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Abstract

With the additional constraint of requiring only two codeword
lengths, losslesscodesof blocks of sizen generatedby stationary mem-
orylessbinary sourcesare studied. For arbitrary � > 0, classicallarge
deviation inequalities imply the existenceof codes attaining an ex-
pectedredundancyof the order O

�
n� 1/2+ δ

�
. It is shown that it is not

possibleto construct losslesscodeswith two codeword lengths having
rate better than (or the sameas) O

�
n� 1/2

�
.

1 Introduction

The purposeof thesenotes is to estimate the best possibleredundancy of
uniquely decodable codesfor n-length blocks of binary memorylesssources,
with the additional constraint of requiring only two codeword lengths. We
show that the expected redundancy Rn for such codes has an asymptotic
rate slower than n� 1/2, in the sensethat lim supn!1 n1/2Rn = ∞. Expected
redundancyrefersto the di�erence betweenthe expected(average)codeword
length per sourceoutput and the sourceentropy H. Our approach consists
of characterizing the best achievable redundancy in terms of the binomial
distribution functions. Concretely, for n-length blocks, the best expected
redundancyis shown to be equivalent (up to a term of order O(n� 1)) to

min
k2f 0,...,ng

1
n

Pr[Bin(n, p) ≤ k] log{Pr[Bin(n, 1/2) ≤ k]} − (H(p) − 1), (1.1)

whereH(p) ≡ p log(1/p) + q log(1/q) is the binary entropy, q = 1− p, and
Bin(n, p) stands for a binomial random variable with parametersn and p.
This equivalenceallows us to use well-known probabilistic results, such as
Hoe�ding's inequality and the uniform central limit theorem,to estimatethe
asymptotic behavior.

Uniquely decodable codes with two codeword lengths were consideredby
Shannonhimself in proving his losslesssourcecoding theorem(see[10]). His

hospitalit y while part of this research was conducted.
Key words and phrases: Information Theory, Shannontheory, Hoe�ding inequalities, loss-
lessblock coding, redundancy
AMS Subject Classi�cation (2000): 94A15, 94A24, 60F15
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reasoningis asymptotic and doesnot shedany light on the rate of conver-
genceof the redundancy. It then is fair to wonder at which speed such
parsimoniouscodesdo convergeto the entropy H. It is not too di�cult to
seethat Shannon'scode1 has a redundancy of at most 2ε + 2/n whenever
2exp(−nε2/2C2) < ε, and whereC2 = log2 ((1 − p)/p) in caseof stationary
memorylessbinary data with p 6= 1/2. This result is a direct consequence
of the classicalHoe�ding inequality (see[6]). Di�eren t choicesfor ε produce
di�erent rates of convergence. For instance, if ε = n� 1/2+ δ then Shannon's
code convergesfaster than O(n� 1/2+ δ). This observation led to our quest to
\lo wer bound" the rate of convergenceof such codesand to know whether
or not we can reducethe rate of convergenceto O(n� 1/2). We will show that
this cannot be done.

Results on the best realizable rate of convergencehave been obtained in
di�erent contexts. Kontoyiannis [7] considereda LIL result for the pointwise
redundancyof n-length blocks which implies that, for somevalue K > 0,

�
Ln(Xn

1 )
n

− H

� √
n ≥ K

p
2loglogn, in�nitely often a.s.

The above inequality holdsfor any sequenceof codeword lengthsLn, and sta-
tionary ergodic Markovian sources{Xn}n2 Z setting Xn

1 ≡ (X1, X2, · · · , Xn).
However, as it was pointed out by the author, the result does not transfer
to the expected redundancy. On the other hand, Merhav [8] considersD-
semifaithful codesof memorylesssourcesand proves a lower bound for the
expected redundancyof order logn/n. However, his argument breakdowns
if D = 0 (the caseof losslesscoding). To the best of our knowledge, the
result presented below is the �rst tight \lo wer bound" on the redundancy
rate for memorylesssourcesand losslessblock coding with the referredcon-
straint. It is worth mentioning that the existenceof losslesscodeswith two
codeword lengths attaining rates of order O(n� 1/2+ δ) can also be obtained
using concentration inequalities; see[5]. This approach has the advantage
of being applicable to non stationary and/or non memorylesssourcesand
deserve further work.

1This code represents the "{t ypical sequencesof length n using at most n(H + ") + 2
bits, while encoding the remaining sequencesby n + 1 bits (seeSection 3.2. of Cover and
Thomas [3] for details).
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2 Statement of results

Let us set up the problem as follows. Let b
 =
�

x (1) , x (2) , . . . , x (2n )
	

be an
ordering of the binary sequencesof length n such that µ

�
x (j)

�
≥ µ

�
x (j+1)

�
,

for every j = 1, . . . , 2n−1, whereµ is the product probability measurede�ned
by

µ (x) = p
P

xi qn�
P

xi , x = (x1, . . . , xn). (2.1)

We are interested in codes with only two codeword lengths, say l2 > l1 ≥
1. Then, following the obvious premisethat more likely sequencesrequire
smallercodeword lengthsandKraft's inequality for uniquely decodablecodes,
the best expected codeword length per sourceoutput using only two code-
word lengths is

�L1 (n) ≡ min
l1 ,l2 ,m

1
n

�
l1

P m
j=1 µ

�
x (j)

�
+ l2

P 2n

j= m+1 µ
�
x (j)

� �

subject to m2� l1 + (2n − m) 2� l2 ≤ 1,
(2.2)

wherethe minimization is over all positive integersl1, l2, andm ∈ {1, . . . , 2n}.

Alternativ ely, we can considerthe following coding scheme. Given a set of
sequencesT ⊆ b
 (which we refer to as \t ypical sequences"),assignbinary
sequencesof length dlog |T |e+ 1 to the sequencesin T , while simply pre�xing
the non-typical sequencesby a \0". The resulting code is uniquely decodable
becausethe codewords of the typical sequencesare deliberately pre�xed by a
\1", and there is a one-to-onemappingfrom the setT to the binary sequences
of length dlog |T |e. The optimization problem at hand can thus be expressed
as

�L2 (n) ≡ min
m2f 1,...,2n g

1
n

 

(dlogme + 1)
mX

i=1

µ (x i ) + (n + 1)
2nX

i= m+1

µ (x i )

!

,

(2.3)
where again we are using the fact that more likely sequencesmust have
smaller codeword lengths. The following result allows us to assessthe rate
of convergenceof �L1(n) using �L2(n) up to a term of order O(n� 1).

Lemma 2.1 For everyn ≥ 1, 0 ≤ �L2 (n) − �L1 (n) ≤ 1/n.

Pro of : Let l�1, l�2 and m� be the valuesof l1, l2, and m wherethe minimum
(2.2) is reached. If the values l1, l2, and m satisfy the constraint of (2.2),
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it is possibleto construct a uniquely decodable code, say C (l1, l2, m), with
m codewords of length l1 and 2n − m codewords with length l2. Denote by
L(l1, l2, m; n) the expected codeword length per sourceoutput of the code
C (l1, l2, m). Now, sincethe codesconsideredin (2.3) are pre�x-free codes,
�L1(n) ≤ �L2(n). On the other hand,

�L2(n) ≤ L(dlogm� e + 1, n + 1, m� ; n) ≤ L(l�1 + 1, l�2 + 1, m� ; n).

The secondinequality is true becausel�
1 ≥ dlogm�

1e and l�2 ≥ n. Then,

0 ≤ �L2(n) − �L1(n) ≤ L(l�1 + 1, l�2 + 1, m�
1; n) − �L1(n) =

1
n

.

2

Let us specializefurther our treatment and consideronly typical setsof the
form

Ok ≡ {all sequenceswith at most k ones} . (2.4)

In consequencede�ne �L3(n) as:

�L3(n) ≡ 1
n

min
k2f 0,...,ng

�L(k; n), where (2.5)

�L(k; n) ≡
 

dlog
kX

i=0

�
n

i

�
e + 1

!
kX

i=0

�
n

i

�
piqn� i + (n + 1)

nX

i= k+1

�
n

i

�
piqn� i

We will show below (Theorem 2.8) that we do not losegenerality by consid-
ering the minimization problem (2.5) instead of (2.3). Concretely, we will
seethat for large enoughn, 0 ≤ �L3(n) − �L2(n) ≤ 1/n.

We can write the expressionin (2.5) in the following \probabilistic" form:

(dn + logPr[Bin(n, 1/2) ≤ k]e + 1) Pr[Bin(n, p) ≤ k]+
(n + 1) Pr[Bin(n, p) > k],

where\Bin (n, p)" standsfor a Binomial random variable with parametersn
and p. Therefore,we can instead study the problem:

P (n) ≡ min
k2f 0,...,ng

1
n

Pr[Bin(n, p) ≤ k] log{Pr[Bin(n, 1/2) ≤ k]}, (2.6)
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up to a term of the order O(n� 1). Indeed,sincex ≤ dxe < x + 1, we have

P (n) + 1 +
1
n
≤ �L3 (n) < P (n) + 1 +

2
n

.

Let us denoteby k� (n) the value of k wherethe minimum (2.6) is attained
and let t� (n) ≡ k� (n) − np. Our next result gives the asymptotic behavior
of P (n). Below, the notation an � bn meansthat limn!1 bn/an = +∞.

Theorem 2.2 The following holds

lim
n!1

1
n

Pr[Bin(n, p) ≤ k� (n)] log{Pr[Bin(n, 1/2) ≤ k� (n)]} = H (p) − 1.

Moreover, if 0 ≤ k(n) is any sequence suchthat
√

n � k(n) − np � n, (2.7)

then

lim
n!1

1
n

Pr[Bin(n, p) ≤ k(n)] log{Pr[Bin(n, 1/2) ≤ k(n)]} = H (p) − 1. (2.8)

Pro of : �L(k; n) introduced in (2.5) is the average codeword length of a
pre�xed free code for a memorylessbinary source,and thus nH (p) ≤ L.
As we have previously seen, �L(k; n) can be written in terms of Binomial
distributions. Such a relation and sincex ≤ dxe < x+ 1 imply that �L(k; n) ≤
Pr[Bin(n, p) ≤ k] log{Pr[Bin(n, 1/2) ≤ k]} + n + 2. Thus, for any sequence
0 ≤ k (n),

H (p) − 1 ≤ lim inf
n!1

1
n

Pr[Bin(n, p) ≤ k (n)] log{Pr[Bin(n, 1/2) ≤ k (n)]}.

On the other hand, notice that if k(n) is such that 0 ≤ k(n) < n/2, then we
can apply the classicalinequality

1 +
�

n

1

�
+ . . . +

�
n

nλ

�
≤ 2nH(λ) , 0 < λ < 1/2, (2.9)

(seeArratia and Gordon [2]) to get

log
�

Pr
�
Bin

�
n,

1
2

�
≤ k(n)

� �
≤ n

�
H

�
k(n)
n

�
− 1

�
. (2.10)
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Similarly, using Hoe�ding's inequality, we obtain the lower bound

Pr[Bin(n, p) ≤ np + t(n)] > 1− e� t ( n ) 2

2n , (2.11)

wheret(n) ≡ k(n) − np, provided that t(n) > 0. Thus, for n1/2 � t(n) � n,

lim sup
n!1

1
n

Pr[Bin(n, p) ≤ k (n)] log{Pr[Bin(n, 1/2) ≤ k (n)]} ≤ H (p) − 1.

2

Next, we proceedto prove that the condition (2.7) is not only su�cien t, but
alsonecessaryfor the limit in (2.8) to be H(p) − 1. In particular, the result
givesus information about the asymptotic behavior of the valuek � (n), where
the minimum (2.6) is attained. To do so, we recall Stirling's approximation√

2πnnne� ne
1

12n +1 < n! <
√

2πnnne� ne
1

12n (seeSection I I.9 of Feller [4] and
Alon & Spencer[1])) and the following straightforward consequence.

Lemma 2.3 Let 0 < p < 1. Then,

H(p) +
loge

n(12n + 1)
− loge

12n2p
− loge

12n2(1 − p)
− log(2πnp(1− p))

2n

≤ 1
n

log
X

i� np

�
n

i

�

≤ H(p) +
loge

12n2
− loge

n(12np + 1)
− loge

n(12n(1− p) + 1)

− log(2πnp(1 − p))
2n

+
log(1 + np)

n
.

We know have.

Theorem 2.4 Let 0 < p < 1/2, and let k(n) ≥ 0 be a sequence suchthat

lim
n!1

1
n

Pr[Bin(n, p) ≤ k(n)] log{Pr[Bin(n, 1/2) ≤ k(n)]} = H (p)−1. (2.12)

Then,
√

n � k(n) − np � n
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Pro of: Let t(n) ≡ k(n) − np. Notice �rst that (2.12) is equivalent to

lim
n!1

1
n

�
�

t(n)√
npq

�
log{Pr[Bin(n, 1/2) ≤ k(n)]} = H (p) − 1, (2.13)

where � (x) is the cumulative distribution function of a standard normal
random variable. The previousequivalencefollows from the Uniform Central
Limit Theorem(e.g., seePetrov [9]) and the following trivial inequality

−n = log(Pr[Bin (n, 1/2) = 0]) ≤ log(Pr[Bin (n, 1/2) ≤ k(n)]) . (2.14)

Let us prove by contradiction that
√

n � t(n). Indeed, if lim inf n!1
t(n)p

n
=

t < +∞, then there existsa subsequence{nk}k� 1 such that limk!1
t(nk )
p

nk
= t.

Clearly, t > −∞ otherwiselimk!1
1
nk

log{Pr[Bin(nk, 1/2) ≤ k(nk)]} = −∞,

which contradicts (2.14). Hence,pk ≡ p + t(nk )
nk

→ p. From Lemma 2.3, we
infer that limk!1

1
nk

log
P

i� pk nk

�
nk
i

�
= H(p). Equivalently, we get

lim
k!1

1
nk

log{Pr[Bin(nk, 1/2) ≤ nkp + t(nk)]} = H(p) − 1. (2.15)

The previous limit contradicts (2.13) sincelimk!1 �
�

t(nk )
p

nk pq

�
= �

�
tp
pq

�
<

1. Thus, limn!1
t(n)p

n
= +∞, and

lim
n!1

1
n

log{Pr[Bin(n, 1/2) ≤ k(n)]} = H(p) − 1. (2.16)

In particular, (2.16) implies that k(n) ≤ n/2 except for at most a �nite
number of terms. Indeed, if k(nk) > nk/2 for a subsequence{nk}, then

0 = lim
n!1

1
n

log{1/2} ≤ lim
k!1

1
nk

log{Pr[Bin(nk, 1/2) ≤ k(nk)]} = H(p) − 1,

which is impossible. Thus, −p ≤ lim inf
n!1

t(n)
n

≤ lim sup
n!1

t(n)
n

≤ 1
2
− p. To

prove that t(n) � n, it su�ces to verify that t ≡ limnk !1
t(nk )
nk

= 0, for

any convergent subsequence
n

t(nk )
nk

o

k� 1
. Indeed, if pk ≡ p + t(nk )

nk
, then the

inequalitiesof Lemma 2.3 implies

lim
k!1

1
nk

log
X

i� pk nk

�
nk

i

�
= H(p + t).
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But, this limit has to be equal to H(p) in view of (2.16). Therefore, t = 0
and consequently limn!1

t(n)
n

= 0. 2

The following is a consequenceof the previousproof.

Corollary 2.5 Under the assumptionsof Theorem 2.4, if

lim
n!1

1
n

Pr[Bin(n, p) ≤ k(n)] log{Pr[Bin(n, 1/2) ≤ k(n)]} = H (p)−1. (2.17)

Then, limn!1
1
n

log{Pr[Bin(n, 1/2) ≤ k(n)]} = H(p) − 1.

Remark 2.6 Recalling the coding schemeswhich encode the n-length se-
quences in Okn (the \high probability" sequences) as if they were equally
likely to occur and then pre�xing them by a \1", while simply pre�xing the
remaining sequences by a \0"; the previous results tell us that the average
codeword lengthsof such codeswil l converge to H if and only if kn/n → p
and (kn/n − p)

√
n → ∞.

Let us now show that the rate of convergenceof (2.6) to H(p) − 1 is not
better than O(n� 1/2). Remember that q = 1− p.

Theorem 2.7 Let 0 < p < 1/2, then,

1
n

log{Pr[Bin(n, 1/2) ≤ k� (n)]} − H(p) + 1 ∼ log
�

q

p

�
t� (n)

n
,

where t� (n) = k� (n) − np. In particular, for P (n) de�ned as in (2.6),

lim sup
n!1

n

t� (n)
(P (n) − H (p) + 1) ≥ log

�
q

p

�
. (2.18)

Moreover,
lim sup

n!1

√
n (P (n) − H (p) + 1) = +∞. (2.19)

Pro of: Let An ≡ 1
n

log{Pr[Bin(n , 1/2) ≤ k� (n)]}. By Theorem 2.2 and 2.4,
we know that

lim
n!1

t� (n)
n

= lim
n!1

√
n

t� (n)
= 0. (2.20)
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Then, by Lemma 2.3, we have

An − H(p) + 1 = H

�
p +

t� (n)
n

�
− H(p) + O

�
logn

n

�
.

Thus,

1
n

log{Pr[Bin(n, 1/2) ≤ k� (n)]} − H(p) + 1 ∼ H0(p)
t� (n)

n
, (2.21)

sincelimn!1
log n
t∗(n) = limn!1

log np
n

p
n

t∗(n) = 0.

To prove the secondstatement, observe that

P (n) − H(p) + 1 = (An − H(p) + 1) Pr [Bin(n, p) ≤ k� (n)]
+ (1− H(p)) Pr [Bin(n, p) > k� (n)] .

(2.22)

Next, by Theorem 2.2 and Corollary 2.5, limn!1 Pr[Bin(n, p) ≤ k� (n)] = 1.
Sincethe secondterm on the right hand of (2.22) is non-negative,

lim sup
n!1

n(P (n) − H(p) + 1)
t� (n)

= H0(p) = log
�

q

p

�
. 2

We �nally prove that the di�erence between the minimal values (2.3) and
(2.5) convergesto 0 at the rate of 1/n. The surprisingly long proof of this
fact usesTheorem 2.2. This result, together with Proposition 2.1 and The-
orem 2.7, implies that it is not possibleto convergeto the entropy at a rate
O(n� 1/2) using block coding with two codeword lengths.

Theorem 2.8 Let 0 < p < 1/2. Then, there exists an N such that 0 ≤
�L3(n) − �L2(n) ≤ 1/n, for everyn ≥ N .

Pro of: Considerthe function hn : {1, . . . , 2n} → (−∞, 0] de�ned as

hn(m) ≡
 

mX

i=1

µ (x i )

!

log
� m

2n

�
. (2.23)

De�ne the following minimal values

h�
1(n) = min {hn(m) : m = 1, . . . , 2n} (2.24)

h�
2(n) = min

(

hn

 
kX

i=0

�
n

i

� !

: k = 0, . . . , n

)

. (2.25)
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Sincex ≤ dxe < x + 1, we have that

hn(m) + 1 + n ≤ (dlogme + 1)
mX

i=1

µ (x i ) + (n + 1)
2nX

i= m+1

µ (x i )

< hn(m) + 2 + n.

Therefore, it follows that

1
n

h�
1(n) + 1 +

1
n
≤ �L2(n) <

1
n

h�
1(n) + 1 +

2
n

. (2.26)

Similarly, dueto the fact that
P m

i=1 µ (x i ) =
P k

i=0

�
n
i

�
piqn� i, if m =

P k
i=0

�
n
i

�
,

the following relation holds

1
n

h�
2(n) + 1 +

1
n
≤ �L3(n) <

1
n

h�
2(n) + 1 +

2
n

. (2.27)

We are now going to show that there existsN ≥ 1, for which h�
1(n) = h�

2(n)
for every n ≥ N . This will be enoughto prove the theoremin view of (2.26)
and (2.27).

We �rst remark that the function hn(m) can be extended to all the real
numbers in (0, 2n]. Namely, de�ne hn(v) as

hn(v) ≡
(

k� 1X

i=0

�
n

i

�
piqn� i + pkqn� k(v −

k� 1X

i=0

�
n

i

�
)

)

log
� v

2n

�
, (2.28)

if v ∈
� P k� 1

i=0

�
n
i

�
,
P k

i=0

�
n
i

� i
for k ∈ {0, . . . n}. In this case,hn(v) is con-

tinuous, and takes the samevaluesas in (2.23) becauseµ (x i ) = pkqn� k if

i ∈
� P k� 1

i=0

�
n
i

�
,
P k

i=0

�
n
i

� i
. It would be convenient to work on the samedo-

main regardlessof the block length n. Hence,de�ne the function gn on (0, 1]
as

gn(u) ≡ xn(u) ln(u), (2.29)

wherexn(u) is the piecewiselinear function

xn(u) ≡ 2npkqn� ku +
k� 1X

i=0

�
n

i

�
piqn� i −

 
k� 1X

i=0

�
n

i

� !

pkqn� k, (2.30)
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if u ∈
� P k� 1

i=0

�
n
i

�
/2n,

P k
i=0

�
n
i

�
/2n

i
. Then,

hn(v) =
1

ln(2)
gn(v/2n), (2.31)

for any v ∈ (0, 2n]. Sincexn(u) is piecewiselinear, gn(u) is continuous and

piecewisesmooth. Moreover, if u ∈
� P k� 1

i=0

�
n
i

�
/2n,

P k
i=0

�
n
i

�
/2n

�
, then

g0
n(u) =

2npkqn� k

u

�
u ln(u) +

xn(u)
2npkqn� k

�
(2.32)

g00
n(u) =

2npkqn� k

u2

�
2u − xn(u)

2npkqn� k

�
. (2.33)

Let us seewhat would happen if h�
1(n) were strictly smaller than h�

2(n) for
somen. In this case,there would bean m� such that hn(m� ) < hn(

P k
i=0

�
n
i

�
),

for every k ∈ {0, . . . , n}. In particular, if
hP k∗� 1

i=0

�
n
i

�
,
P k∗

i=0

�
n
i

� i
is the interval

that contains m� , the minimum value of the function hn(v) on this interval
would be taken at somepoint v � in the interior of the interval. Thus, the
function gn(u) in (2.29) would have a local minimum at u� = v� /2n. By
(2.32) and (2.33), it would then follow that

g0
n(u� ) = 0 ⇒ xn(u� )

2npk∗qn� k∗
= −u� ln(u� )

⇒ g00
n(u� ) =

2npk∗

qn� k∗

u�
(2 + ln u� ) . (2.34)

Let us assumethat for in�nitely many n's, h�
1(n) is strictly smaller than

h�
2(n). Then, from the previous reasoning,there is a subsequence{nj}1

j=1 ,
sequencesof integer numbers {m�

j}1
j=1 , and real numbers {u�

j}1
j=1 in (0, 1)

such that

1. gnj (u
�
j )/ ln(2) ≤ hnj (m

�
j ) < h�

2(nj) (see(2.31)).

2. g0
nj

(u�
j ) = 0.

3. g00
nj

(u�
j ) = Cj

�
2 + ln u�

j

�
, for someCj > 0.

12



By Theorem 2.2, limj!1 h�
2(nj)/nj = H(p) − 1. Therefore, since gn(u) =

xn(u) ln(u) and 0 ≤ xn(u) ≤ 1 for every u ∈ [0, 1], there exists a sequence
{jl}1

l=1 such that

lim
l!1

ln(u�
jl

)

njl

= c ∈ [−∞, 0). (2.35)

But, this implies that for large enoughl

g00
nj l

(u�
jl

) = (Cjl ) (njl )
�

2
njl

+
ln u�

j

njl

�
< 0,

which contradicts the assumptionthat ujl is a local minimum of the function
gnj l

. 2
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