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Abstract

With the additional constraint of requiring only two codeword
lengths, losslesscodesof blocks of sizen generatedby stationary mem-
orylesshinary sourcesare studied. For arbitrary > 0, classicallarge
deviation inequalities imply the existence of codes attaining an ex-
pectedredundancy of the order O n 1/2*¢ _ |t is shawn that it is not
possibleto construct losslesscodeswith two codeword lengths having
rate better than (or the sameas)O n /2 .

1 Introduction

The purposeof thesenotesis to estimate the best possibleredundancy of
uniquely decalable codesfor n-length blocks of binary memorylesssources,
with the additional constrairt of requiring only two codeword lengths. We
show that the expected redundancy R,, for sud codes has an asymptotic
rate slover than n /2, in the sensethat limsup,; nY2R, = oco. Expected
redundancyrefersto the di erence betweenthe expected(average)codeword
length per sourceoutput and the sourceerntropy H. Our approad consists
of characterizing the best acievable redundancyin terms of the binomial
distribution functions. Concretely for n-length blocks, the best expected
redundancyis shown to be equivalert (up to a term of order O(n 1)) to

szngipng% Pr[Bin(n,p) < k]log{Pr[Bin(n,1/2) < k]} — (H(p) — 1), (1.1)

where H(p) = plog(1/p) + qlog(1/q) is the binary entropy, ¢ = 1 — p, and
Bin(n, p) stands for a binomial random variable with parametersn» and p.
This equivalenceallows us to use well-known probabilistic results, sud as

Hoe ding's inequality and the uniform certral limit theorem,to estimatethe
asymptotic behavior.

Uniquely decalable codes with two codeword lengths were consideredby
Shannonhimselfin proving his losslessourcecoding theorem (see[10]). His

hospitality while part of this researt was conducted.

Key words and phrases: Information Theory, Shannontheory, Hoe ding inequalities, loss-
lessblock coding, redundancy

AMS Subject Classi cation (2000): 94A15, 94A24, 60F15



reasoningis asymptotic and doesnot shedany light on the rate of conver-
genceof the redundancy It then is fair to wonder at which speed sud
parsimoniouscodesdo convergeto the ertropy H. It is not too dicult to
seethat Shannon'scode' has a redundancy of at most 2= + 2/n wheneer
2exp(—ne?/2C?) < ¢, and where C? = log? ((1 — p) /p) in caseof stationary
memorylessbinary data with p # 1/2. This result is a direct consequence
of the classicalHoe ding inequality (see[6]). Di erent choicesfor ¢ produce
di erent rates of corvergence. For instance, if ¢ = n /2*9 then Shannon's
code convergesfaster than O(n /2*9). This obsenation led to our questto
\lower bound" the rate of convergenceof sud codesand to know whether
or not we can reducethe rate of corvergenceto O(n */2). We will shav that
this cannot be done.

Results on the best realizable rate of convergencehave been obtained in
di erent cortexts. Kontoyiannis [7] considereda LIL result for the pointwise
redundancyof n-length blocks which implies that, for somevalue K > O,

L. (X7} P
M—H vn> K 2loglogn, innitely often a.s.

The above inequality holdsfor any sequencef codeword lengths L,,, and sta-
tionary ergadic Markovian sources{ X, },.»z setting X}" = (X1, X2, -+, X,.).
Howeer, as it was pointed out by the author, the result does not transfer
to the expected redundancy On the other hand, Merhav [8] considersD-
semifaithful codes of memorylesssourcesand proves a lower bound for the
expected redundancy of order logn/n. Howewer, his argumert breakdavns
if D = 0 (the caseof losslesscoding). To the best of our knowledge, the
result presemted below is the rst tight \lower bound” on the redundancy
rate for memorylesssourcesand losslesdlock coding with the referred con-
straint. It is worth mertioning that the existenceof losslesscodeswith two
codeword lengths attaining rates of order O(n 1/2*%) can also be obtained
using concentration inequalities; see[5]. This approad has the advantage
of being applicable to non stationary and/or non memorylesssourcesand
desere further work.

1This code represerts the "{t ypical sequencef length n using at most n(H + ") + 2
bits, while encaling the remaining sequencesy n + 1 bits (seeSection 3.2. of Cover and
Thomas [3] for details).



2 Statement of results

Let us set up the problem as follows. Let P = x@ x@ . x@) pean
ordering of the binary sequencesf length n sud that ¢ x>y x|
foreveryj = 1 ...,2"—1,wherey is the product probability measurede ned
by P P
w(X)=p “ig" T x=(x1,...,7,). (2.1)
We are interested in codeswith only two codeword lengths, say I, > [; >
1. Then, following the obvious premisethat more likely sequencesequire
smallercodeword lengthsand Kraft's inequality for uniquely decalable codes,
the best expected codeword length per sourceoutput using only two code-
word lengthsis
Li(n) = min 1 llp o X9+ lzp Jz.imﬂ pu X9

l1,l2,m

(2.2)
subjectto m2 4+ (2" —m)2 2 <1,

wherethe minimization is over all positiveintegersiy, l;, andm € {1,...,2"}.

Alternativ ely, we can considerthe following coding scheme. Given a set of
sequenced’ C b (which we refer to as\t ypical sequences")assignbinary
sequencesf length [log|T'|] + 1 to the sequence# 7', while simply pre xing
the non-typical sequenceby a\0". The resulting code is uniquely decadable
becausehe codewords of the typical sequenceare deliberately pre xed by a
\1", andthereis aone-to-onemappingfrom the set7' to the binary sequences
of length [log|T’|]. The optimization problem at hand canthus be expressed
as

|

1 X X '
Ly (n) = - min - ([logm]+ 1)  pu(xi)+ (n+1) p(xi)
=1 i=m+l

(2.3)
where again we are using the fact that more likely sequencesnust have
smaller codeword lengths. The following result allows us to assesghe rate
of corvergenceof L1(n) using L,(n) up to a term of order O(n 1).

Lemma 2.1 For everyn >1, 0< L,(n) — Li(n) < 1/n.

Pro of : Let [;, [, and m be the valuesof [;, I, and m wherethe minimum
(2.2) is readhed. If the values!,, I, and m satisfy the constraint of (2.2),
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it is possibleto construct a uniquely decalable code, say C (I4, [, m), with
m codewords of length /; and 2" — m codewords with length [,. Denote by
L(l1,1,,m;n) the expected codeword length per sourceoutput of the code
C (I1,13,m). Now, sincethe codesconsideredin (2.3) are pre x-free codes,
Li(n) < Ly(n). On the other hand,

Lyo(n) < L([logm 1+ Lin+ 1,m ;n) < LI, + 1,1, + 1L,m ;n).

The secondinequality is true because/, > [logm,| and [, > n. Then,

0< Lon) ~ La(n) < Llly + LIy + Lmyin) — La(n) =

O

Let us specializefurther our treatment and consideronly typical setsof the
form
Oy, = {all sequencesvith at most k oneg . (2.4)

In consequencele ne Ls(n) as:

1 )
Lz(n) = — min L(k;n), where (2.5)
N k2f0,...,ng |
Xk C Xk o xr o
L(k;n) = [log " 1+1 TP i+ (n+ 1) Topign
1 1 1
=0 =0 = k+1

We will shav below (Theorem 2.8) that we do not losegenerality by consid-
ering the minimization problem (2.5) instead of (2.3). Concretely we will
seethat for large enoughn, 0 < L3(n) — La(n) < 1/n.

We can write the expressionin (2.5) in the following \probabilistic* form:

([n + logPr[Bin(n,1/2) < k]| + 1) Pr[Bin(n,p) < k]+
(n+ 1)Pr[Bin(n,p) > k],

where\Bin (n,p)" standsfor a Binomial random variable with parametersn
and p. Therefore,we can instead study the problem:

P(n) = szrgin . % Pr[Bin(n,p) < k]log{Pr[Bin(n,1/2) < k]}, (2.6)

......



up to a term of the order O(n 1). Indeed,sincex < [z] < z+ 1, we have
1 2
Pn)+ 1+ —<IL3z(n)<P(n)+ 1+ -
n

Let us denoteby £ (n) the value of k£ wherethe minimum (2.6) is attained
andlet ¢ (n) = k£ (n) — np. Our next result givesthe asymptotic behavior
of P(n). Below, the notation a,, < b, meansthat lim,; b,/a, = +occ.

Theorem 2.2 The following holds
lim %Pr[sin(n,p) <k (n)]log{Pr[Bin(n,1/2) < k (n)]} = H (p) — 1.

Moreover, if 0 < k(n) is any seguene suchthat
Vi < k(n) —np < n, (2.7)
then

nllllm %Pr[Bin(n,p) < k(n)] log{Pr[Bin(n,1/2) < k(n)]} = H(p) — 1. (2.8)

Pro of : L(k;n) introducedin (2.5) is the average codeword length of a
pre xed free code for a memorylessbinary source,and thus nH (p) < L.
As we have previously seen, L(k;n) can be written in terms of Binomial
distributions. Sud arelation andsincex < [z] < z+ 1imply that L(k;n) <
Pr[Bin(n,p) < k]log{Pr[Bin(n,1/2) < k]} + n+ 2. Thus, for any sequence
0 < k(n),

H(p)—1< Iimlinf 1 Pr[Bin(n,p) < k(n)]log{Pr[Bin(n,1/2) < k(n)]}.
n! n
On the other hand, notice that if k(n) is sud that 0 < k(n) < n/2, then we

can apply the classicalinequality

n n
1+ + ...+ < HM 1/2 2.
1 S , 0<A<1/2 (2.9)

(seeArratia and Gordon [2]) to get

@ 1 . (2.10)

: 1
log Pr Bin 3 <k(n) <n H



Similarly, using Hoe ding's inequality, we obtain the lower bound

t(n)2

Pr[Bin(n,p) <np+ t(n)] >1—e =, (2.11)

wheret(n) = k(n) — np, provided that ¢(n) > 0. Thus, for n'/2 < t(n) < n,
lim supE Pr[Bin(n,p) < k(n)]log{Pr[Bin(n,1/2) < k(n)]} < H(p) — 1.
nll n

0
Next, we proceedto prove that the condition (2.7) is not only su cien t, but
alsonecessaryfor the limit in (2.8) to be H(p) — 1. In particular, the result
givesus information about the asymptotic behavior of the value & (n), where
the minimum (2.6) is attained. To do so, we recall Stirling's approximation
V2rnnte "em T < nl < \/2rnn"e "ewnn (seeSectionll.9 of Feller [4] and
Alon & Spencer[1])) and the following straightforward consequence.

Lemma 2.3 Let0O< p < 1. Then,

Hp) + loge B loge B loge B log(2mnp(1 — p))
P @on+ 1) 120%p  1202(1—p) 2n
1 X n
< —log ,
n . 1
1 np
< H(p) + loge loge loge

1202 n(12np+ 1) n(12n(1 —p) + 1)

_ log(2mnp(1 —p)) . log(1 + np)
2n n ’

We know have.

Theorem 2.4 Let0< p < 1/2, andlet k(n) > O be a sequene suchthat
Ii{n 1 Pr[Bin(n,p) < k(n)]log{Pr[Bin(n,1/2) < k(n)]} = H (p) —1. (2.12)
n! n

Then, /n < k(n) —np < n



Pro of: Let t(n) = k(n) — np. Notice rst that (2.12) is equivalert to

im £ 1)
nll n

log{Pr[Bin(n,1/2) < k(n)]} = H(p) -1,  (2.13)

where (x) is the cumulative distribution function of a standard normal
randomvariable. The previousequivalencefollows from the Uniform Certral
Limit Theorem (e.g., seePetrov [9]) and the following trivial inequality

—n = log(Pr[Bin (n,1/2) = 0]) < log(Pr[Bin (n,1/2) < k(n)]) .  (2.14)

Let us prove by cortradiction that \/n < t(n). Indeed,if liminf,; 55"—5) =
t < + o0, then there existsa subsequencégn; }, , sud that limy; %”H—Lk) = t.
Clearly, t > —oo otherwiselim ﬁ log{Pr[Bin(ny, 1/2) < k(ng)]} = —oc,
which contradicts (2.14)P Hence,p, = p + % — p. From Lemma 2.3, we

infer that lim gy %Iog P " = H(p). Equivalertly, we get

2

. 1 .
Jim —log {Pr[Bin (nx, 1/2) < nyp + t(ni)]} = H(p) — 1. (2.15)
: k
The previous limit cortradicts (2.13) sincelim Fo = el <

1. Thus, lim,; #2 = + 0, and

lim %Iog{Pr[Bin(n, 1/2) < k(n)]} = H(p) — 1. (2.16)

In particular, (2.16) implies that k(n) < n/2 exceptfor at most a nite
number of terms. Indeed, if k(n;) > n;/2 for a subsequencdn,}, then

0= Iim 1 log{1/2} < lim L log{Pr[Bin(ny, 1/2) < k(nx)]} = H(p) — 1,
nll n Kl ny

C e . .ot . t 1
which is impossible. Thus, —p < lim inf Hn) < lim supﬂ < =--—p To
nll n nll n 2
prove that #(n) < n, it suces tg verify that t = lim,, t(:kk) = 0, for
any corvergen subsequence % . Indeed,if p, = p+ % then the
inequalities of Lemma 2.3 implies
1, X
lim — log - H(p+1).
Kl g

T pkNk



But, this limit hasto be equalto H(p) in view of (2.16). Therefore,t = 0

and consequetly lim,; 2 =0, O

The following is a consequencef the previous proof.
Corollary 2.5 Under the assumptionsof Theorem 2.4, if

7!'|1m % Pr[Bin(n,p) < k(n)]log{Pr[Bin(n,1/2) < k(n)]} = H (p) —1. (2.17)
Then, lim,; 2 log{Pr[Bin(n,1/2) < k(n)]} = H(p) — 1.

Remark 2.6 Recalling the coding schemeswhich enade the n-length se-
quenes in Oy, (the \high prombility" sequenes) as if they were equaly
likely to occur and then pre xing them by a \1", while simply pre xing the
remaining sequenes by a \0"; the previousresultstell us that the average
codewod lengthsof such codeswill convelgeto H if and only if k,/n — p

and (k,/n — p)y/n — oo.

Let us now shaw that the rate of corvergenceof (2.6) to H(p) — 1 is not
better than O(n %/?). Remenber that ¢ = 1 — p.

Theorem 2.7 Let0< p < 1/2, then,

%Iog{Pr[Bin(n, 1/2) <k (n)]} — H(p) + 1~ log % t )

n

whee t (n) = k& (n) —np. In particular, for P(n) de ned asin (2.6),

lim sup—— (P(n) — H(p) + 1) > log < . (2.18)
n1 o t(n) p
Moreover,
lim supv/n (P(n) — H (p) + 1) = +oo. (2.19)
nll

Pro of: Let A, = Llog{Pr[Bin(n,1/2) <k (n)]}. By Theorem2.2and 2.4,
we know that
t (n)

. o
am === Im ey =0 (2.20)
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Then, by Lemma 2.3, we have

a—HE+1= 1 pr D g0 090
n n
Thus,
1 . t (n)
- log {Pr[Bin(n,1/2) < k (n)]} — H(p) + 1~ H{p)—, (2.21)
n
p_—
sincelim 10?,3 = lim,; ng%t*(z) = 0.
To prove the secondstatemert, obsene that
P(n) = H(p) + 1 = (A — H(p) + DPr[Bin(n.p) <k (0] 5 50

+ (1— H(p)) Pr[Bin(n,p) > k (n)].

Next, by Theorem 2.2 and Corollary 2.5, lim,; Pr[Bin(n,p) <k (n)] = 1L
Sincethe secondterm on the right hand of (2.22) is non-negatie,
n(P(n) —H(p) + 1) _

lim sup =HYp)=log ¢ . O
nil t(n) p

We nally prove that the di erence betweenthe minimal values (2.3) and
(2.5) corvergesto O at the rate of 1/n. The surprisingly long proof of this
fact usesTheorem 2.2. This result, together with Proposition 2.1 and The-
orem 2.7, implies that it is not possibleto corvergeto the ertropy at a rate
O(n *?) using block coding with two codeword lengths.

Theorem 2.8 Let 0 < p < 1/2. Then, there existsan N suchthat 0 <
L3(n) — Lo(n) < 1/n, for everyn > N.

Pro of: Considerthe function A, : {1,...,2"} — (—o00,0] de ned as
I

X m
hp(m) = w(xi) log on (2.23)
=1
De ne the following minimal values
hqy(n) = min éhn(m) m=1...,2"} (2.24)
Xk ! )
hy(n) = min  hy, "ok=o0...n . (2.25)
7
=0

10



Sincezr < [z]| < z + 1, we have that

b & b3
ho(m) + 1+ n < ([logm[+ 1)  p(x)+ (n+ 1) 1 (Xi)
=1 i=m+l

< hy(m) + 2+ n.
Therefore,it follows that

1 1 2
—hy(n) + 1+ — < Ly(n) < —hy(n) + 1+ —. (2.26)
n n n

U 3|

- -~ P P
Similarly, dueto the factthat = 7%, pu(xi) = £, " plg" ifm=" Y, ",

the following relation holds

1 1 1 2
—hy(n) + 1+ — < L3(n) < —hy(n) + 1+ —. (2.27)
n n n n

We are now going to show that there exists N > 1, for which h,(n) = h,(n)
for every n > N. This will be enoughto prove the theoremin view of (2.26)
and (2.27).

We rst remark that the function h,(m) can be extendedto all the real
numbersin (0, 2"]. Namely, de ne h,(v) as

— ( X* n i.n 1 k. n k X1 n ) v
hn(v) = AR A O ) log o, (2.28)
=0 t =0 t 2"
P P '
ifve L7, ny" fork e {0...n}. In this case,h,(v) is con-

tinuous, and takes the samevaluesas in (2.23) becausey (x;) = p*¢" * if

i€ R, R, ™ LIt would be corveniert to work on the samedo-

main regardlesof the block length n. Hence,de ne the function g, on (0, 1]
as
gn(u) = zn(u) In(u), (2.29)

where z,,(u) is the piecewisdinear function
K, X,
o (u) = 2°p " Fu+ P - -t (2.30)

2 2
1=0 =0

11



P P i
ifuec ~ Ltmy2n, Eoom/2r . Then,

(e) = gy ne/2), (2.3

for any v € (0,2"]. Sincex,(u) is piecewiselinear, g,(u) is cortinuous and
piecewisesmaoth. Moreover, if u e~ £t /20 %" /2n  then

2n k n k
O S S O (2.32)

Let us seewhat would happen if h;(n) were strictly smallerthathi(n) for

somen. In this casetherewould beanm, sud that h,(m ) < ha( o )

for every k € {0,...,n}. In particular, if ~ =t " K 7; is the interval

that cortains m , the minimum value of the function A,(v) on this interval
would be taken at somepoint v in the interior of the interval. Thus, the
function g, (uv) in (2.29) would have a local minimum at « = v /2". By
(2.32) and (2.33), it would then follow that

TnlU
Ru)=0 = 50 = i)
n k* (] k*
= gRu ) = 2+Inu). (2.34)

Let us assumethat for in nitely many n's, h,(n) is strictly smaller than
h,(n). Then, from the previous reasonlng there is a subsequeann]}j 11
sequence®f integer numbers {m;}i_,, and real numbers {u,};.; in (0,1)
sud that

L gy () 10(2) < oy (m,) < hiylny) (s€€(2.3D),
2. ggj (u;)=10

3. gno(u )= C; 2+ Inu; , for someC; > 0.

12



By Theorem 2.2, lim;1  h,(n;)/n; = H(p) — 1. Therefore, since g,(u) =
Tp(w) In(u) and 0 < z,(u) < 1 for every u € [0, 1], there exists a sequence
{71}, sud that

In(uy,)

lim —2% = ¢ € [~o0, 0). (2.35)

1 n;

But, this implies that for large enough!

2 N Inuj

ggjol (uj|) = (Cj|) (nj|) < 07

i UaT

which cortradicts the assumptionthat v is a local minimum of the function
Inj, -
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