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Abstract

A local moving orthonormal transformation has been introduced to
rigorously study phase noise in stochastic di eren tial equations (SDE's)
arising from nonlinear oscillators. A general theory of phase and ampli-
tude noise equations and its corresponding Fokker-Planck equations are
derived to characterize the dynamics of phase and amplitude error. As
an example, a van der Pol oscillator is considered by using the general
theory.

1 Intro duction

Phasenoisein nonlinear oscillators is very important in circuit designand other
areassud asoptics. For example, it is known that timing jitter in circuit de-
sign is causedby phasenoise[9] [15]. Mathematically, nonlinear oscillators can
often be described by nonlinear autonomousdi erential equationswith periodic
orbits (limit cyclesin the plane) that are orbitally asymptotically stable. We
note that any solutions near an orbitally asymptotically stable periodic orbit
in phasespacewill stay closeto the periodic orbit and approac the periodic
orbit in phasespacewith asymptotic phase[7]. However, noiseis unavoidable
in practice and is often modeled by additional stochastic terms in the nonlinear
di erential equations. In Figure 1, we have an asymptotically stable periodic
orbit  (solid line) in phasespacewith least period T > 0 of an unperturbed
nonlinear oscillator. The orbit returns to its initial state , after time T. How-
ever, a perturb ed solution doesnot return to the starting point after the same
time T due to random perturbations. Thus, natural rhythm of the oscillator is
disturb ed. Phasenoiserefersto the variations in the oscillation frequency and
jitter is the uctuations in the period.
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Figure 1: Perturbations near a orbitally asymptotically stable limit cycle .
Solutions will not return to their starting states after period T

There is a large literature dealing with phase noise problems (see, for ex-
ample, [1€], [17], [13], [10], [4] and referencestherein). However, it is indicated
in [4], that theoretical understanding in the subject is rather incomplete. The
main di cult y is how to completely separatephaseand amplitude componerts
in the error analysis in the nonlinear dynamics under random perturbations,
which is the goal of this paper.

Standard approachesto study phasenoiseare largely basedon linearizations
of the nonlinear dynamic systems. The main ideais to uselinear parts in Taylor
expansionsto replacethe nonlinear terms near the unperturb ed orbits. The key
assumption for this idea to be useful is that the di erence between perturbed
and unperturb ed solutions remains small. However it has been discussedin
both [4] and [11] that the deviation of the perturb ed solution from the unper-
turb ed solution can grow to in nitely large even for orbits that are orbitally
exponertially asmptotically stable. This is the reasonthat why linearization
strategiescan lead to incorrect characterization of the real phenomenain phase
noise analysis.

Recerly, two dierent nonlinear approaches have been proposed. One is
basedon Floquet theory and by considering a delay phasecoordinate to char-
acterize the leading cortributions of the phasenoise[4]. The delay phasecoor-
dinate satis es a stochastic di eren tial equation depending on the largest eigen-
value (must be 1 to sustain the periodic orbit) of the transition (monodromy)
matrix of the linearized systemand its corresponding eigenfunction. Phasenoise



from other componerts of spectrum of the transition matrix decaysto zeroeven-
tually if one assumeghat the random perturbations exist for only a nite time
of period.

The secondapproach is basedon the Fokker-Planck equation assaiated with
the SDE. The standard SDE theory suggeststhat every di usiv e SDE includ-
ing the SDE governing the oscillator consideredin this paper correspondsto a
parabolic equation (Fokker-Planck equation, also called Kolmogorov equation
in many literature) which is usedto describe the ewolution of the proability
density function of the stochastic processes.One would then directly estimate
the probability density function of the phasenoise by study its Fokker-Planck
equation. In [11], asymptotic analysisis carried out basedon scale separation
assumptionsin the model separating the leading componert from the Fokker-
Planck equation. In addition, oneassumeghat trajectories are attracted to the
limit cycle more than they are di used by the noise. Under this assumption,
one obtains a separation of the phase noise equations from the amplitude er-
ror componert. Then the resulting simplied Fokker-Planck equation can be
solved analytically by standard PDE methods. However, both approaces do
not provide a complete and rigorous separation of the phase and amplitude
noise.

In this paper, we present a dierent approach. By using a local moving
transformation based on the periodic orbit (vector bundle structure over the
periodic orbit) to develop a generaltheory that completely separatesthe phase
and amplitude noise. The transformation enablesus to rigorously derive dy-
namic equationsexplicitly for the phasenoiseand amplitude error. Both phase
and amplitude noiseremain asdi usion processessoneexpects. The assa@iated
Fokker-Planck equation follows from the standard SDE theory to characterize
the ewolution of the probability density. We further apply the general theory
to a van der Pol oscillator, a prototype of practical oscillators. And the results
can be usedto explain many interesting phenomenaobsened in practice.

The arrangemert of the paper is as follows. In Section 2, we introduce
the moving orthonormal coordinate systemto explicitly separatethe phaseand
amplitude represenations. We state and prove the main results of this paper in
Section 3. An example of analyzing van der Pol oscillator by the generaltheory
is shovn in Section 4. For reader' corvenience,specially those who don't have
strong badkground in SDE's, we insert somebasic knowledge on the subject at
whereit will be usedthroughout the paper.

2 Moving orthonormal coordinate systems

In this section, we review a local moving orthonormal coordinate systemalong
a periodic orbit of a dynamical systemin an2 n < 1 dimensional Euclidean
space[7]. For simplicity, we mainly considern = 2 in this paper eventhought it
is valid for any n. Although the analysisfor higher dimensional oscillators may



be di erent, and more di cult in many cases,the generaltheory developed in
Section 3 can be extendedto the generalcase. We will state such results at the
end of the section.

We start with the following autonomous systemin the plane,

u(t) = f (u(t)); 1)
wheref :R2!1 RZ?isC',r 2. Assumethat it hasa periodic orbit
=fu(t)2R%0 y Tg )

where T > 0 is the least period of u( ). We are interestedin the casethat s
orbitally stable, which meansfor any given > 0, there exitsa () > 0 such
that if the distance betweenthe starting state u(0) and is smallerthan (),
then the distance betweenu(t) and islessthan for all t > 0. More precisely,

dist(u(t); ) ;t 0

dist(u(0); ) ()

We now considera perturb ed system of (1)

x(t) = f(x(1)) + g(x(t);1); ®3)

where g(x;t) is a small time dependent deterministic perturbation. In this
paper, we usex(t) to denote solutions of the perturb ed systemand u(t) for the
unperturb ed system.
Since is orbitally stable, solutions of (3) near stay closeto . Conse-
quertly, one can intro duce a local moving orthonormal coordinate systemalong
in the following manner. Note that is C" di eomorphic to the unit circle St
and the coordinate systemwe will introduceis a vector bundle structure over
St. At eadh point on the periodic orbit, the normalized tangent direction is

_ 1 fa(u(t)

VO T ) @
wherer = P f2+ f2. The corresponding outward normal direction is
=1 fout) .
M=ty ©

Using this moving orthonormal coordinate system, as shown in Figure 2,
any point x near can be transformed into a new represenation by using the
following transformation

X= =u()+z(); (6)



X(1) z( )

()
(t)

x(t) = a( (1) + z( (1) 1)

Figure 2: Transform

where = t(modT) 2 S, u( ) = u(t) is the unique point on the periodic orbit

such that x lies in the normal spaceat u( ), and is the signed distance
betweenx and u( ). Note that, if x(t) is a solution of the perturbed equation
3, then in terms of the new coordinates we have the following:

0= =) o ™

In practice, (t) t correspondsto the phaseerror and (t) is the amplitude
error. Obviously, the di eomorphism  transforms a perturb ed solution x(t)
into [ (t); (t)] which provides the phase of x(t) and its assaiated amplitude
error from . Furthermore, this would allow us to explicitly study the phase
and amplitude errors of (3) from (1).

We would like to point out that the above represenations are di erent from
the traditional understandings of local orthogonal projections, which normally
result in two orthogonal componerts. Under transformation (7), u( (t)) is al-
ways on the periodic orbit and is not orthogonal to z( (t)). However, z( (t))
is orthogonal to to the tangent vector at u( (t)) 2 .

If oneassumeghat f andgareC",r 2. Then there existsa > 0, such
that the transformation de ned by (6) isaC" di eomorphism from S [ ; ]
onto its image. Furthermore, the perturbed equation (3) can be expressedin
the new coordinate system( ; ):

E(fe(fa+ 1) + fa(f2 + @));
_= 3 falfa+ @) + fofa + @)

(8)



where
f =1l (1);

fr=1(x)=fu®)+z( 1) 1)
g=g(x(t):;t) = glu( (1) + z( (1) (1);1):
fifd fof
= i p=(w) b
The proof of the above results can be found in [7] except for the explicit
formulae in (8) which can be obtained from direct substitution. We also refer

the readerto [3] for a similar transformation in in nite dimensional space.
Before we proceedto the main results of the paper, we state some useful
relationships that are well known results in di erential geometry and can also

be easily veri ed.

dv()
dt

dz() _ .
T wv( ): (9)

= wz();

3 Moving orthonormal coordinate systems un-
der noise

As discussedin the introduction, noiseis often unavoidable and un-predictable
in practice. To model the in uence of this perturbation, random variables are
introducedin the system.

dX (1)
dt

where ; is a time dependert random variable, and a a given 2 2 diagonal
matrix function. As a corvertion in the paper, we usecapital letters to represert
stochastic variables.

Furthermore, if ; is normally (Gaussian) distributed, equation (10) is usu-
ally written in the following standard SDE format,

dX (t) = f (X)dt + g(X:t)dt+ a(X )dW;: (11)

= fF(X)+ 9(X;t) + a(X) ; (10)

where W; = [W}; W2]°2 R? is a 2-dimensionalindependert Brownian motion,
and dW; is its increamert to model the Gaussianrandom perturbation dt
which is called white noise. The term a(X )dW; is usually called di usion, and
(f (X) + g(X;t))dt the drift term.

It is well known that Brownian motions are contin uousbut not di eren tiable.
Hencethe SDE's (11) can not be understood as a system of traditional ODE's.
Instead, they are de ned in the Ito sense,which meansthat X (t) is a random
processsatisfying the following integral equation,

Z, Z,
X(t)=X0)+ (f(X(s)+ g(X(s);s))ds+  a(X(s))dWs:
0 0



The last term is an Ito integral, which is de ned as
a(X (s))dws = st n||i1m aX (si 1)(Ws, Wg, ,);
0 !

where st lim meanscorvergencein the probability sense.Suc de ned X (t)
is called Ito processin the stochastic literature.

One of the most signi ciant di erence betweenlto SDE's and the standard
di erential equationsis that Ito SDE's haveadi erent chain rule in its calculus,
which is best described by the following Ito formula [1].

Ilto Formula: Let v(y;t) denote a continuous function de ned on R"  [to; T]
with valuesin R™ and with the cortin uous partial derivativesvy, vy, and vy,y, .
If the n dimensional stochastic processY (t) is de ned on [tg; T] by

dY (t) = 1(Y; t)dt + k(Y; t)dW,; (12)

then Z(t) = v(Y (t);t) de ned on [tg; T] with a given initial condition Z(tp) =
V(X (to);to) is also a Ito stochastic processsatisfying a stochastic di eren tial
equation,

1 XX
() = i)+ WDl + 3 Vy,y, (6 Y)(kk )dt (13)
i=1 j=1
+ vy (Y; K(Y; t)dW;

where kC is the transposeof k p

We notice that the term 3 (L, [_; Vy,y,; (t Y)(kk9; is new comparing to
the standard chain rule, and it involvesthe secondorder derivatives of v and
the diusion coe cient k. This is mainly due to the following basic facts of
Brownian motions,

E(dW, dwW) = dt; E(dwW,dw}) = 0;

where E( ) denotesthe expection of a random variable. The secondidentity
describesthat di erent Brownian motions have independert increamens. The
rst one states that the increamerts of a Browian motion (Gaussian random
variable) have variance dt, which implies that the product of the di usion term
in (12) generatea term cortaining dt.

With such understandings of noisy system (11), we study its phase and
amplitude noise. Our strategy is to apply the transform (6) and follow the
deterministic perturbation theory [7]. In order to use the transform (6), we
assumethat the Ito processX (t) stays closeto the periodic orbit almost surely
(or with large probability). More precisely we assumethat with probability 1
(or 1 , where is a small positive number),

dist(X (t); ) O S A



for somesmall positive number . Time T may be nite or in nite.
Using the transformation , which is smooth and deterministic, de ned in
the previous section, we can represert X (t) by

XM= {9 =u()r 2 )(; (14)

where ( t) and ( t) are random functions describing the phasenoise, ( t) t,
and its assaiated amplitude noise of (11). They satisfy the following dynamic
equations.

Theorem 1 Assumethat the solution X (t) of
dX (t) = f (X)dt + g(X;t)dt + a(X )dW; (15)

almost surely stays close enoughto the periodic orbit , and both f and g are
C" smoth functions, r 2. Then under the transform , [( t); ( t)] remain
as Ito processesand satisfy the following Ito stochastic di er ential equations,

d g:)) =h( ;) dt+c( ;) dW; (16)
where the coe cients h2 R2 andc2 R2 2 are de ned by
8
< hy = B(fy(fi+ag)+fafat o)+ %%((flall)z + (f2822)%)
+2wpfifa(ad, ah)); (17)
hy = 3 fi(fa+ @) + fo(fr+ g1) + 5-wp((fra11)? + (F2a22)?));
and

Efia;n  Bfag;

C= 1 1
+fann  Ffiax

(18)
where a= a(u() + z()))

Proof of Theorem 1: We rst show that [ ( t); ( t)] remain aslto processes.
By assumptionthat the solution X (t) stays closelyto the periodic orbit, which
implies that the transformation , which isis a C" di eomorphism with r 2,
is valid. By lto's formula (13), this implies that the stochastic processes

(0 iy X
(v - YO xw) (19)

are alsoIto processesand satisfy the following equations

8

E d = dex1+ deXZ

+%( X1X1(dxl)2+ Xlxzdxldx2+ szz(dXZ)z);
xldxl"' xzdxz

+%( X1X1(dxl)2+ Xlxzdxldx2+ szz(dXZ)Z):

(20)

2 d



By Ito's formula (13), one obtains that
(dX1)2 = afldt; dX1dX, = 0; (de)z = a%zdt:
We substitute them into (20) to obtain

d = r (f+o+ l( xlxlail"' x2x2a§2 Jdt+ (r )%adwW

21
d C O LBt el Jt+ (1 )oadvy D

Therefore, we can write this as (16) with h; c are coe cien ts to be determined.
Becauseof (14) and Ito's formula, we also have

dX(t)= d + d+% @2+ dd+ (d)?2: (22

Using the facts that

and Ito's formula again, we have
dd = (C]_]_C21 + C]_2C22)dt; dd = ( 11t C%Z)dt;

we then obtain

dXx (t) d + d +l% (ciy + C%Z): Z (C11Co1 + C12Cpp) dt
hy  +hyz+ 3 gcfl +¢lp) + 37 (C11Cor + C12Gpp) dt  (23)
] +

+ [ cpp+ zeu]dWE + [ cip + ZCpp] AW

By matching the coe cien ts of (11) and (23), we have the following system for
the coe cien ts h and c,

f+g=hy +hpz+ 3 (G + )+ 3z (CuaCor + C12C22);

24
a= C11 + ZCp1; Ci2 + ZCp2 (24)

From the de nition of the di eomorphism  (6), it is easyto verify that

and

ip % }WZ'

P? P
Then solving the coe cien t equations (24), we obtain (17) and (18), which
completesthe proof.

Remarks :

1. Wenote that equation (16) is reducedto (8) if the stochastic perturbations
vanish.



2. If the periodic solution is orbital stable and the perturbations are small,
the solution X (t) usually stays closeto  with large probability in a rel-
ative large time scale. We will demonstrate this in the example shown in
Section 4.

As we have already seenthat under the new moving coordinate systems,the
phase and amplitude error are Ito stochastic processessatisfying SDE's (16).
This implies that for every di erent realization of the Brownian motion path,
there is a dierent dynamic processdescribing the phase and amplitude evo-
lutions. Therefore, for such stochastic processesijt is often more desirable to
understand their statistical properties, such asthe probabilit y distribution func-
tion, instead of ead individual realization. There is a well developed di usion
theory (see,for example, [6] [14]) for theseissues. The probability density func-
tion of a stochastic processesatis es a parabolic equation, called Fokker-Planck
equation or forward Kolmogorov equation, which is stated next.

Let p(y;t) be the probability density function of the random processY (t)
de ned by (12), i.e.

p(y;t) = ProbfY (t) = yg:
Then p(y;t) satis es the following evalution equation

p= D)+ Skl

Following this result, if onedenotesp( ; ; t) asthe probability density func-
tion of [( t); (1)), i.e.

p( ;5 t)=Probf(( t); (1)) =(; )g

then the assaiated Fokker-Planck equation can be directly obtained. And we
state it in the next theorem.

Theorem 2 The prokability density p( ; ; t) for the processed ( t); ( t)] sat-
is es the following evolution equation,

po= 1 (hp)
+2(((Sy + Z)p)  + 2((CraCor + C12C2)p)  + (G + C5,)P) 25
5
And if the starting point of X (t) is at u( o) + z( o) o, the initial condition for
(25) is
p( ;5 0)= ( 0) ( 0); (26)

where is the standard Dir ac function.

We closethis section by noting that the results discussedhere can be gener-
alized to the generaln dimensional systems. We state them in the Appendix.

10



4 An example of van der Pol oscillator

In this section, we use the general theory deweloped in the previous section
to analyze a model problem, which is the same problem consideredin [11], a
nonlinear circuit of van der Pol type of oscillator. We refer the reader to [11]
for the actual circuit designand how noise should be modeledin the system.

The van der Pol oscillator satis es the following secondorder di eren tial
equation,

¢« (1 d)g+q=0 (27)

By introducing a new variable u = [g; g]% the above equation (27) is converted
into the following rst order system,

Us = Ug;
U= up+ (1 u3)uy: (28)

In applications, > 0 is a small parameter. It is known that this system
has a vertical Hopf bifurcation from the origin at the parameter = 0, and
for every small > 0 there exits a unique orbitally exponertially stable limit
cycledenotedby . Note that this periodic orbit is not closeto the origin [2].
We shall construct a moving local coordinate system along as described in
Section 2.

To introduce noiseinto the system, we considerthe following noisy van der
Pol oscillator equation:

X4 = Xp;
Xo= Xi+ (1 X2HX + dWy: (29)
wheredW; isa 1l dimensionalwhite noise,and is a small positive number. In
application, the magnitude of is of the sameorder as . However, in order to
better illustrate our analysis, we distinguish them in the following derivation.
We will analyzethe phasenoisewith at the end of this section. We assume
that both and are small enoughin this paper to ensurethe asymptotic
analysisto be carried out.

4.1 Appro ximation to the periodic orbit

In order to usethe local moving coordinate system and the transformation
we needto understand the periodic solution . However, we are not able to
get an explicit (analytic) formula for the periodic orbit . Hence,we will use
asymptotic analysis and the method of averagingto study the leading terms of
which is basedon the method as described in [2].
We rst transform u into the polar coordinate system|[ ;! ]. where

up= cos!'; u= sin!:

11



Then system (28) is transformed into

= (@ Zsin?!)sin®!;

| = 1+ (1 2sin?!)cos! sin!: (30)
Assumethat 0 < 1, we de ne new variables
= +vi(l) =t () (31)

wherevy; v, are unknown functions to be determined. Equivalertly, the inverse
transform of (31) is

= 4+ ovi( ) b=t ova( ) (32)
From (31) and equation (30), we obtain that

= @y @y
+ @

- - @ (33)
= 1 2sin’l)sin?l G+ O( 2);
and
| = 1 + @3 4 @
_ L o " g (34)
= 1+ (1 Z2sin’!)sin! cos! %2 +O( ?):
As in the method of averaging, one de nes a function v; by
@ 221\ ain?
—= (1 sin“!)sin“! + C;
a ( )
where
c:iz2 (1 ?sin?1)sin?! d! -1 35
7 . ! Id! 5 g
Similarly, we de ne a function v, by
@2 2 .2 .
—=(1 sin“!)sin! cos! + D;
@ ( )
where L z,
D= — (1 2sin®!)sin! cos! d! = O
2 9
Substituting the functions vi; v, into (33) and (34), we have
= (G g )+o(?
L= 1+0( 2): (39)
By (32), we obtain
= G 3y+or?
L= 1+ O(8 2): (36)



Since is small, we have the following approximation:

[ 1=[:'1+0()
and L s 3
= G 59 (37)
= 1
For the equilibria or periodic orbits, we consider:
1 3 3 _ .
2 g ©
This implies
-0 or = 92_
; 3
Obviously, = pz—é and = are the leading term approximations to the
periodic orbit . This implies that on
()= #5+0()
38
()= +0( ) 49
Plugging the above approximations into the polar coordinate formula, we have
( ui( )= cos! = picos + O( ) 39
u( )= sin! = #sin + O( ): (39)

4.2 Analysis of stochastic van der Pol oscillator

In this section, we apply the generaltheory deweloped in Section 3 to (29) in
the following setting:

Uz i -0 a= 00
up+ (1 ud)us g=% a= o

f(u) =
We usethe transform (6) to get

XMW= (3);

which givesthe drift term of the perturbed system:

) oL w0
F=fXO =10 = T 500 o )

By (17) and (18), we have

h1
ho

2)% + 2wpfif, 2);
+ 2wp( f2)?);

—
R =

(40)



and 8
3 Cu= 0;
Ci2 = ur+ (1 u3)uy)l; (41)
2 C1=0;
CoCp= R

Using the asymptotic expansion(39), one obtains

r=e+0() w= 1+0();
D(:)=(+w) = 3@+ 3 +0( + ?):; p=0()

Therefore, applying Theorems1 and 2, we achieve the following results.

Theorem 3 The phase and amplitude noise along the periodic orbit
de ned by

XO= g (42)

where X (t) satisfy

Xq = Xo;

Xo= X1+ (1 X)X+ dWy; (43)

remain as Ito's processesand satisfy the following stochastic equations

8
<

(1+O( )dt+ (( #& 3) cos +O( + 2)dw;
( @ 4sin?) siP +0O( 2+ 2+ 2)dt (44)
( sin + O( ))dW;

d
d

The leadingterms of [ ; ], denoted by [~; T, satisfy
(

d~ dt+ (( #5  $7)cosT)dWi;

. (45)
da~ = ~dt sin “dW;:

Furthermore, let p( ; ; t) be the prokability density function of [~; 7]. Then p
satis es

@ = 8pr @(p)+ HE(AF+ 3 )ood )p)
° +2@%(@;((i§+ % )@cos si?w p)‘:- @ﬁz( 2sin® p): (46)
If X(0)is atu( o)+ z( 9) o, theinitial condition for (46) is
p( ;5 0= ( 0) ( 0): (47)

14



Proof: One can obtain (44) directly from Theorem 1. Here we just needto
prove (45), for which we usethe method of averagingfor SDE's. Obviously, the
leading cortributions for (44) is

d = dt+ ( & 32) cos dwi;
3 5 L2 : (48)
d = ( @ 4sin®) sin® dt ( sin) dW;
We de ne new variables = and = + v ( ;), wherev(; )isa

deterministic function to be determined. Ito's formula gives

d = d+ vd +vd +0(?dt
(1 4sin?) sin? +v +O( + 2)dt
(‘sin +O( ))dw,

If we de ne v such that
v = (1 4sin’®)sini® +E;

where Z
1 2
E= — (1 4sin? )sin> d =
2
we obtain

o
|

( +0O( + 2)dt (sin +0O( )dw
( +0O( + 2)dt ( sin~+O( )dW;:

When is small, the leading term satis es of the secondequation of (45). The
results of (46) and (47) can be obtained directly from Theorem 2.

4.3 Discussions on the stochastic van der Pol oscillator

In this section, we discusssomeinteresting properties and obsenations assai-
ated with the van der Pol oscillator.

The following two phenomenahave beenobsened in practice and studied in
an ideal parallel LC oscillator [8] [11], which leadsto the van der Pol equation.

(1) As shown in Figure 3, it is obsened that when an impulse random per-
turbation is injected to the current in the system at the momernt when
the voltage crosseszero and the current reachesthe peak (i,e. =n in
phasespace),the noise has maximum impact on the phaseand minimum
in uence on the amplitude. This can bepqasily explained according to
(45). If onetakes = n ,thecoecient (52 + 2) cos in front of dW,
for the phase achieve the maximum valuesin magnitude, while at the
sametime, the coecient sin in front of dW; for the amplitude error

returns zero.

15



pertur bed soluti on
unperturb ed solution

Largest phasenoise

Figure 3: A impulse noisein current at the peak of current (or zero crossingof
voltage).

Vv pertur bed soluti on

unperturb ed solution

Figure 4: A impulse noisein current at the peak of voltage (or zero current).

(2) On the cortrary, it is also obsened that if the impulse noise is added
to the current at the peak of the voltage and zero of the current (i.e.
= (n+ 1=2) in the phasespace),the noisehasminimum impact on the
phase,but maximum disturbance on the amplitude asshown in Figure 4.
In this situation, the coe cien t of the random perturbation for the phase
in (45) takes zero value and the coe cien t for the amplitude error
getsthe maximum values.

Next we examinethe amplitude error and phaseequationsin (45) separately
to reveal someof their properties. Here, we would liketo point out that sincethe
coe cien ts in the di usion terms cannot be zerosimultaneously, it suggestshat
[ ;] = 1[0;0] is not an equilibrium of the equations, otherwise the perturb ed
solution will not follow the periodic orbit. Therefore, one cannot directly apply
the standard stability conceptsand theory deweloped for the zero equilibrium
to this system. In fact, we cannot assumethe noisetype for the amplitude and
phaseequations directly, becausethey must be derived from the original noise
system (29), which is regardedas a good noise model.
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We start with the amplitude error. It is easyto seethat the leading term in
the amplitude error (t) of (45) satis es

sup j7(s)i  sup JZ(s)i;
0 st 0 st
where Z is the well known Gaussianprocessde ned by
dZ = Z dt+ dWq:

Here we note that the sup, ¢ T S)j refersto the largest value of j~(s)j for all
possiblerealizations. The standard estimates (example 6.4 in [12]) give

2
sup jZ(s)j < —logt;
0 st

which implies that
2

sup jTs)j — logt;
0 st

if the initial amplitude error {0) is zero. Therefore, for any given > 0, one
obtains

sup jTs)j <
0 st

for all
t ezZ:

We note that this estimate assuresthat the perturbed solutions do not leave
a small neighborhood of the periodic orbit  for a very large time provided
2= o( ); which conrms the hypothesisof the Theorem 1.
Furthermore, from equations (45), if one further approximates the leading
amplitude error by
T = ~dt+  sintdWg; (49)

then following the standard linear SDE theory [1], which is very similar to linear
ODE theory, ~ is a Gaussianprocesswith normal distribution, and the mean
of ~(t) is
E(T) = X(0e *;

and by the Ito's formula, the varianceis

z t
2 e 2 9gin?sds

Z,

2
= — e?2®91 cos2s)ds:
2

V(T))=E(" EMD 2
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Using the fact that
Z, z

t
e?S cos2sds = zi(e2I cos2t 1)+ 2—12e2I sin2t iz e?S cos2sds;

0 0

which implies
z t

. e?S cos2sds= m(e2t cos2t 1+ Le?t sin2t);

one obtains that

V(T1) = 2(4i(1 e ') (e’ cos2t 1+ 1 sin2t)): (50)

21+ ?)
This suggeststhat
2
p(; t) = qliie 2V (1) (51)
2 V(T1)

is the solution of the Fokker-Planck equation assaiated with (49)
2
p=(p) +5((sin*0p)

For small , one has estimate
2

V(D) g
It is worth to highlight that this estimate is independert of t. Thus, for any
given > 0, the probability that j~(t)j is

P—-Z Z,
. . 2 2x_? 2 2
Prob(j T t)j ) 2= 1le Zdx=- , eYdy
2

Particularly, if onetakes = ' and = 0.5, where0 < 1=2, then

Prob (0 )< p=
which can be arbitrarily small provided that is small enough. This suggests
that chancesof the perturb ed solutions leaving a small neighborhood of periodic
orbit  in the van der Pol oscillator remain very small asymptotically provided
the perturbation to the systemis not too large.

Finally, we study the phaseequation in (45). Following the above analysis
to the amplitude error, if we assumethe ( t) remainsin a small neighborhood
of zero. we can further approximate the phaseequation by

P3
d~ = dt - cos~dW; (52)
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which is a close equation for ~, describing the leading term behavior of the
phasein the van der Pol oscillator. The probability density function p(t; )
satis es the assaiated Fokker-Planck equation,

@_ @ 3,

a- @' s @(cosz p): (53)

By introducing new variable = t,and q( ;t) = p( + t;t), then q satis es
@_3,0 .
@ s @(cosz( +1)q):

This clearly indicates that the phase noise is time variant which agree with
many other studies including [8] and [11].
In addition, if one further simpli es the equation to
P3
d =dt - costdW;:
Again, following the standard theory for linear SDE's, one can easily obtain that
t can be approximated by a Gaussianprocesswith zero meanand variance
ivenb
g y 3, Z,
\Y, = -
0=3
which is consistert to the estimate obtained in [11].

cog sds;

App endix

As mertioned before, the results described in Section 3 can be generatedto
the n dimensional systems. We shall state these generalizations here without
giving detail derivations asthey are similar to the caseof n = 2.

We considerthe following system

u=f(u);

whereboth u and f arein R". In deterministic situation, a systemwith small
perturbation is
x =)+ g(x1);

whereg 2 R". Then the solution x(t) can be expressedby
x= (;)=uC®)+z(®) 1), (54)

with z2 R" (™ Y and 2 R" . The columns of z form an orthonormal
systemof the normal spaceof the periodic solution u of the unperturb ed system.
Besides,z is also orthogonal to tangent vector f , i.e.

fTz= 0
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The stochastically perturbed systemis
dX (t) = (f (X) + g(X;t))dt + a(X)dW;; (55)

whereg2 R", a(x) 2 R" "™ and W, is an n dimensionalindependert Brownian
motion. Using the sameexpression(54), we have

XM= () =u))+z(C))(); (56)
with 2R and 2R" 1
Theorem 4 Assumethat the solution X (t) of

dX (t) = (F (X) + g(X;t)dt+ a(X )dw, (57)

almost surely stays closeto the periodic orbit , andf is C" withr 2. Then
transform is a C" di e omorphism. And under the transform , [( t); ( t)]
remain as Ito processesand satisfy the following Ito stochastic di er ential equa-
tions,
d( t) = kdt + bdW;
d(t) = hdt+ cdW;

wher the coe cients k2 R;b2 R";h 2 R" 1;¢c2 R(™ 1 n gatisfy the follow-
ing algebaic equations

(58)

(f+z )k+zh+ (u hh+z (h% +chy=f+g
fho+z h%+ zc=a

Similarly, if we de ne p( ; ; t) asthe probability density function for the Ito
processeg ; ], we can obtain the following evaluation equation for p.

Theorem 5 The prokability density function p( ; ; t) for [ ;] satises the
following evolution equation,

p = (kp) 1 (hp)+ 3(((h*h)p)
200 (chp) Fro (o (Cdp); 59)
wheer = [gZ; ;52-] Andif the starting point of X (0) is at u( o) +
Z( o) o, theinitial condition for (59) is
p(;; 0= ( o) ( 0); (60)
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