = (0,22 + axd® 4 - - -+ ag (4k)%).

Further, we can choose these a; so that this last linear combination involving
a;(27)? does not vanish. Given such a set of rationals ay, ..., ag, let

f(n) = aifn(n) + asfon(n) + - - + ag forn(n).

2.2.1 The “divisibility property” for f(n)
We first observe that

f0) = argi(N) + -+ a1 (2kN) = N7 (3)



and

2k
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Thus,
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where u and v are just certain integers that depend only on k. This is our
“divisibility property” for f(n).

2.2.2 The “decay property” for f(n)

Since fy(a) is the 2kth power of the sum of two geometric series with common
ratio w®, and since f(n) is a linear combination of certain f;y(n), we deduce
from the geometric series formula that

@] < [1=w| < [sin(ma/p)| 7 < p™/a™;

and so,
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pe<|al<p/2 a>p*

2.3 Construction of the rational approximation to ,/p

Let us now assume that ¢ > 1/2; and, for proof by contradiction, assume
that the following holds.

Assumption. (a/p) = +1 for all non-zero a satisfying |a| < p°.
In what follows we will use the value

N = [\/ﬁ]v
which is a parameter that appears in our construction of f(n).

Notice that since our function f(n) appearing in the previous section
is a linear combination of functions f;y(n), 1 < j < 2k, each of which is



supported only on the residues classes mod p in the interval [—4jkN, 4jkN],
we deduce that

f(n) = 0, for 4k*N < |n| < p/2. (7)

Now consider

-z ()

In|<p/2

Since (7) holds for p sufficiently large, we deduce that
n
s— > (%), )
In|<4k2N p

From our assumption above we have that for sufficiently large p,
S = > f(n) = f(0)—f(0). 9)

In|<4k2N
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On the other hand, S can be expressed in terms of f(a) and G(a) as
follows:

s = 1Y fa)G(-a)
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where the “error” F satisfies

Bl = X S )16 - vl <
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Applying our bound (6), we deduce that
|E| < p2k(1—a)+a—1/2‘
Equating our two expressions for S above, we find that

pf(0) — pf(0)

VP = R0 = 10)

+F, (11)

where 5
IF| = p|E| i < pHa-2)+2e-1/2, (12)
pf(0) = f(0)
Here, we have used (3) and (4), along with the fact that N ~ |/p.

Now we use (5) to refine the approximation (11): Dividing numerator
and denominator of (11) by f(0) we have that
pNu — pv m

Fr = — F. 13
pv — Nu + q + (13)

N

Because u,v can be bounded purely in terms of k£ we have that ¢ = O(p)
(we are letting p — o0); however, for k large enough, our bound (12) on the
error F' can be made to be smaller than 1/pg? for p sufficiently large, since
we have assumed ¢ > 1/2. So, we have that

m 1
-] < —.
‘\f q pg?
This is impossible, because on multiplying through by /p +m/q we find
that ) 5 (VB m/a) )
m max(,/p, m/q
‘P 2| < 7 < o
pq q

We are forced to conclude that our assumption is false for p sufficiently

large; and so, we conclude that there exists an integer n satisfying |n| < p°
and (n/p) = —1.



3 Discussion about intervals smaller than p'/2

The approach we used in the previous section does not easily extend to
intervals of width smaller than p'/2, and one of the primary reasons is that
we do not have an identity comparable to (9) in this case, as we will now
explain.

In order to locate quadratic non-residues in the interval [—p®, p°], using
the method from the previous section, after some thought, one sees that the
right sort of f(n) of the form (1) we should use applies the value for N given
by

N = [p'==™], for some small § > 0.

Basically, this value of N is just right so as to make the errors £ and F' as
in (10), (11) and (12), small. Unfortunately, with such a large value of N
(for ¢ < 1/2 it will exceed p®) we no longer obtain an easy-to-write-down
expression of the form (9). Nonetheless, we can still produce a formula of
the type (13), where on the left-hand-side we still have /p, but on the right-
hand-side we have a rational number m/q and then plus o(1), where now m
is somewhat more complex than before. If we had that this o(1) is somewhat
smaller than 1/¢% then we would have a contradiction, as we know that
quadratic irrationals such as /p cannot be so well approximated by rational
numbers.

Actually, for some reasons that we do not want to get into, it turns out
to be better to try to find good a rational approximation m/q to the number

1//p, instead of |/p.

In the next section we will take all these observations into account, and
state and prove a general theorem which would imply Vinogradov’s conjec-
ture, if a function f(n) with certain properties could be found.

4 The approach to Vinogradov

Here we will prove the following theorem.

Theorem 1 Supposep =1 (mod 4) is prime, and suppose that f : F, — 7Z
1s any integer-valued function. We associate to f the rational number

m pf(0) =3 ) <py2 f(10) _
. S [y S =1
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which is to be thought of as a rational approzimation to 1/,/p

If the following inequality holds

S 1fl) % S fm)n/p), (14)

pe<la|<p/2 In|<p/2

then there must exist an integer n satisfying |n| < p® such that (n/p) = —1.

4.1 Why are the hypotheses reasonable?

First, it is pretty easy to imagine that we could find a function f(n) such

that
— > fn) and p ) f(n)(n/p)
In|<p/2 In|<p/2
have a large common factor. In fact, we could easily image picking f so that
their ratio m/q in lowest terms has a value of ¢ < p? or perhaps p°.
Next, if f(n) > 0, then we might expect that

S Fm)n/p) >>ff 5 X s

In|<p/2 In|<p/2

because we expect to get “square-root cancellation” due to the oscillating sign
of (n/p), but the cancellation is often not so extreme that we lose more than
a factor 1/,/p from the trivial upper bound of £(0) for the sum of f(n)(n/p)
over |n| < p/2. If so, then (14) is not all that unusual a requirement, becuase
it would follow from an estimate of the type

S ) < LY

2
p*<|al<p/2 84

for small enough ¢ > 0; and, if ¢ < p?, then this would be satisfied if

S (f) < SO (15)

pe<|al<p/2




Although the p* in the denominator looks problematic here, it really isn’t if
f(0) is at least some large power of p; in fact, the function

2k

‘n|<p176+6

will satisfy an inequality such as (15) for any fixed ¢, € (0, 1], provided that
k is sufficiently large.

The real problem is thus not whether we can satisfy the requirements that
q is small, and that (14) holds, in isolation, but whether we can get them to
hold at the same time. One way to maybe approach this is to use the same
idea when we constructed f(n) in previous sections, namely to start with a
selection of functions fq, ..., f; such that

> 1fila)] is small; (16)

pe<la|<p/2

and then find some linear combination

f(n) = afi(n) +--- +acfu(n),

such that both

pf0)= Y f(n) and p Y f(n)(n/p)

[nl<p/2 In|<p/2

are both divisible by some large integer M, so that this large common factor
can be cancelled out when we take the ratio of these two integers to produce
our m/q. Of course if (16) holds, and if |ay| + - - - + |ae| is not too large, then
we will automatically have that

> If(a)] is small,
pe<la|<p/2

meaning that we have a chance to satisfy the requirements of Theorem 1.

The main obstactle to implementing this sort of idea is that of keeping
f(n) from being the zero function; that is, we have to find a way to keep the
linear combination a; f1 + - - - 4+ a¢fe from producing 0.

10



4.2 Proof of Theorem 1

As in previous sections, let us begin with the following assumption.

Assumption. Suppose that (n/p) = +1 for every non-zero n satisfying
n| <p~.

From this claim we deduce that

> s/ = o 3 faG@ = LY fw ¢ E

Inl<p/2 la|<p/2 lal<p/2
- \/23<f(0) - @) + B

where

Bl =1 S @l Wi-Gal< = 3 i@l

pe<lal<p/2 VP e

It follows that

~

i: pf(0) — f(0) +F:@+F,

VP pZ|n\<p/2 f(n)(n/p) q

where

_ 2ol |f(a) _
‘p Z\n|<p/2 f(n)(n/p)

E
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Now, from the second assumption in our Theorem, we deduce that
1
4/pg?

We claim that this is impossible, because it is saying

[Pl <

1 m 1

< .
VP g 4pq?
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To see that this cannot hold, we multiply both sides by 1/,/p + m/q, and

deduce
'1 m? 2max(1/,/p,m/q) _ 1

p ¢ 4,/pg? pg*’
since (17) at the very least implies that m/q < 2/,/p.
We have now reached a contradiction since the left-hand-side is a non-
zero rational number with denominator dividing pg?, which much be at least

1/pqg?® in size. Tt follows that our assumption must have been false, which
implies that there exists a quadratic non-residue n satisfying |n| < p°.
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