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Abstract

A local moving orthonormal transformation has been intro duced to
rigorously study phase noise in stochastic di�eren tial equations (SDE's)
arising from nonlinear oscillators. A general theory of phase and ampli-
tude noise equations and its corresponding Fokker-Planck equations are
derived to characterize the dynamics of phase and amplitude error. As
an example, a van der Pol oscillator is considered by using the general
theory.

1 In tro duction

Phasenoisein nonlinear oscillators is very important in circuit designand other
areassuch as optics. For example, it is known that timing jitter in circuit de-
sign is causedby phasenoise[9] [15]. Mathematically, nonlinear oscillators can
often be described by nonlinear autonomousdi�eren tial equationswith periodic
orbits (limit cycles in the plane) that are orbitally asymptotically stable. We
note that any solutions near an orbitally asymptotically stable periodic orbit
in phasespacewill stay close to the periodic orbit and approach the periodic
orbit in phasespacewith asymptotic phase[7]. However, noise is unavoidable
in practice and is often modeledby additional stochastic terms in the nonlinear
di�eren tial equations. In Figure 1, we have an asymptotically stable periodic
orbit � (solid line) in phasespacewith least period T > 0 of an unperturb ed
nonlinear oscillator. The orbit returns to its initial state , after time T. How-
ever, a perturb ed solution doesnot return to the starting point after the same
time T due to random perturbations. Thus, natural rhythm of the oscillator is
disturb ed. Phasenoiserefers to the variations in the oscillation frequency, and
jitter is the 
uctuations in the period.
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Figure 1: Perturbations near a orbitally asymptotically stable limit cycle �.
Solutions will not return to their starting states after period T

There is a large literature dealing with phase noise problems (see, for ex-
ample, [16], [17], [13], [10], [4] and referencestherein). However, it is indicated
in [4], that theoretical understanding in the subject is rather incomplete. The
main di�cult y is how to completely separatephaseand amplitude components
in the error analysis in the nonlinear dynamics under random perturbations,
which is the goal of this paper.

Standard approachesto study phasenoiseare largely basedon linearizations
of the nonlinear dynamic systems.The main idea is to uselinear parts in Taylor
expansionsto replacethe nonlinear terms near the unperturb ed orbits. The key
assumption for this idea to be useful is that the di�erence between perturb ed
and unperturb ed solutions remains small. However it has been discussedin
both [4] and [11] that the deviation of the perturb ed solution from the unper-
turb ed solution can grow to in�nitely large even for orbits that are orbitally
exponentially asmptotically stable. This is the reason that why linearization
strategiescan lead to incorrect characterization of the real phenomenain phase
noiseanalysis.

Recently , two di�eren t nonlinear approaches have been proposed. One is
basedon Floquet theory and by considering a delay phasecoordinate to char-
acterize the leading contributions of the phasenoise[4]. The delay phasecoor-
dinate satis�es a stochastic di�eren tial equation depending on the largest eigen-
value (must be 1 to sustain the periodic orbit) of the transition (monodromy)
matrix of the linearizedsystemand its corresponding eigenfunction. Phasenoise
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from other components of spectrum of the transition matrix decays to zeroeven-
tually if one assumesthat the random perturbations exist for only a �nite time
of period.

The secondapproach is basedon the Fokker-Planck equation associated with
the SDE. The standard SDE theory suggeststhat every di�usiv e SDE includ-
ing the SDE governing the oscillator consideredin this paper corresponds to a
parabolic equation (Fokker-Planck equation, also called Kolmogorov equation
in many literature) which is used to describe the evolution of the proabilit y
density function of the stochastic processes.One would then directly estimate
the probabilit y density function of the phasenoise by study its Fokker-Planck
equation. In [11], asymptotic analysis is carried out basedon scaleseparation
assumptions in the model separating the leading component from the Fokker-
Planck equation. In addition, oneassumesthat tra jectoriesare attracted to the
limit cycle more than they are di�used by the noise. Under this assumption,
one obtains a separation of the phasenoise equations from the amplitude er-
ror component. Then the resulting simpli�ed Fokker-Planck equation can be
solved analytically by standard PDE methods. However, both approaches do
not provide a complete and rigorous separation of the phase and amplitude
noise.

In this paper, we present a di�eren t approach. By using a local moving
transformation based on the periodic orbit (vector bundle structure over the
periodic orbit) to develop a generaltheory that completely separatesthe phase
and amplitude noise. The transformation enablesus to rigorously derive dy-
namic equationsexplicitly for the phasenoiseand amplitude error. Both phase
and amplitude noiseremain asdi�usion processesasoneexpects. The associated
Fokker-Planck equation follows from the standard SDE theory to characterize
the evolution of the probabilit y density. We further apply the general theory
to a van der Pol oscillator, a protot ype of practical oscillators. And the results
can be usedto explain many interesting phenomenaobserved in practice.

The arrangement of the paper is as follows. In Section 2, we intro duce
the moving orthonormal coordinate systemto explicitly separatethe phaseand
amplitude representations. We state and prove the main results of this paper in
Section3. An exampleof analyzing van der Pol oscillator by the generaltheory
is shown in Section 4. For reader' convenience,specially those who don't have
strong background in SDE's, we insert somebasic knowledgeon the subject at
where it will be usedthroughout the paper.

2 Mo ving orthonormal coordinate systems

In this section, we review a local moving orthonormal coordinate system along
a periodic orbit of a dynamical systemin an 2 � n < 1 dimensional Euclidean
space[7]. For simplicit y, we mainly considern = 2 in this paper even thought it
is valid for any n. Although the analysis for higher dimensional oscillators may
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be di�eren t, and more di�cult in many cases,the general theory developed in
Section 3 can be extendedto the generalcase.We will state such results at the
end of the section.

We start with the following autonomoussystem in the plane,

_u(t) = f (u(t)) ; (1)

where f : R 2 ! R 2 is Cr , r � 2. Assumethat it has a periodic orbit

� = f u(t) 2 R 2; 0 � y � Tg; (2)

where T > 0 is the least period of u(�). We are interested in the casethat � is
orbitally stable, which meansfor any given � > 0, there exits a � (� ) > 0 such
that if the distance betweenthe starting state u(0) and � is smaller than � (� ),
then the distance betweenu(t) and � is lessthan � for all t > 0. More precisely,

dist(u(t); �) � �; t � 0;

if
dist(u(0); �) � � (� ):

We now considera perturb ed system of (1)

_x(t) = f (x(t)) + g(x(t); t); (3)

where g(x; t) is a small time dependent deterministic perturbation. In this
paper, we usex(t) to denote solutions of the perturb ed system and u(t) for the
unperturb ed system.

Since � is orbitally stable, solutions of (3) near � stay close to �. Conse-
quently , onecan intro ducea local moving orthonormal coordinate systemalong
� in the following manner. Note that � is C r di�eomorphic to the unit circle S1

and the coordinate system we will intro duce is a vector bundle structure over
S1 . At each point on the periodic orbit, the normalized tangent direction is

v(t) =
1
r

�
f 1(u(t))
f 2(u(t))

�
; (4)

where r =
p

f 2
1 + f 2

2 . The corresponding outward normal direction is

z(t) =
1
r

�
f 2(u(t))

� f 1(u(t))

�
: (5)

Using this moving orthonormal coordinate system, as shown in Figure 2,
any point x near � can be transformed into a new representation by using the
following transformation  ,

x =  
��

�
�

��
= u(� ) + z(� )�; (6)
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~z(� )

~v(� )

� (t)

~x(t)

~u(� (t)) � (t)

~x(t) = ~u(� (t)) + ~z(� (t)) � (t)

Figure 2: Transform  

where � = t(mod T) 2 S1 , u(� ) = u(t) is the unique point on the periodic orbit
� such that x lies in the normal spaceat u(� ), and � is the signed distance
betweenx and u(� ). Note that, if x(t) is a solution of the perturb ed equation
3, then in terms of the new coordinates we have the following:

x(t) =  
��

� (t)
� (t)

� �
= u(� (t)) + z(� (t)) � (t): (7)

In practice, � (t) � t corresponds to the phaseerror and � (t) is the amplitude
error. Obviously, the di�eomorphism  transforms a perturb ed solution x(t)
into [� (t); � (t)] which provides the phase of x(t) and its associated amplitude
error from �. Furthermore, this would allow us to explicitly study the phase
and amplitude errors of (3) from (1).

We would like to point out that the above representations are di�eren t from
the traditional understandings of local orthogonal projections, which normally
result in two orthogonal components. Under transformation (7), u(� (t)) is al-
ways on the periodic orbit � and is not orthogonal to z(� (t)). However, z(� (t))
is orthogonal to to the tangent vector at u(� (t)) 2 �.

If one assumesthat f and g are C r , r � 2. Then there exists a � > 0, such
that the transformation  de�ned by (6) is a C r di�eomorphism from S1 � [� � ; � ]
onto its image. Furthermore, the perturb ed equation (3) can be expressedin
the new coordinate system (� ; � ):

�
_� = p

r (f 1( �f 1 + �g1) + f 2( �f 2 + �g2)) ;
_� = 1

r (� f 1( �f 2 + �g2) + f 2( �f 1 + �g1)) :
(8)
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where
f = f (u(� (t))) ;

�f = f (x(t)) = f (u(� (t)) + z(� (t)) � (t)) ;
�g = g(x(t); t) = g(u(� (t)) + z(� (t)) � (t); t):

w =
f 1f 0

2 � f 2f 0
1

r 2 ; p = (r + w� ) � 1;

The proof of the above results can be found in [7] except for the explicit
formulae in (8) which can be obtained from direct substitution. We also refer
the reader to [3] for a similar transformation in in�nite dimensional space.

Before we proceed to the main results of the paper, we state some useful
relationships that are well known results in di�eren tial geometry and can also
be easily veri�ed.

dv(� )
dt

= � wz(� );
dz(� )

dt
= wv(� ): (9)

3 Mo ving orthonormal coordinate systems un-
der noise

As discussedin the intro duction, noise is often unavoidable and un-predictable
in practice. To model the in
uence of this perturbation, random variables are
intro duced in the system.

dX (t)
dt

= f (X ) + g(X ; t) + a(X )� t ; (10)

where � t is a time dependent random variable, and a a given 2 � 2 diagonal
matrix function. As a convention in the paper, weusecapital letters to represent
stochastic variables.

Furthermore, if � t is normally (Gaussian) distributed, equation (10) is usu-
ally written in the following standard SDE format,

dX (t) = f (X )dt + g(X ; t)dt + a(X )dWt ; (11)

where Wt = [W 1
t ; W 2

t ]0 2 R 2 is a 2-dimensional independent Brownian motion,
and dWt is its increament to model the Gaussian random perturbation � t dt
which is called white noise. The term a(X )dWt is usually called di�usion, and
(f (X ) + g(X ; t))dt the drift term.

It is well known that Brownian motions arecontinuousbut not di�eren tiable.
Hencethe SDE's (11) can not be understood as a system of traditional ODE's.
Instead, they are de�ned in the Ito sense,which meansthat X (t) is a random
processsatisfying the following integral equation,

X (t) = X (0) +
Z t

0
(f (X (s)) + g(X (s); s))ds +

Z t

0
a(X (s))dWs :
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The last term is an Ito integral, which is de�ned as
Z t

0
a(X (s))dWs = st � lim

n !1

nX

i =1

a(X (si � 1))( Wsi � Wsi � 1 );

where st � lim meansconvergencein the probabilit y sense.Such de�ned X (t)
is called Ito processin the stochastic literature.

One of the most signi�cian t di�erence betweenIto SDE's and the standard
di�eren tial equationsis that Ito SDE's have a di�eren t chain rule in its calculus,
which is best described by the following Ito formula [1].

Ito Form ula : Let v(y; t) denote a continuous function de�ned on R n � [t0; T ]
with valuesin R m and with the continuous partial derivativesvt , vy i and vy i y j .
If the n� dimensional stochastic processY(t) is de�ned on [t0; T ] by

dY(t) = l (Y; t)dt + k(Y; t)dWt ; (12)

then Z (t) = v(Y (t); t) de�ned on [t0; T ] with a given initial condition Z (t0) =
v(X (t0); t0) is also a Ito stochastic processsatisfying a stochastic di�eren tial
equation,

dZ (t) = (vt (Y; t) + vy (Y; t)l (Y; t) +
1
2

nX

i =1

nX

j =1

vy i y j (t; Y )(kk0) ij )dt (13)

+ vy (Y; t)k(Y; t)dWt ;

where k0 is the transposeof k.
We notice that the term 1

2

P n
i =1

P n
j =1 vy i y j (t; Y )(kk0) ij is new comparing to

the standard chain rule, and it involves the secondorder derivatives of v and
the di�usion coe�cien t k. This is mainly due to the following basic facts of
Brownian motions,

E(dW i
t dW i

t ) = dt; E (dW i
t dW j

t ) = 0;

where E(�) denotes the expection of a random variable. The secondidentit y
describes that di�eren t Brownian motions have independent increaments. The
�rst one states that the increaments of a Browian motion (Gaussian random
variable) have variance dt, which implies that the product of the di�usion term
in (12) generatea term containing dt.

With such understandings of noisy system (11), we study its phase and
amplitude noise. Our strategy is to apply the transform (6) and follow the
deterministic perturbation theory [7]. In order to use the transform (6), we
assumethat the Ito processX (t) stays closeto the periodic orbit � almost surely
(or with large probabilit y). More precisely, we assumethat with probabilit y 1
(or 1 � � , where � is a small positive number),

dist(X (t); �) � 
 ; 0 � t � T;
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for somesmall positive number 
 . Time T may be �nite or in�nite.
Using the transformation  , which is smooth and deterministic, de�ned in

the previous section, we can represent X (t) by

X (t) =  
��

�( t)
�( t)

� �
= u(�( t)) + z(�( t))�( t); (14)

where �( t) and �( t) are random functions describing the phasenoise, �( t) � t,
and its associated amplitude noiseof (11). They satisfy the following dynamic
equations.

Theorem 1 Assumethat the solution X (t) of

dX (t) = f (X )dt + g(X ; t)dt + a(X )dWt ; (15)

almost surely stays close enoughto the periodic orbit � , and both f and g are
Cr smooth functions, r � 2. Then under the transform  , [�( t); �( t)] remain
as Ito processesand satisfy the following Ito stochastic di�er ential equations,

d
�

�( t)
�( t)

�
= h(� ; �) dt + c(� ; �) dWt ; (16)

where the coe�cients h 2 R 2 and c 2 R 2� 2 are de�ned by
8
<

:

h1 = p
r (f 1( �f 1 + �g1) + f 2( �f 2 + �g2) + 1

2r
@p
@� (( f 1 �a11)2 + (f 2�a22)2)

+ 1
2r wpf 1f 2(�a2

22 � �a2
11)) ;

h2 = 1
r (� f 1( �f 2 + �g2) + f 2( �f 1 + �g1) + 1

2r wp(( f 1 �a11)2 + (f 2�a22)2)) ;
(17)

and

c =
� p

r f 1�a11
p
r f 2�a22;

1
r f 2�a11 � 1

r f 1�a22

�
; (18)

where �a = a(u(�) + z(�)�)) .

Proof of Theorem 1: We �rst show that [�( t); �( t)] remain as Ito processes.
By assumption that the solution X (t) stays closely to the periodic orbit, which
implies that the transformation  , which is is a C r di�eomorphism with r � 2,
is valid. By Ito's formula (13), this implies that the stochastic processes

�
�( t)
�( t)

�
=  � 1(X (t)) =

�
� (X (t))
� (X (t))

�
(19)

are also Ito processesand satisfy the following equations
8
>><

>>:

d� = � x 1 dX 1 + � x 2 dX 2

+ 1
2 (� x 1 x 1 (dX 1)2 + � x 1 x 2 dX 1dX 2 + � x 2 x 2 (dX 2)2);

d� = � x 1 dX 1 + � x 2 dX 2

+ 1
2 (� x 1 x 1 (dX 1)2 + � x 1 x 2 dX 1dX 2 + � x 2 x 2 (dX 2)2):

(20)
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By Ito's formula (13), one obtains that

(dX 1)2 = �a2
11dt; dX 1dX 2 = 0; (dX 2)2 = �a2

22dt:

We substitute them into (20) to obtain
�

d� =
�
r � � ( �f + �g) + 1

2 (� x 1 x 1 �a2
11 + � x 2 x 2 �a2

22

�
]dt + (r � )0�adWt

d� =
�
r � � ( �f + �g) + 1

2 (� x 1 x 1 �a2
11 + � x 2 x 2 �a2

22

�
]dt + (r � )0�adWt

(21)

Therefore, we can write this as (16) with h; c are coe�cien ts to be determined.
Becauseof (14) and Ito's formula, we also have

dX (t) =  � d� +  � d� +
1
2

�
 � � (d�) 2 +  � � d� d� +  �� (d�) 2�

: (22)

Using the facts that
 �� = 0;  � � = z�

and Ito's formula again, we have

d� d� = (c11c21 + c12c22)dt; d� d� = (c2
11 + c2

12)dt;

we then obtain

dX (t) =  � d� +  � d� + 1
2

�
 � � (c2

11 + c2
12) + z� (c11c21 + c12c22)

�
dt

=
�
h1 � + h2z + 1

2  � � (c2
11 + c2

12) + 1
2 z� (c11c21 + c12c22)

�
dt

+ [ � c11 + zc21] dW1
t + [ � c12 + zc22] dW2

t :
(23)

By matching the coe�cien ts of (11) and (23), we have the following system for
the coe�cien ts h and c,

� �f + �g = h1 � + h2z + 1
2  � � (c2

11 + c2
12) + 1

2 z� (c11c21 + c12c22);
�a =

�
 � c11 + zc21;  � c12 + zc22

�
:

(24)

From the de�nition of the di�eomorphism  (6), it is easyto verify that

 � =
v
p

;

and
 � � = �

1
p2 p� v �

1
p

wz:

Then solving the coe�cien t equations (24), we obtain (17) and (18), which
completesthe proof.

Remarks :

1. Wenote that equation (16) is reducedto (8) if the stochastic perturbations
vanish.
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2. If the periodic solution � is orbital stable and the perturbations are small,
the solution X (t) usually stays closeto � with large probabilit y in a rel-
ative large time scale. We will demonstrate this in the example shown in
Section 4.

As we have already seenthat under the new moving coordinate systems,the
phase and amplitude error are Ito stochastic processessatisfying SDE's (16).
This implies that for every di�eren t realization of the Brownian motion path,
there is a di�eren t dynamic processdescribing the phase and amplitude evo-
lutions. Therefore, for such stochastic processes,it is often more desirable to
understand their statistical properties, such asthe probabilit y distribution func-
tion, instead of each individual realization. There is a well developed di�usion
theory (see,for example, [6] [14]) for theseissues.The probabilit y density func-
tion of a stochastic processessatis�es a parabolic equation, calledFokker-Planck
equation or forward Kolmogorov equation, which is stated next.

Let p(y; t) be the probabilit y density function of the random processY (t)
de�ned by (12), i.e.

p(y; t) = Probf Y (t) = yg:

Then p(y; t) satis�es the following evalution equation

pt = � (lp)y +
1
2

(kk0p)yy :

Following this result, if onedenotesp(� ; �; t) as the probabilit y density func-
tion of [�( t); �( t)], i.e.

p(� ; �; t) = Probf (�( t); �( t)) = (� ; � )g;

then the associated Fokker-Planck equation can be directly obtained. And we
state it in the next theorem.

Theorem 2 The probability density p(� ; �; t) for the processes[�( t); �( t)] sat-
is�es the following evolution equation,

pt = �r � (hp)
+ 1

2 ((( c2
11 + c2

12)p) � � + 2((c11c21 + c12c22)p) � � + ((c2
21 + c2

22)p) �� :
(25)

And if the starting point of X (t) is at u(� 0) + z(� 0)� 0, the initial condition for
(25) is

p(� ; �; 0) = � (� � � 0)� (� � � 0); (26)

where � is the standard Dir ac function.

We closethis section by noting that the results discussedhere can be gener-
alized to the generaln dimensional systems. We state them in the Appendix.
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4 An example of van der Pol oscillator

In this section, we use the general theory developed in the previous section
to analyze a model problem, which is the sameproblem consideredin [11], a
nonlinear circuit of van der Pol type of oscillator. We refer the reader to [11]
for the actual circuit designand how noiseshould be modeled in the system.

The van der Pol oscillator satis�es the following secondorder di�eren tial
equation,

•q � � (1 � _q2) _q + q = 0; (27)

By intro ducing a new variable u = [q; _q]0, the above equation (27) is converted
into the following �rst order system,

�
_u1 = u2;
_u2 = � u1 + � (1 � u2

2)u2:
(28)

In applications, � > 0 is a small parameter. It is known that this system
has a vertical Hopf bifurcation from the origin at the parameter � = 0, and
for every small � > 0 there exits a unique orbitally exponentially stable limit
cycle denoted by � � . Note that this periodic orbit is not closeto the origin [2].
We shall construct a moving local coordinate system along � � as described in
Section 2.

To intro duce noise into the system, we consider the following noisy van der
Pol oscillator equation:

� _X 1 = X 2;
_X 2 = � X 1 + � (1 � X 2

2 )X + �dW t :
(29)

wheredWt is a 1� dimensionalwhite noise,and � is a small positive number. In
application, the magnitude of � is of the sameorder as � . However, in order to
better illustrate our analysis, we distinguish them in the following derivation.
We will analyzethe phasenoisewith � � � at the endof this section. We assume
that both � and � are small enough in this paper to ensure the asymptotic
analysis to be carried out.

4.1 Appro ximation to the perio dic orbit

In order to use the local moving coordinate system and the transformation  ,
we need to understand the periodic solution � � . However, we are not able to
get an explicit (analytic) formula for the periodic orbit � � . Hence,we will use
asymptotic analysis and the method of averaging to study the leading terms of
� � which is basedon the method as described in [2].

We �rst transform u into the polar coordinate system [� ; ! ]. where

u1 = � cos! ; u2 = � sin! :
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Then system (28) is transformed into
�

_� = �� (1 � � 2 sin2 ! ) sin2 ! ;
_! = � 1 + � (1 � � 2 sin2 ! ) cos! sin! :

(30)

Assumethat 0 < � � 1, we de�ne new variables

�� = � + �v 1(� ; ! ); �! = ! + �v 2(� ; ! ); (31)

where v1; v2 are unknown functions to be determined. Equivalently , the inverse
transform of (31) is

� = �� + � �v1( �� ; �! ); ! = �! + � �v2( �� ; �! ); (32)

From (31) and equation (30), we obtain that

_�� = _� + �
�

@v1
@� _� + @v1

@! _!
�

= �
�
� (1 � � 2 sin2 ! ) sin2 ! � @v1

@!

�
+ O(� 2);

(33)

and
_�! = _! + �

�
@v2
@� _� + @v2

@! _!
�

= � 1 + �
�
(1 � � 2 sin2 ! ) sin! cos! � @v2

@!

�
+ O(� 2):

(34)

As in the method of averaging, one de�nes a function v1 by

@v1

@!
= � (1 � � 2 sin2 ! ) sin2 ! + C;

where

C =
1

2�

Z 2�

0
� (1 � � 2 sin2 ! ) sin2 ! d! =

1
2

� �
3
8

� 3:

Similarly, we de�ne a function v2 by

@v2

@!
= (1 � � 2 sin2 ! ) sin ! cos! + D ;

where

D =
1

2�

Z 2�

0
(1 � � 2 sin2 ! ) sin ! cos! d! = 0:

Substituting the functions v1; v2 into (33) and (34), we have
�

_�� = � ( 1
2 � � 3

8 � 3) + O(� 2)
_�! = � 1 + O(� 2):

(35)

By (32), we obtain �
_�� = � ( 1

2 �� � 3
8 �� 3) + O(� 2)

_�! = � 1 + O(� 2):
(36)
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Since� is small, we have the following approximation:

[� ; � ] = [�� ; �! ] + O(� )

and � _� = � ( 1
2 � � 3

8 � 3)
_� = � 1;

(37)

For the equilibria or periodic orbits, we consider:

1
2

� �
3
8

� 3 = 0:

This implies

� = 0; or � =
2

p
3

:

Obviously, � = 2p
3

and � = � � are the leading term approximations to the
periodic orbit � � . This implies that on � � ,

�
� (� ) = 2p

3
+ O(� )

! (� ) = � � + O(� ):
(38)

Plugging the above approximations into the polar coordinate formula, we have
(

u1(� ) = � cos! = 2p
3

cos� + O(� )
u2(� ) = � sin ! = � 2p

3
sin � + O(� ):

(39)

4.2 Analysis of sto chastic van der Pol oscillator

In this section, we apply the general theory developed in Section 3 to (29) in
the following setting:

f (u) =
�

u2

� u1 + � (1 � u2
2)u2

2

�
; g = 0; a =

�
0 0
0 �

�
:

We usethe transform (6) to get

X (t) =  (� ; �) ;

which givesthe drift term of the perturb ed system:

�f = �f (X (t)) = �f (� ; �) =
�

(1 � �
r )u2(�)

(� (1 � �
r )u1(�) + O(� )) :

�
:

By (17) and (18), we have
�

h1 = p
r (f 0 �f + 1

2r p� (�f 2)2 + 1
2r wpf 1f 2� 2);

h2 = 1
r (� f 1

�f 2 + f 2
�f 1 + 1

2r wp(�f 2)2);
(40)
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and 8
>><

>>:

c11 = 0;
c12 = � (� u1 + � (1 � u2

2)u2) p
r ;

c21 = 0;
c22 = � � u2

r :

(41)

Using the asymptotic expansion(39), one obtains

r = 2p
3

+ O(� ); w = � 1 + O(� );

p(� ; � ) = (r + w� ) � 1 =
p

3
2 (1 +

p
3

2 � + O(� + � 2); p� = O(� ):

Therefore, applying Theorems1 and 2, we achieve the following results.

Theorem 3 The phase� and amplitude noise � along the periodic orbit � �

de�ned by

X (t) =  
� �

�( t)
�( t)

� �
; (42)

where X (t) satisfy

� _X 1 = X 2;
_X 2 = � X 1 + � (1 � X 2

2 )X + �dW t ;
(43)

remain as Ito's processesand satisfy the following stochastic equations
8
<

:

d� = (1 + O(� ))dt + � (( � 2p
3

� 3
4 �) cos� + O(� + � 2))dWt ;

d� = (� �(1 � 4sin2 �) sin2 � + O(� � 2 + �� 2 + � 2))dt
� (� sin � + O(�� ))dWt ;

(44)

The leading terms of [� ; �] , denoted by [ ~� ; ~�] , satisfy
(

d~� = dt + � (( � 2p
3

� 3
4

~� ) cos~� )dWt ;

d~� = � � ~� dt � � sin ~� dWt :
(45)

Furthermore, let p(� ; �; t) be the probability density function of [ ~� ; ~� ]. Then p
satis�es

@p
@t = � @

@� p + @
@� (�p ) + 1

2 ( @2

@� 2 (� 2(
p

3
2 + 3

4 � )2 cos2 � )p)
+2 @2

@� @� (� 2((
p

3
2 + 3

4 � ) cos� sin � p) + @2

@� 2 (� 2 sin2 � p):
(46)

If X (0) is at u(� 0) + z(� 0)� 0, the initial condition for (46) is

p(� ; �; 0) = � (� � � 0)� (� � � 0): (47)
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Proof: One can obtain (44) directly from Theorem 1. Here we just need to
prove (45), for which we usethe method of averagingfor SDE's. Obviously, the
leading contributions for (44) is

�
d� = dt + � (� 2p

3
� 3

4 �) cos� dWt ;
d� = (� �(1 � 4sin2 �) sin2 � dt � (� sin �) dWt ;

(48)

We de�ne new variables �� = � and �� = � + �v (� ; �), where v(� ; � ) is a
deterministic function to be determined. Ito's formula gives

d�� = d� + �
�
v� d� + v� d� + O(� 2)dt

�

= � (�(1 � 4sin2 �) sin2 � + v� + O(� + � 2))dt
� (� sin � + O(�� ))dWt

If we de�ne v such that

v� = � � (1 � 4sin2 � ) sin2 � + E ;

where

E =
1

2�

Z 2�

0
� (1 � 4sin2 � ) sin2 � d� = � �;

we obtain

d�� = � � (� + O(� + � 2))dt � (� sin � + O(�� ))dWt

= � � ( �� + O(� + � 2))dt � (� sin ~� + O(�� ))dWt :

When � is small, the leading term satis�es of the secondequation of (45). The
results of (46) and (47) can be obtained directly from Theorem 2.

4.3 Discussions on the sto chastic van der Pol oscillator

In this section, we discusssomeinteresting properties and observations associ-
ated with the van der Pol oscillator.

The following two phenomenahave beenobserved in practice and studied in
an ideal parallel LC oscillator [8] [11], which leadsto the van der Pol equation.

(1) As shown in Figure 3, it is observed that when an impulse random per-
turbation is injected to the current in the system at the moment when
the voltage crosseszero and the current reachesthe peak (i.e. � = n� in
phasespace),the noisehas maximum impact on the phaseand minimum
in
uence on the amplitude. This can be easily explained according to
(45). If one takes� = n� , the coe�cien t (

p
3

2 + 3
4 �) cos� in front of dWt

for the phase� achieve the maximum values in magnitude, while at the
sametime, the coe�cien t � sin � in front of dWt for the amplitude error
� returns zero.
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v
pertur bed soluti on

unperturb ed solution

Largest phasenoise

t

Figure 3: A impulse noise in current at the peak of current (or zero crossingof
voltage).

v pertur bed soluti on

unperturb ed solution

no phaseerror

t

Figure 4: A impulse noise in current at the peak of voltage (or zero current).

(2) On the contrary , it is also observed that if the impulse noise is added
to the current at the peak of the voltage and zero of the current (i.e.
� = (n + 1=2)� in the phasespace),the noisehasminimum impact on the
phase,but maximum disturbance on the amplitude as shown in Figure 4.
In this situation, the coe�cien t of the random perturbation for the phase
� in (45) takes zero value and the coe�cien t for the amplitude error �
gets the maximum values.

Next we examinethe amplitude error and phaseequationsin (45) separately
to revealsomeof their properties. Here,wewould like to point out that sincethe
coe�cien ts in the di�usion terms cannot be zerosimultaneously, it suggeststhat
[� ; �] = [0; 0] is not an equilibrium of the equations, otherwise the perturb ed
solution will not follow the periodic orbit. Therefore, one cannot directly apply
the standard stabilit y conceptsand theory developed for the zero equilibrium
to this system. In fact, we cannot assumethe noisetype for the amplitude and
phaseequations directly, becausethey must be derived from the original noise
system (29), which is regardedas a good noisemodel.
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We start with the amplitude error. It is easyto seethat the leading term in
the amplitude error �� (t) of (45) satis�es

sup
0� s� t

j ~� (s)j � sup
0� s� t

jZ (s)j;

where Z is the well known Gaussianprocessde�ned by

dZ = � �Z dt + �dW t :

Here we note that the sup0� s� t j ~�( s)j refers to the largest value of j ~� (s)j for all
possiblerealizations. The standard estimates(example 6.4 in [12]) give

sup
0� s� t

jZ (s)j <
� 2

�
log t;

which implies that

sup
0� s� t

j ~�( s)j �
� 2

�
log t;

if the initial amplitude error ~�(0) is zero. Therefore, for any given � > 0, one
obtains

sup
0� s� t

j ~�( s)j < �

for all
t � e

��
� 2 :

We note that this estimate assuresthat the perturb ed solutions do not leave
a small neighborhood of the periodic orbit � for a very large time provided
� 2 = o(�� ); which con�rms the hypothesisof the Theorem 1.

Furthermore, from equations (45), if one further approximates the leading
amplitude error by

~� = � � ~� dt + � sintdWt ; (49)

then following the standard linear SDE theory [1], which is very similar to linear
ODE theory, ~� is a Gaussianprocesswith normal distribution, and the mean
of ~� (t) is

E( ~�( t)) = X (0)e� �t ;

and by the Ito's formula, the variance is

V ( ~�( t)) = E(( ~� � E ( ~�)) 2) = � 2
Z t

0
e� 2� ( t � s) sin2 sds

=
� 2

2

Z t

0
e� 2� ( t � s) (1 � cos2s)ds:
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Using the fact that
Z t

0
e2�s cos2sds =

1
2�

(e2�t cos2t � 1) +
1

2� 2 e2�t sin2t �
1

� 2

Z t

0
e2�s cos2sds;

which implies
Z t

0
e2�s cos2sds =

�
2(1 + � 2)

(e2�t cos2t � 1 +
1
�

e2�t sin2t);

one obtains that

V ( ~�( t)) = � 2(
1

4�
(1 � e� 2�t ) �

�
2(1 + � 2)

(e2�t cos2t � 1 +
1
�

e2�t sin2t)) : (50)

This suggeststhat

p(�; t) =
1

q
2� V ( ~�( t))

e
� � 2

2V ( ~� ( t )) (51)

is the solution of the Fokker-Planck equation associated with (49)

pt = (��p ) � +
� 2

2
((sin2 t)p) �� :

For small � , one has estimate

V ( ��( t)) �
� 2

4�
:

It is worth to highlight that this estimate is independent of t. Thus, for any
given � > 0, the probabilit y that j ~� (t)j � � is

Prob(j ~�( t)j � � ) � 2

p
2�

�
p

�

Z

�
1 e� 2�x 2

� 2 dx =
2
�

Z 1

p
2�
� �

e� y 2

dy:

Particularly , if one takes� = � 1=2� 
 and � = 0:5� , where 0 � 
 < 1=2, then

Prob(j ��( t)j � � ) <
2

p
�

� 


e� � 2 
 ;

which can be arbitrarily small provided that � is small enough. This suggests
that chancesof the perturb ed solutions leaving a small neighborhood of periodic
orbit � in the van der Pol oscillator remain very small asymptotically provided
the perturbation to the system is not too large.

Finally, we study the phaseequation in (45). Following the above analysis
to the amplitude error, if we assumethe �( t) remains in a small neighborhood
of zero. we can further approximate the phaseequation by

d~� = dt � �

p
3

2
cos~� dWt ; (52)

18



which is a close equation for ~� , describing the leading term behavior of the
phase in the van der Pol oscillator. The probabilit y density function p(t; � )
satis�es the associated Fokker-Planck equation,

@p
@t

= �
@
@�

p +
3
8

� 2 @2

@� 2 (cos2 � p): (53)

By intro ducing new variable �� = � � t, and q(� ; t) = p(� + t; t), then q satis�es

@q
@t

=
3
8

� 2 @2

@� 2 (cos2(� + t)q):

This clearly indicates that the phase noise is time variant which agree with
many other studies including [8] and [11].

In addition, if one further simpli�es the equation to

d�� = dt � �

p
3

2
costdWt :

Again, following the standard theory for linear SDE's, onecaneasilyobtain that
�� � t can be approximated by a Gaussianprocesswith zero mean and variance
given by

V ( ��) =
3
4

� 2
Z t

0
cos2 sds;

which is consistent to the estimate obtained in [11].

App endix

As mentioned before, the results described in Section 3 can be generatedto
the n dimensional systems. We shall state these generalizationshere without
giving detail derivations as they are similar to the caseof n = 2.

We consider the following system

_u = f (u);

where both u and f are in R n . In deterministic situation, a system with small
perturbation is

_x = f (x) + g(x; t);

where g 2 R n . Then the solution x(t) can be expressedby

x =  (� ; � ) = u(� (t)) + z(� (t)) � (t); (54)

with z 2 R n � (n � 1) and � 2 R n � 1. The columns of z form an orthonormal
systemof the normal spaceof the periodic solution u of the unperturb ed system.
Besides,z is also orthogonal to tangent vector f , i.e.

f T z = 0:
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The stochastically perturb ed system is

dX (t) = (f (X ) + g(X ; t))dt + a(X )dWt ; (55)

whereg 2 R n , a(x) 2 R n � n and Wt is an n dimensional independent Brownian
motion. Using the sameexpression(54), we have

X (t) =  (� ; �) = u(�( t)) + z(�( t))�( t); (56)

with � 2 R and � 2 R n � 1.

Theorem 4 Assumethat the solution X (t) of

dX (t) = (f (X ) + g(X ; t))dt + a(X )dWt (57)

almost surely stays close to the periodic orbit � , and f is C r with r � 2. Then
transform  is a Cr di�e omorphism. And under the transform  , [�( t); �( t)]
remain as Ito processesand satisfy the following Ito stochastic di�er ential equa-
tions, �

d�( t) = kdt + bdWt ;
d�( t) = hdt + cdWt ;

(58)

where the coe�cients k 2 R ; b 2 R n ; h 2 R n � 1; c 2 R (n � 1) � n satisfy the follow-
ing algebraic equations

�
( �f + z� � )k + zh + 1

2 (u� � h0h + z� � (h0h� + ch) = �f + �g
�f h0+ z� �h 0+ zc = a

Similarly, if we de�ne p(� ; �; t) as the probabilit y density function for the Ito
processes[� ; �], we can obtain the following evaluation equation for p.

Theorem 5 The probability density function p(� ; �; t) for [� ; �] satis�es the
following evolution equation,

pt = � (kp) � � r � � (hp) + 1
2 ((( h0h)p) � �

+2 r � � ((ch)p) � + r � � (r � � (cc0)p)) ;
(59)

where r � = [ @
@� 1

; � � � ; @
@� n � 1

]. And if the starting point of X (0) is at u(� 0) +
z(� 0)� 0, the initial condition for (59) is

p(� ; �; 0) = � (� � � 0)� (� � � 0); (60)
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