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The Sublinearly Morse Boundary

Morse: invariant under quasi-isometry

Sublinear: random walks converge to the sublinearly Morse

boundary



The Gromov Boundary

Definition

The Gromov boundary of a hyperbolic metric space X is the set

∂X = {[γ] | γ is a geodesic ray }.

The topology is generated by the following open neighbourhoods

around [γ]:

U([γ], r) =

!
[γ′] | lim inf

s,t→∞
(γ(s), γ′(t))o ≥ r

"
.



Quasi-isometry

Definition

Let (X1, d1) and (X2, d2) be metric spaces. A function

f : X1 → X2 is a quasi-isometry if there exists constants q ≥ 1 and

Q ≥ 0 such that for any two points x , y ∈ X1,

1

q
d1(x , y)− Q ≤ d2(f (x), f (y)) ≤ qd1(x , y) + Q.



Quasi-isometry

Definition

Let (X1, d1) and (X2, d2) be metric spaces. A function

f : X1 → X2 is a quasi-isometry if there exists constants q ≥ 1 and

Q ≥ 0 such that for any two points x , y ∈ X1,

1

q
d1(x , y)− Q ≤ d2(f (x), f (y)) ≤ qd1(x , y) + Q.

Theorem

Let X1,X2 be hyperbolic metric spaces, and let f : X1 → X2 be a
quasi-isometry. Then f induces a homeomorphism on the Gromov
boundaries ∂X1 and ∂X2.



Quasi-isometry

Theorem (Morse lemma)

Let X be a hyperbolic space, and γ a (q,Q)–quasi-geodesic in X .
Then there is a constant m(q,Q) such that γ is in the
m(q,Q)–neighbourhood of the geodesic segment connecting its
endpoints.



Quasi-isometry

Theorem (Morse lemma)

Let X be a hyperbolic space, and γ a (q,Q)–quasi-geodesic in X .
Then there is a constant m(q,Q) such that γ is in the
m(q,Q)–neighbourhood of the geodesic segment connecting its
endpoints.



The Morse Boundary

Definition

A geodesic γ is M–Morse if any quasi–geodesics with endpoints on

γ is contained in the M–nbhd γ.

Definition (Cashen-Mackay, Charney-Sultan, Cordes)

The Morse boundary of a geodesic metric space X is the set

∂X = {[γ] | γ is a M–Morse (quasi–)geodesic ray for some M}.



Random Walks

Theorem (Kaimanovich)

In a hyperbolic group G, almost all sample paths {xn} of the
random walk (G , µ) converge to a (random) point in the Gromov
boundary.



The Tree of Flats

Image by Alex Sisto



The Sublinearly Morse Boundary

Definition (Qing-Rafi-Tiozzo)

A quasi-geodesic γ is sublinearly Morse if every quasi-geodesic β
with endpoints on γ is contained in the Mκ(|x |)–nbhd of γ, where
M is a constant and κ is a sublinear function.



The Sublinearly Morse Boundary

Definition

The sublinearly Morse boundary of a geodesic metric space X is

the set ∂X = {[γ] | γ is a sublinearly Morse quasi–geodesic ray}.

Theorem (H.)

The sublinearly Morse boundary contains the Morse boundary as a
topological subspace.



Summary: Boundaries

Gromov

Boundary

Morse

Boundary

Sublinearly

Morse Boundary

Compact ✓ ✗ ✗

Metrizable ✓ ✓ ✓

Invariant Under

Quasi-Isometries
✓ ✓ ✓

Random Walk

Converges
✓ ✗ ✓



Disk Configuration Spaces and  
Representation Stability
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Disk Configuration Spaces
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Definition
<latexit sha1_base64="arZIJww4bPTR8vs1uylwyGBEGak="></latexit>

For a manifold X with metric g, the ordered configuration space of n open
unit-diameter disks in (X, g) is
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Disk Configuration Spaces
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• Easiest interesting example: conf(n, w) the ordered configuration space of
<latexit sha1_base64="CaG16It/EblE/XBduV6NYj2sr14="></latexit>

n open unit-diameter disks in the infinite Euclidean strip of width w



Representation Stability
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Representation Stability

<latexit sha1_base64="ceWYPGT/ZanhQ4JOYFoKkfV2ERs="></latexit>

Theorem (Church–Ellenberg–Farb 12, Miller–Wilson 19)
<latexit sha1_base64="0KQrkrLSTdhS8oG+KLWpdvi5qqM="></latexit>

If X is a non-compact connected finite type manifold of dimension at least 2,
then, for n > 2k, the decomposition of Hk

�
Fn(X); Q

�
into a direct sum of irre-

ducible Sn-representations is determined by the decomposition of Hk

�
Fm(X); Q

�

into a direct sum of irreducible Sm-representations for every m  2k.



Representation Stability for Conf(n,w)
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Representation Stability for Conf(n,w)
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H2

�
conf(3, 3)

� <latexit sha1_base64="3eJK9m+X2awIubfLbVWE8L8WkkY="></latexit>

H2

�
conf(4, 3)

� <latexit sha1_base64="kuAbQWyS6xWeDAFAWkOTG4nGFIo="></latexit>

H4

�
conf(7, 3)

�
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The Legendrian Unknot in a tight contact 3-manifold.

Eduardo Fernández (UGA)

Dec, 2022
Tech Topology

Joint work with J. Mart́ınez-Aguinaga and Francisco Presas

Eduardo Fernández (UGA) The Legendrian Unknot in a tight contact 3-manifold.



Eliashberg-Fraser Theorem.

Theorem (Eliashberg-Fraser)

Two Legendrian unknots in a tight contact 3-manifold (M, �) are
Legendrian isotopic i� they have the same tb and Rot. Even more, every
Legendrian unknot is obtained by the unique Legendrian unknot L(0,�1) with
Rot = 0 and tb = �1 by a finite sequence of stabilizations.

Figure: Eliashberg-Fraser Tartaglia Triangle.

Eduardo Fernández (UGA) The Legendrian Unknot in a tight contact 3-manifold.



The space of parametrized long Legendrian unknots.

Fix (p, v) � S(�). Let Emb(p,v)(M) be the space of embedddings � : S1 � M

of long unknots into M ; i.e. (�(0), ��(0)) = (p, v). Let Leg(r,t)
(p,v)(M, �) be the

subspace of Emb(p,v)(M) conformed by Legendrian unknots with Rot = r
and tb = t. Do note that both spaces are connected.

Theorem (F,Mart́ınez-Aguinaga,Presas. 20/21)

If (M, �) is tight and (|r|, t) = (�1 � t, t) then the natural inclusion

Leg(r,t)
(p,v)(M, �) �� Emb(p,v)(M)

is a homotopy equivalence.

Corollary

The space of parametrized Legendrian unknots with tb = �1 in (S3, �std) is
homotopy equivalent to the space of parametrized Legendrian great circles
U(2).

The space of smooth parametrized unknots in S3 is homotopy equivalent to
the space of parametrized great circles V4,2 (Hatcher, Smale Conjecture).

Eduardo Fernández (UGA) The Legendrian Unknot in a tight contact 3-manifold.



About the proof.

Let Emb(D2, M) be the space of smooth embeddings of disks that are fixed
near the boundary bounding a Legendrian unknot with (Rot, tb) = (r, t)

and Emb(r,t)
std (D2, (M, �)) be the subspace of convex disks with fixed

characteristic foliation (pick your favourite one).
There is a commutative diagram

Emb(r,t)
std (D2, (M, �)) ��

� �

��

�Leg(r,t)
(p,v)(M, �)
� �

��

Emb(D2, M) �� �Emb(p,v)(M)

in which the horizontal arrows are h.e.

Eduardo Fernández (UGA) The Legendrian Unknot in a tight contact 3-manifold.



About the proof.

We are reduced to check that Emb(r,t)
std (D2, (M, �)) �� Emb(D2, M) is a h.e.

The condition on (r, t) that we have imposed imply that the inclusion
is dense.

Locally (in a tubular neighbourhood of a smooth disk) the problem is
solved as a consequence of Eliashberg-Mishachev and Hatcher works.

To globalize we build a microfibration with fiber the space of
isotopies joining a smooth disk with a convex one in a tubular
neighbourhood of the smooth disk. The fiber is �= � because of the
density property and contractible. Therefore, we have a fibration with
contractible fiber.

Eduardo Fernández (UGA) The Legendrian Unknot in a tight contact 3-manifold.



Thanks

Thanks for listening!

Eduardo Fernández (UGA) The Legendrian Unknot in a tight contact 3-manifold.






















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Automorphisms of the fine 
1-curve graph

Roberta Shapiro
Joint with K. W. Booth & D. Minahan
Tech Topology Conference 2022



Goal: 

Homeo(Surface)Ù Aut(graph)ffffff



Main Theorem: 

Homeo(Surface)Ù Aut(graph)ffffff



Fine curve graph: ࣝற ܵ



Fine curve graph: ࣝற ܵ
Vertices: curves



Fine curve graph: ࣝற ܵ
Vertices: curves
Edges: disjointness

(Bowden-Hensel-Webb)



Fine 1-curve graph: ࣝ
ற ࡿ

Vertices: curves
Edges: disjointness or intersect once



Fine 1-curve graph: ࣝ
ற ࡿ

Vertices: curves
Edges: disjointness or intersect once



ܗ܍ܕܗ۶ ࡿ ื ܜܝۯ ࣝ
ற ࡿ

Natural map:



ܗ܍ܕܗ۶ ࡿ ื ܜܝۯ ࣝ
ற ࡿ

Natural map:

ܗ܍ܕܗ۶ ࡿ ึ ܜܝۯ ࣝ
ற ?ࡿ



Main Theorem (Booth-Minahan-S.)

S = closed, oriented ƐƵƌĨĂĐĞ͕�ŐĞŶƵƐ�ш�ϭ͘
Then, the natural map

is an isomorphism.

ܗ܍ܕܗ۶ ࡿ ื ܜܝۯ ࣝ
ற ؆ࡿ

Similar theorem: Le Roux-Wolff



Proof outline, ݃  ͳ

��� ࣝଵ
ற ܵ ื ��� ࣝற ܵ ื �����ሺܵሻ؆

Long-Margalit-Pham-
Verberne-Yao



Proof outline, ݃  ͳ

��� ࣝଵ
ற ܵ ื ��� ࣝற ܵ ื �����ሺܵሻ؆

Long-Margalit-Pham-
Verberne-Yao



Proof outline, ݃  ͳ

��� ࣝଵ
ற ܵ ื ��� ࣝற ܵ ื �����ሺܵሻ

ࣝଵ
ற ܵ

؆

Long-Margalit-Pham-
Verberne-Yao



Proof outline, ݃  ͳ

��� ࣝଵ
ற ܵ ื ��� ࣝற ܵ ื �����ሺܵሻ

Edges:
Disjoint
Touching
Crossing

ࣝଵ
ற ܵ

؆

Long-Margalit-Pham-
Verberne-Yao



Proof outline, ݃  ͳ

��� ࣝଵ
ற ܵ ื ��� ࣝற ܵ ื �����ሺܵሻ

Edges:
Disjoint
Touching
Crossing

ࣝଵ
ற ܵ ࣝற ܵ

؆

Long-Margalit-Pham-
Verberne-Yao



Proposition: automorphisms preserve
crossing curves

Main idea: look at graph structures surrounding 
the pair of curves



Proposition: automorphisms preserve crossing curves

^ƚĞƉƐ͗�ĚŝƐƚŝŶŐƵŝƐŚ͙�

1. separating curves



Proposition: automorphisms preserve crossing curves

Steps: ĚŝƐƚŝŶŐƵŝƐŚ͙

1. separating curves

h



Proposition: automorphisms preserve crossing curves

^ƚĞƉƐ͗�ĚŝƐƚŝŶŐƵŝƐŚ͙�

1. separating curves

2. isotopy classes of 

separating curves



Proposition: automorphisms preserve crossing curves

^ƚĞƉƐ͗�ĚŝƐƚŝŶŐƵŝƐŚ͙�

1. separating curves

2. isotopy classes of 

separating curves

Only separating curves



Proposition: automorphisms preserve crossing curves

^ƚĞƉƐ͗�ĚŝƐƚŝŶŐƵŝƐŚ͙�

1. separating curves

2. isotopy classes of 

separating curves

3. crossing curves

Exists a special 
isotopy class of 
separating curves

Not special (in the same way)



Proof outline, ݃  ͳ

��� ࣝଵ
ற ܵ ื ��� ࣝற ܵ ื �����ሺܵሻ

Edges:
Disjoint
Touching
9Crossing

؆



Thank you!
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