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Abstract

For probability measures on a complete separable metric space, we present sufficient
conditions for the existence of a solution to the Kantorovich transportation problem.
We also obtain sufficient conditions (which sometimes also become necessary) for the
convergence of probability measures in the transportation distance when the cost function
is a continuous and non-decreasing function of the metric. As an application, the CLT
in the transportation distance is proved for independent, strongly mixing and associated
sequences.
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1 Introduction

Let (M, d) be a metric space and let ¢ : M x M — R, be a non-negative Borel function. The
transportation c-distance T.(u, ) between two probability measures p and v defined on the
Borel o-field B(M) is given via

Te(p,v) = inf Ec(X,Y).

Above, the infimum is taken over all M-valued random elements X and Y defined on the
probability space (€2, F,P) and having, respectively, u and v for probability distribution. In
other words,

T.(u0) = it [ cla,)in(zn), 1)

where the infimum is taken over the set II of all probability measures on B(M x M) with
marginals p and v. The transportation distance is related to the celebrated Kantorovich
transportation problem: if u and v are two distributions of mass and if ¢(x, y) represents the
cost of transporting a unit of mass from the location z to the location y, what is the minimal
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total transportation cost to transfer u to 7 The minimal total transportation cost is exactly
the transportation distance corresponding to the cost function c.

The c-transportation distance with ¢(x,y) = dP(x,y), p > 1, is associated to the Wasser-
stein or Mallows p-distance W,,, W, (u, ) = (Tge (11,v))'/P. If M is the real line R with the
Euclidean distance, the Wasserstein-Mallows p-distance between two distribution functions
F and G has the following useful representation

1
WP(F,G) = /0 (1) - G\ ()P, 2)

where the inverse transformation of F' is defined as
F7Yt) = sup{z € R: F(z) < t}.

The representation (2) was obtained when p = 1 by Salvemini [20] (for discrete distributions)
and by Dall’Aglio [7] (in the general case), while for p = 2 it is due to Mallows [14]. It
implies that the random variables X = F~Y(U) and Y = G~'(U), where U is a uniform
random variable on (0, 1), are minimizers of the total transportation cost in the transportation
problem. Major [13] generalized (2) to a convex cost function c(z,y) = c(z — y):

1
TL(F,G) = /0 o(FH ) — G L (1))t

The representation (2) is an important tool in proving the following convergence result.
Let p = 1,2 and let F,,, F be distribution functions on R such that for any n, [ |z|PdF, <
400, and [ |z[PdF < +oco. Then

(a) F,, = F,

Wy(Fyn, F) —
plEn ) = 0= {(b)f\:c[f”an — [ |a]PdF, )

For p = 1 the equivalence (3) was proved by Dobrushin [8], while for p = 2 it is due to
Mallows [14].

Bickel and Freedman [2] extended the statement (3) to probability measures p, and g
defined on a separable Banach space (B, | - ||) and to all p € [1,+00) as follows:

Let 1 < p < oo, and let [ ||z||Pun(dz) < oo, [|z||Pu(dz) < oo. Then Wy (pn,p) — 0 as
n — oo is equivalent to each of the following.

() o = p and [ [Jo|Ppn(de) — [ [o|Pu(da).

(b) p, = p and || - ||P is uniformly p,-integrable.

(¢) [o(x)un(dz) — [ ¢(x)u(dz) for every continuous ¢ such that ¢(z) = O(||z||?) at
infinity.

Since in general an analog of the representation (2) does not exist for probability measures
on a Banach space, Bickel and Freedman proved, in their setting, the existence of a solution
to the transportation problem for c(z,y) = ||z — y||?.

More recently, Ambrosio, Gigli, and Savaré proved ([1], Proposition 7.1.5) an analog of
part (b) of the above result for probability measures on a Radon space X (see also Lemma
5.1.7 and Remark 7.1.11 there). These authors also established the existence of a solution
to the Kantorovich transportation problem in X for a wide class of cost functions. We use



this existence result to prove criteria for the convergence in T, with c¢(z,y) = C(d(z,y)),
where C' is a non-decreasing continuous function satisfying the doubling condition (6) which
controls the rate of growth of C' (Theorem 2 and Corollary 1). Since the class of such cost
functions includes all the dPs, p > 1, the convergence results of Bickel and Freedman as well as
those of Ambrosio et al. follow from our Corollary 1. Note that instead of the Radon space
X (a separable metric space where, by definition, every probability measure is tight), we
consider here a more familiar probabilistic object, a complete separable space (M, d). In our
framework, completeness and separability together will provide tightness; all our arguments
remain true for Radon spaces (see also Remark 1).

In Theorem 2 we also obtain sufficient conditions for the convergence of probability mea-
sures in the transportation distance without assuming the doubling condition on C. For
instance, any convex C' : RT — R* with C'(0) = 0 satisfies Theorem 2. We then provide an
example of a C' growing exponentially fast for which the converse implication does not hold.

2 Convergence in Transportation Distance

The following result by Ambrosio et al. [1] asserts the existence in II of a probability measure
which minimizes the total transportation cost under rather weak assumptions on the cost
function. For the sake of completeness, we include a self-contained proof in Section 4.

Theorem 1. Let (M,d) be a complete separable metric space, and let T.(u,v) be defined by
(1) with ¢ : M x M — [0,4+00) lower semicontinuous. Then, there exists m* € II such that
[ e(z,y)dn*(z,y) = Te(p, v). Equivalently, there exists a pair of random elements X and Y
with respective distribution p and v, such that Ec(X,Y) = Te(p,v).

Remark 1. In the corresponding statement in [1] the space (M, d) need not be a complete
separable metric space but just a Radon space. In fact, our proof also shows that completeness
is unnecessary and that the tightness of © and v will suffice. On the other hand, the hypothesis
of separability of (M,d) can be weakened to topological separability if both x and v have
separable supports (see Billingsley [3], Appendix III).

The Kantorovich problem is closely related to the Monge transportation problem which
is the problem of finding a map s* pushing u forward to v (i.e. such that v(B) = u(s~(B))
for any Borel set B) and minimizing the total transportation cost: inf, [ ¢(z,s(z))dp =
[ ¢(z, s*(x))du, where the infimum is taken over all Borel maps s pushing p forward to
v. A solution s* to the Monge transportation problem uniquely determines a probability
measure 7 on M x M such that the random elements X and Y, Y = s*(X), with respective
distributions p and v have joint law 7*. This measure 7* minimizes the Monge transportation
cost:

[ ctevyin @) = ipf [ et y)dn(ay), (1)

where the infimum is taken over the set II* of joint distributions of M-valued random elements
X and Y with respective distributions p and v and such that Y is measurable with respect to
the Borel field o(X). Comparing (4) and (1) yields the relation IT* C II, which immediately
leads to the following conclusions: (i) the (Kantorovich) transportation distance T.(u,v)



never exceeds the Monge transportation distance Tc(,u, v),

() =t [ el v)dn(o,y) =it [ clo,s(a))dus

(ii) a probability measure 7* corresponding to the solution s* of the Monge transportation
problem (MTP) is not necessarily a solution to the Kantorovich transportation problem
(KTP); conversely, a solution 7’ of the KTP, where 7’ is the joint distribution of X and Y,
is a solution to the MTP if and only if there exists a Borel map s’ such that Y = s/(X).

For random elements X and Y in a Hilbert space Cuesta and Matran [6] have given
conditions for the existence of an increasing map s, s(X) =Y, such that W3(u,v) = E|| X —
s(X)||?, i.e. X and Y = s(X) give the solution to both the MTP and the KTP. They also
showed that if p is either absolutely continuous with respect to the Lebesgue measure on
RF* or is a Gaussian measure on a Hilbert space, then these conditions are satisfied. For
compactly supported absolutely continuous distributions on R* and a convex cost function
c(x — y) Caffarelli [5] has determined the form of the optimal map (the solution to the
MTP) as a gradient of ¢; the uniqueness of the solution is also obtained there. Concurrently,
Gangbo and McCann [10] proved the same results for non-necessarily boundedly supported
probability measures. They also showed that the solution to the MTP is the K'TP solution as
well, and that a similar result holds true for ¢(x,y) = (|| — y||), where £ is strictly concave.
Note that in all the existence statements mentioned above, the conditions of Theorem 1 are
satisfied. A comprehensive review of the results on the solutions to the KTP and the MTP
can be found in the books of Rachev and Riischendorf [18].

The main result of the work presented here is now given.

Theorem 2. Let u, and p be probability measures on a complete separable metric space
(M,d) and letc: M xM — R be such that c(z,y) = C(d(z,y)), where C : [0,4+00) — [0, 400)
is a non-decreasing continuous function with C(0) = 0. Let

[ cei.apman) <. [ ceiam) <, (5)
for some (and, therefore, for all) a € M. Then

(@) pn = 1,

) [ e, ants) — [ it | = 0

Conversely, if Te(pn, p) — 0, then p, = p. If, additionally, C satisfies a doubling condition,
i.e. if there exists a positive constant A such that for all y > 0

C(2y) < XC(y), (6)

then
(a) Un = W,
(b) J C(2d(w,0))pin(dr) — [ C(2d(x, a))u(d).

Corollary 1. If, in the setting of Theorem 2, C satisfies (6), then

Te(pin, p) — 0 = {



(6) <= / C(d(z, a))pn(da) < oo, / C(d(x, a))pu(dz) < oo,
and thus

(@) pn = 1,

Te(pn, p) — 0 <
(bn, 1) { V) [ Cd(z,a))pun(dz) — [ C(d( w(dz).

Corollary 1 is equivalent to a result of Rachev (Theorem 1 in [17]) proved by using the
relations between the Lévy-Prokhorov metric and the T.-distance. Since for any p > 1, the
function ¢(x,y) = dP(x,y) satisfies the conditions of Theorem 2 as well as (6) with A = 2P,
Corollary 1 recovers part (a) in the result of Bickel and Freedman mentioned above. Ambrosio
et al. proved an analog of Theorem 2 in a Hilbert space when the cost function is continuous,
strictly increasing and surjective ([1], Theorem 5.1.13).

Note that the class of functions C' covered by Theorem 2 includes functions with an
exponential rate of growth at infinity (e.g. C(d(z,y)) = exp(d(z,y)) — 1). For functions C'
growing exponentially fast at infinity, and in contrast to C'(d(x,y)) = dP(x,y), Te(pn, ) — 0
need not imply the convergence of [ C(2d(z,a))pn(dz) to [ C(2d(x,a))u(dx), for some a €
M. Indeed, one can take the probability measures u, and p on R defined in Example 1,
below, and c(z,y) = C(|z — y|) = exp(Jz — y|) — 1.

As a corollary to Theorem 2 we obtain the following result relating convergence in to-
tal variation to convergence in transportation distance. As well known, the total variation
distance itself is a particular case of transportation distance (with c(x,y) = 21 15,3 ).

Corollary 2. Let u and v be compactly supported probability measures on a complete sepa-
rable metric space (M,d), and let ¢ be a continuous function on (M,d). Then

' [ ototan) ~ [ oteiar)

for some positive constant L.

Let p,, be probability measures on M with respective compact supports K,,, n > 1. Let
Un K, be bounded. If c(x,y) = C(d(z,y)), where C : [0,+00) — [0,400) is non-decreasing,
continuous with C(0) = 0, then

< Lg|lp —v|7v,

H///n - NHTV - 0= Tc(,unmu) — 0.
Without the boundedness restriction on UK, the last implication is not true, as the

following example shows.

Example 1. Let p be the uniform distribution on [0, 1] and, for all n € N, let

n—1
fin(dz) =

Lo, (w)dx + 5xn(dfc)7

xpn ¢ [0,1]. Then

1
1 2
ltn — llzy = / Low 4 pn() = 2 = 0
0 n n



as n — oo. Hence pu, v, u, for any choice of the sequence (x,,). Let c(z,y) = C(|lz — y|),
with C': [0, +00) — [0, +00), C(0) = 0, convex, also satisfying (6). Then,

/C |z|)p(dx) / C(|z|)dz < max C(\x!) < +o00,

0<|z|

L — — Tn
[ Clelimtan) = [ 22 Cel)d () Clanl) < mux €)™+ S < o,

0<|z|<1 n n

for any n. So all the conditions of Corollary 1 are satisfied. Since weak convergence is
implied by convergence in total variation, T¢ (g, ) — 0 holds if and only if [ C(|z|)u,(dz) —
[ C(lz|)p(dx). Take z,, = 2", then C(|z,|) = C(2") > 2"71C(2) and C(|z,|)/n — +oo as

n — o0o. Therefore,
[ Cletntan) > S s [ (it

By Corollary 1, T,(py, ) does not converge to 0.

3 Applications to the Central Limit Theorem

We now apply Theorem 2 to derive the CLT in the transportation distance. We obtain
sufficient conditions for the convergence of the distributions functions of the normalized sums
to the standard Gaussian distribution in R for strictly stationary independent, strongly
mixing or associated sequences. The CLT is also proved for non-stationary sequences of
independent random variables satisfying the Lyapunov condition.

3.1 Independent sequences
3.1.1 Stationary case

Let (X,,) be a sequence of independent identically distributed random variables, EX; = 0,
EX12 =02, 0< 0 < 400, S, = Z?:l X;. Let F,, denote a distribution function of the
normalized sum S, /(o0+y/n), and let ® be a distribution function of Z ~ N(0,1). Theorem 3
below provides additional conditions on the sequence (X, ) and on the cost function to obtain
the convergence of F;, to ® in the transportation distance.

Theorem 3. (i) If E|X P < 400 for some p > 2, then W),(F,, ®) — 0.
(il) Additionally, let c(x,y) = C(|x — y|), where C : [0,+00) — [0,+00) is a non-decreasing
continuous function with C(0) =0 and C(x) = O(xP) at infinity. Then T.(F,,®) — 0.

The CLT in the Ws-distance was proved by Tanaka [24] for distributions on R and by
Cuesta and Matran [6] for distributions on a Hilbert space; both results require the finiteness
of the fourth moment. Recently, Johnson and Samworth [11], [12] proved Theorem 3(i)
by using the subadditivity of the Wasserstein distance. We prove this result by using an
inequality of Sakhanenko [19]; the arguments of the proof will be generalized to non-stationary
sequences in Theorem 4.



3.1.2 Non-stationary case

Let (X,,) be a sequence of centered independent random variables with 0 < EX2 < +o0, for
all n, and let F,, be a distribution function of S/, where 02 = > | EX?,

Theorem 4. (i) Let the random variables X, n > 1, be such that E|X,|P < 400, for some
p > 2. Assume, moreover, that the Lyapunov condition,

" R|XP
iy T BXP o

holds true. Then Wy(F,,®) — 0.
(ii) If, additionally, the function c is as in Theorem 3 (ii), then Tc(F,, ®) — 0.

3.2 Strongly mixing sequences

Let oy, n > 1, be the coefficients of strong mixing of the sequence (X,), i.e.

an = sup{|P(AN B) — P(A)P(B)| : A€ Ff, B € F2 k> 1},
where F; ,’:er is the o-field generated by the random variables X, Xg+1, ..., Xkx+m. Recall that
(X,,) is said to satisfy a strong mixing condition if a,, — 0 as n — 4o0.

Among a variety of versions of the central limit theorem for strong mixing sequences (see
the recent survey of Merlevede et al. [15] and the references therein) the most suitable for our
purpose turns out to be the one proved by Doukhan et al. [9]. It takes the following form. Let
(X,,) be a strictly stationary strongly mixing sequence with EX; = 0, 0 < EX? < 400 and
such that for a quantile function @ of |X1|, Q(u) = inf{t : P(|X1| > t) < u}, the condition

Z /Oan Q*(u)du < +o0 (8)
n=1

is satisfied. Then, EX? +25 22, Cov(X1, X,,) = 0% < +o0, (ES2)/n — o2, and

Sn

d
— Z ~ N(0,1
U\/ﬁ (7)>

where once again S, = Y . | X;.

To obtain the convergence of the distribution functions Fj, of S, /(ocy/n) to ® in the
transportation distance, we need an additional restriction on the rate of decay of the mixing
coefficient «, in order to provide a moment bound for sums. Such a result, due to Shao and
Yu [22], asserts that if (X,) is a centered strongly mixing sequence with

(p+9)
E|X,[P*? < +oo, ap<Cn "5, 9)
for some p > 2, § >0, n > 1, then
E|S, [P < Kn? max (E]Xi]pM)Pié, (10)
1<i<n

where the positive constant K depends on p, § and C only.



Theorem 5. (i) For any centered strictly stationary random sequence (X,,) with strong
mizing coefficients satisfying the condition (9), we have W, (F,,®) — 0.
(ii) If, moreover, c is as in Theorem 3 (ii), then Tc(Fy,, ®) — 0.

To prove Theorem 5, we apply Theorem 2. Since the CLT of Doukhan et al. implies
the weak convergence to the standard Gaussian distribution, it is sufficient to verify the
convergence of the absolute moments of order p for the normalized sums.

3.3 Associated sequences
3.3.1 Negatively associated sequences

Recall that a set of random variables £ = (&1, ...,&,,) is called negatively associated (NA) if
for any two coordinatewise increasing functions f, g : R™ — R such that Ef(£)g(§), Ef(£)
and Eg(§) exist,

Cov (£(£),9(£)) <0. (11)

An infinite set of random variables is NA if all of its finite subsets are NA.

Su et al. [23] proved a CLT for NA sequence in the following form. Let (X,) be a
strictly stationary NA sequence with EX; = 0 and 0 < EX12 < 400. Let 02 = EX12 +
23>, Cov(X1, Xy) > 0 (62 < EX? follows from (11)). Then (ES2%)/n — o2, and

Sn
ovn
For NA sequence (X,,) with E|X,|P < 400, n > 1 and p > 1, Shao [21] established the

following property. Let (X)) be a sequence of independent random variables such that, for
all n > 1, X} and X,, have the same distribution. Then

4, Z ~ N(0,1).

E[Sn[” < E|S, [, (12)

where S =3"" | X,

Theorem 6. Let (X,) be a centered strictly stationary NA sequence with o? > 0 and
E| X [P < 400, p > 2. Then, the sequence of distribution functions F, of the normalized
sums Sp/(0/n) converges to ® in Wy,-distance.

(ii) If, additionally, c is as in Theorem 3 (ii), then T.(F,,®) — 0.

3.3.2 Positively associated sequences

A finite set of random variables £ = (&1, ...,&,) is called positively associated (PA) if the
inequality (11) holds true with ”<” replaced by ”>”. An infinite set of random variables is
PA if all of its finite subsets are PA.

Newman and Wright [16] obtained the following version of the CLT. Let (X,) be a
centered strictly stationary PA sequence such that 0 < EX? < +oco and o2 = EX? +
23>, Cov(X1, X,,) < +00. Then (ES2)/n — 02, and

Sn
ovn

4, Z ~ N(0,1).



Asymptotic independence for PA sequence (X,,) is usually stated in terms of the Cox-
Grimmett coefficient u(n) defined by:

u(n) = sup E Cov(X;, Xy).
k>1
J:li—klzn

For a stationary sequence the Cox-Grimmett coefficient is just the tail of the series of covari-
ances, u(n) =23 2, ., Cov(Xy, Xy).

To prove the convergence of Fj, to ® in the transportation distance, we use a condition
on the rate of decay of the Cox-Grimmett coefficient. This condition implies the following
moment inequality for sums due to Birkel [4]. If (X,) is a centered PA sequence with

(p—2)(p+9)
E|Xi[P" < 400, wu(n)<Bn = 2

for some p > 2 and § > 0, then
E|S, [ < Kn}, (14)

where the positive constant K depends only on B, § and p.

Theorem 7. Let (X,,) be a centered strictly stationary PA sequence with 0 < 0% < 400 and
such that (13) is satisfied. Then the distribution functions Fy, of Sp/(o+\/n) converge to ® in
Wy, -distance.

(ii) If, additionally, c is as in Theorem 3 (ii), then T.(F,,®) — 0.

4 Proofs

Proof of Theorem 1. We first show that II, the set of probability measures on B(M x M)
with marginals u and v, is tight. Indeed, for any positive € there exist compact sets K1,
K> € B(M), such that p(Ki) > 1 —5 and v(K3) > 1— 5. Let 7 € Il and let (X,Y’) be a
random vector with law 7. Then,

F(Kl X Kg) = P(X € K1,Y € KQ) = P(X € Kl) —l—P(Y € KQ) —P((X € Kl) U (Y € Kg))
>u(Ky)+v(Ke)—1>(1—-¢/2)+(1—¢/2)—1=1—¢.
(15)
Since (15) holds for all 7 € II with the same compact set K; x Ky, this proves that II is
tight. Therefore, according to Prokhorov’s theorem (Billingsley [3], Section 5), II is relatively
compact.
If T,(p1, v) = +00, then [ ¢(z,y)dn(x,y) = 4o, for all 7 € IT and 7* can be chosen to be
any probability measure from II.
If T.(p,v) < 400, then there exists a sequence , from II such that

/c(m,y)dﬂn(w,y) — Te(p,v). (16)

On the other hand, the relative compactness of II implies the existence of a subsequence
which converges weakly to some probability measure m on B(M x M). Let us verify that 7 is
the measure 7* we are looking for. First, we want to prove that m € 11, i.e. that the marginal
distributions of 7 are p and v, respectively.



Let w1 and vq be marginals of m. We will check that p1(B) = u(B), for any B € B(M)
such that p1(0B) = 0. Indeed, since (Bx M) C (0Bx M)U(BxIM) = 0B x M (Billingsley
[3], (2.8)), we have

m(0(B x M)) < m(0B x M) = pu1(0B) = 0.

Therefore, the weak convergence m,, = m implies that m,, (B x M) — 7(B x M), and we
obtain
H(B) = 7 (B x M) = n(B x M) = uy(B).

Similarly, we can show that v1(B) = v(B), for any B € B(M) such that v;(0B) = 0. Finally,
it remains to check that two probability measures py and u (respectively vy and v) are
the same if they coincide on the Borel sets having a boundary of p1-measure (respectively
vi-measure) zero.

Let D € B(M) be a closed set. For ¢ > 0, let D* = {& € M : d(z,D) < €} and let
D = {D?,0 < € < 1}. Then there exists at most a countable number of £, 0 < g5 < 1, such
that sets Dk have a boundary of positive pui-measure. We remove the sets D from D, and
obtain

DY ={D?,0<e<1,u(0D%) = 0}.

We can then choose a decreasing sequence €,, — 0, 0 < &, < 1, with D,, = D*» € D°. The sets
D,, are such that: (a) D41 C Dy, for all n; (b) (,, Dn = DUID = D; (c) p1(Dy) = pu(Dy).
The properties (a)—(c) yield

pi(D) = m((() D) = lim pu1(Dy) = lim p(Dn) = p(D).

n—0o0

Therefore, the measures p; and p coincide on all the closed subsets of M. Since B(M) is
generated by such sets, we conclude that pq = p. Similar arguments lead to v = v. We have
proved that the probability measure 7 has respective marginals p and v, i.e. w € I

Next, we will check that [ c(z,y)dr(z,y) = T.(u,v). Since c is lower semicontinuous, for
any real b the set {(x,y) : ¢(z,y) > b} is open ([3], Appendix I). Let A = {(x,y) : c(x,y) > 0}.
Then the weak convergence m,, = 7 and (16) imply that

[ cadrtan) = [ clepintz.y

<lim inf | c(z,y)dm, (z,y)
ng A

= lim inf/C(SU,y)dﬂ'nk (@, y)

T

=T.(u,v).

Since 7 € II, the reverse inequality [ c(z,y)dn(z,y) > T.(u,v) holds true. We thus conclude
that [ c(z,y)dr(z,y) = T.(1,v). In other words, the transportation distance becomes the
total transportation cost associated to the measure 7. Finally, we set 7* = 7 and the proof
is now complete. O
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Proof of Theorem 2 and Corollary 1. Assume that both (a) and (b) are satisfied. Let
X, X,, be random elements with respective distributions p and p, and such that X and
X,, are independent, for any n. Then (C(2d(X,,a))) is uniformly bounded, that is I; =
sup,, EC(2d(X,,,a)) < co. Set I, = EC(2d(X,a)) < co.

Fix € > 0 and choose a compact set K7 in B(M) such that u(0K;) = 0 and

C(2d(z,a))du(x) <e
K

The weak convergence j, = p implies the tightness of the family (g, pt)n>1, thus there
exists a compact set Ko € B(M) such that pu,(KS) < e, u(K§) < € and p(0Ks2) = 0. Let
K = K71 UKj. Then K is compact, and

C(2d(z,a))du(x) < e, (17)
Ke

pn(K€) <&, u(K°) <e, (18)

with also p(0K) = 0, since pu(0K) < p(0Ki) + p(0Ks). Since (b) holds, we can choose a
positive integer N7 such that for any n > Ny,

‘/C (2d(x,a))dpn(x /C 2d(z,a))dp(z)| < (19)

As X, -5 X , for the chosen compact set K and the continuous function C'(2d(-,a)) we have

Hence, we can choose a positive integer Ns such that, for any n > No,

'/ C(2d(x, a))dpin (2 / C(2d(x, a))du(z)| < (20)
Then for n > max{Ny, N2}, the estimates (17), (19) and (20) yield
[ cteat.aim o)
‘/c (2d(x, a))djun (& /c 2d(z, a))dp(z) o

+‘ /K C(2d(x, a))dpn(z) — /K C(2d(z, a))dp(z)| +

< 3e.

‘ C(2d(z,a))du(zx)
Ke

The weak convergence X, 4 x implies that C(2d(Xy, X))1x, ek, xcK} ~2, 0. The con-
tinuous function C'(d(x,y)) is bounded on the compact set K x K, therefore

EC(d(Xn, X))1ix,ex, xexy — 0

11



This means that there exists a positive integer N3 such that, for any n > N3,

' /K /K Cld( X, X))drn (2, 9)| < e, (22)

where 7, is the joint distribution of X, and X.
Since C' is a non-negative and non-decreasing,

Cld(z,y)) < C(d(x,a) + d(y,a)) < C(2max{d(z,a),d(y,a)})

< O(2d(z,a)) + C(2d(y, a)), (23)

for all z,y € M.
Using the inequalities (17), (18), (21), (23), and the independence of X,, and X, we have:

|| ctdw.myan.(e.) = BCWE X)1ix, err, xen
< EC(Qd(Xn, a))l{XneKc}l{XeKc} + EC(Qd(X, a))l{XeKc}l{XneKc}
< (. ey @ ) )+ ([ o ) mE

<32 + 52,

(24)

for all n > max{Ny, Na}. Similarly,

/K . Cd(z,y))dmn(z,y) = EC(d(Xn, X))1ix, ek, xcKe}

< EC(2d(Xp, a))1(x,ex}lxexey + EC(2d(X, a))lixere1 1 (x, K} (25)
< Lipn(K°) + epn(K)
< Le+e,

and
|| ctdte.myin, (@) = BOEE XD v, erc, xery

26
<EC(2d(Xn,a)1lix,exeyl{xexy + BC(2d(X,a))lxexylix,cKke} (26)
< 3EM(K) + Ig,un(KC) < 3e + Is¢,
for n > max{Ny, Na}.
Thus for n > max{N1, Na, N3} the inequalities (22), (24)-(26) yield

Te(pin, 1) < EC(d(X,, X)) // d(z,y))dm,(z,y)

_ / / C(d(z, y))dma (o, y) + / N CCENEACRY
/KCC (x,y))dm, (x,y) + /C/C (z,y))dmn(z,y)

<€6—|—4E—|—Il—|—lg)

We conclude that (a) and (b) imply T¢(pn, 1) — 0.

12



Next, we assume that T¢.(pun, 1) — 0 and verify that (a) u, = p takes place. According
to Theorem 1, for any n there exists a pair of random elements X,, and X with distributions
tn and p, respectively, which are minimizers of the total transportation cost: T¢(pn,p) =
EC(d(X,, X)). Let us note that X may depend on n, so each time it appears in this proof,
we assume that X = X (Of course all the X (™ have the same law p.)

Since C' is a non-negative function, EC(d(X,, X)) — 0, that is C(d(X,, X)) L1, 0. This
implies that

C(d(Xn, X)) -2 0. (27)

Fix e > 0. As C is non-decreasing, we have

{d( Xy, X) > e} C{Cd(X,, X)) > C(e)}.

The convergence result (27) implies that the probability of the last event tends to 0, for
any positive C'(g), as n — oo. Hence for any ¢ > 0, P(d(X,,X) > ¢) — 0, as n — oc.
The convergence, in probability, of d(X,,X) = d(X,, X™) .0 implies that p, = u
(Billingsley [3], theorem 4.1).

Now, assume that the doubling condition (6) is satisfied and let us verify that T¢(puy, 1) —
0 implies (b’). Since p, = p and since C(d(-,a)) is continuous on M, weak convergence
holds: C(d(Xy,a) <, C(d(X,a)). In order to verify (b’), it thus suffices to check that the
sequence (C'(d(X,,a))) is uniformly integrable. Uniform integrability is equivalent to the pair
of conditions: (i) (EC(d(X,,a))) is uniformly bounded and (ii) for A € F, (EC(d(Xy,a))14)
is uniformly continuous, (i.e. sup, EC(d(X,,a))14 — 0 as P(4) — 0).

Together (6) and (23) yield the inequalities

C(d(z,a)) < AXC (%d(w,a)) < ANC(d(z,y)) + AC(d(y,a)), (28)
for all x,y € M and the positive constant A\. Then
BC(d(X,, X)) > {BC(d(X,,0)) ~ BO(d(X, ). (29)

Suppose that (EC(d(X,,a))) is not uniformly bounded. Then there exists a subsequence
(EC(d(X,,a))) such that EC(d(X,,a)) — +4oo. Applying (29) to this subsequence, we
come to the following contradiction:

0 — EC(d(Xn, X)) > %EC(d(an,a)) _ EC(d(X, a)) — +oc.

Thus, (EC(d(X,,a))) is uniformly bounded.

Let € be fixed, and let A € F. Since T.(pn, ) — 0, we can choose a positive integer N
such that EC(d(X,,X))1a < e, for all n > N. By applying once again the inequality (29),
we obtain

sup EC(d(X,,,a))14 < AsupEC(d(X,,,X))14 + AEC(d(X,a))14.

n>N n
Let P(A) — 0. Since (C(d(X,,X))) is uniformly integrable and since EC(d(X,a)) <
EC(2d(X,a)) < oo,

sup EC(d(Xn,a))14 — 0,
n>N

13



ie. (EC(d(Xn,a))la) is uniformly continuous Hence, the sequence (C(d(X,,a))) is uni-
formly integrable and (b’) [ C(d(z,a))du, — | C(d(z,a))dp holds.
Note that from (6) and since C' is non-decreasing, the following two inequalities hold true

C(2d(z,a)) < XC(d(z,a)), C(d(z,a))<C(2d(z,a)),
for any x € M. This implies that
fC z,a))pn(dz) < 00) <= ([ C(2d(z,a))un(dz) < oo) and that ([ C(d(z,a))p(dr) <

00) <= ([ C(2d(z,a))p(dz) < o). Therefore, in the setting of the theorem, the sequences
(C(d(Xy,a))) and (C(2d(X,,a))) are both either uniformly integrable or not, and (b)<=

(b).

This observation completes the proof of Theorem 2 and of Corollary 1. O

Proof of Corollary 2. Let K; and K5 be the respective supports of u and v. If p and v
are absolutely continuous with respective densities f1 and fs, then

[ ot@in = [ oty ‘/qza V(e dm—/qb ) fa()da

_/ 6@ |11 (2) — fale)|dz
KiUK»

< Lyg|lp —vlrv,

where Ly = sup{|¢(z)| : z € (K1 U K2)} (here A= AUJA).
To prove the result in the general case, let the partition (A,,)mez of M, A, € B(M), be
defined as follows:

Ap={xeM:m—-1<¢(x) <m}.

‘ [ otwrin— [ o

Thus,

}:l/¢ Vg, d(p—v)

m=—0oQ
Ix 30
m=—00
< Ly|lp —vllrv,
where L is defined as above, and where we used the dual definition of the total variation
distance.

Let u,, and p be probability measures on M with compact supports respectively denoted
K, and K. Let also U, K, be bounded and ||u,, — p||7v — 0. Convergence in total variation
implies weak convergence p, = u. All the conditions of Theorem 2 are satisfied. Therefore,
to prove the convergence of y, to p in T, it suffices to check that | C(2d(z,a))du, —
[ C(2d(z,a))dy, for some a € M. The inequality (30) yields, for any n,

[ o@in, ~ [ o] < Lol = ulrv. (31)
where Ly = sup{|¢(x)| : * € UK,} < oo does not depend on n. By fixing a € M and

applying (31) to ¢(z) = C(2d(x,a)), we obtain that convergence in total variation implies
the convergence of the integrals [ ¢(z)du, — [ ¢(x)dp. This completes the proof. O
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Proof of Theorem 3. (i) First, we prove the statement for p > 2. Let I be the distribution
function of X1, Xo,... and, for a fixed n let n1,72,...,n, be a set of i.i.d. normal random
variables with mean zero and variance 1/n. According to a result of Sakhanenko ([19],
Theorem 5), there exist i.i.d. random variables {1, &s, ..., &,, each having the distribution
function F,(x) = F'(xo+/n) and such that

k k
Zfi - Zm
i1

i=1

E max
1<k<n

P n
<Cp Y EIX[. (32)
i=1

Therefore, for Z,, = > | ni, Zn ~ N(0,1), the following chain of inequalities is true:

n n
D &= m
i=1 i=1

E| X |P
< C’p2pn|71p| = C’p2pn1_§0_pE|Xi|p — 0,
oPnz

p

Sn

P
<E
ovn -

WE(F,,®) <E - 7y

(33)

as n — oo.

Now, let p = 2. Let Z ~ N(0,1) and the sequence (X,) be independent. We set
Y, = S,/(cy/n) and verify that EY;? — EZ2.

Fix ¢ > 0 and choose a compact set K, K € B(R), such that

’Y(Kc) <e¢g, EZ21{Z€K¢} <eg, ’Y(aK) =0, (34)

where + is the standard Gaussian measure on R.. Using (34) and the convergence of EY,?I{ ZeK}
to EZ21{ZeK}, we obtain

|EY,? - EZ*| < |[EY 1{zex} — BEZ° 1 zeiy| + BY, L zeke) + EZ°1(zexe) < 3¢

for sufficiently large n. Therefore, EY,? — EZ2.

Finally, Corollary 1 gives Wa(F,,, ®) — 0. This completes the proof of (i).

(ii) The convergence result W (F,,®) — 0 and the theorem of Bickel and Freedman
together imply that E|Y,,|? — E|Z|P. We will show that for the given function C all the
conditions of Theorem 2 are satisfied. Indeed, we have EC(2|Z|) < +o00, while the finiteness
of [ C(2|z|)dF,(z) follows from the convergence of the absolute p-moments combined with

C2Yn)=C2IYn )1y, <eoy T CCIYAD1 (v, 1520} SC (@0) 1)y, 1<z} + BIYalP Ly, 500}, (35)

with a positive constant ( such that C(x) < fzP, for all x > xg. The CLT provides the
weak convergence result F,, = ®, while we obtain EC(2|Y,,|) — EC(2|Z|) from the uniform
integrability of (C(2|Y,,|) which follows from (35) and the uniform integrability of (|Y,|P).
Thus, applying Theorem 2, we obtain that T¢.(un,y) — 0. This concludes the proof of
Theorem 3. ]

Proof of Theorem 4. (i) This closely follows arguments of the proof of Theorem 3 (i).
Once again we apply Sakhanenko’s inequality (32), this time for independent variables &1, ...,
&, with distribution functions F,(z) = Fx,(xz0y,), i = 1,...,n. As in getting (33), we have

*EIX|P
Wi, @) < opr == BT

n

)
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as n — 0o, using the Lyapunov condition (7).
The proofs of part (ii) of Theorem 4 to 7 with obvious changes repeat the proof of Theorem
3 (ii). O

Proof of Theorem 5. (i) We will check that all the conditions of Corollary 1 are satisfied.
Doukhan et al. showed that if E|X;|* < 400 and 33°°  n'/(#~Va,, < oo for k > 2, then the
quantile condition (8) holds. It is easy to verify that the series above converges for k = p+ 9
thanks to the rate condition (9); thus, the a-mixing CLT is valid and F,, = ®.

Next, we verify that E|Y,|P — E|ZP, where Y,, = S,,/(0y/n). The CLT gives Y,, <, Z,
while the uniform boundedness of E|Y,,|P follows from the moment bound (10):

E|Y,|P < Ko P(E|X,|PT)7s. (36)

Let Z ~ N(0,1) and the sequence (X,,) be independent. Fix ¢ > 0 and choose a compact
set K as in (34) (with 2 replaced by p). From (36) and the convergence of E|Y,[P1;z¢ck; to
B|ZIP1 (e, we get
[E|Y,|P — E|Z]P| < |E|Y,[Plizeky — ElZIP1zeky| + ElYalPlizekey + ElZP1ze ke
<e+eKo P(E|IX; ]5’”’5)% +e,

for sufficiently large n. Therefore, E|Y,,|P — E|Z|P.
Finally, Corollary 1 gives W),(F,,®) — 0. O

Proofs of Theorems 6 (i) and 7 (i). These are carried out by using the same arguments
as in the proof of Theorem 5 (i). Instead of the moment bound (10), we use the condition
(12) and the Rosenthal inequality for independent sequence (X ) to prove Theorem 6 (i) and
Birkel’s result (14) to prove Theorem 7 (i).
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