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Abstract: In this paper, we first construct a contact wave for 1-dimensional
Jin-Xin relaxation system [15]. This wave serves as the relaxation version of
contact discontinuity of the corresponding hyperbolic system at equilibrium.
Such a contact wave is shown to be nonlinearly stable under small initial
perturbation. The time-decay rate is also obtained by weighted energy esti-
mates.

1 Introduction

The relaxation phenomena arise in many physical situations, such as the
kinetic theory, non-equilibrium gas dynamics, elasticity with memory, flood
flow with friction and magnetohydrodynamics etc; see [29]. Mathematically,
the investigation of the behavior of the solutions to the relaxation system is
an important subject. It also motivates effective numerical schemes for the
systems of nonlinear PDEs. A good survey in this direction is [26].

In this paper, we consider the initial value problem of 1-dimensional Jin-
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Xin relaxation system [15] which reads

Ut + Uy :07
v+ atuy = ~(f(u) —v), zeR,t>0, (1.1)
(v,u)(z,t = 0) = (vo, uo)(x), xR

o | =

where u = u(x,t),v = v(z,t) are vector-valued functions in R™, f(u) is a
smooth function from R" to R™, a > 0 is a given constant satisfying the
sub-characteristic condition (1.5) below, and £ > 0 represents the relaxation
time.

Assume that the initial data satisfies

(vo(x), up(x)) — (vg, uy), as r — F00, (1.2)

where vy, uy are given constants subject to the constraints vy = f(u4).
As € — 0, formally, the leading order approximation of the system (1.1)
is the following conservation laws:

ug + f(u), = 0. (1.3)

The relaxation system (1.1) is designed by Jin-Xin in [15] to approximate
the conservation laws (1.3) for numerical purpose. The main advantage of
this scheme is its generality and simplicity since (1.1) is semi-linear.

As usual, we make the following assumptions throughout this paper.

(H): Assume that the system (1.3) is strictly hyperbolic. Namely, the Jaco-
bian matriz D f(u) of the fluz f(u) has real and distinct eigenvalues

A(u) < Xo(u) < -+ < Ap(u)

with corresponding left and right eigenvectors l;(u),r;(u) (j = 1,2,---,n)
satisfying

L(u)D f(u)R(u) = diag(Ai(u), Ao(u), - -, An(u)) = Aw),

L(u)R(u) ]Z., (1.4)

where L(u) = (Iy(u), -+, ln(w))t, R(u) = (r1(u), -+ ,ro(u)), Id. = Identity
matriz. We further assume that each i—field is either genuinely nonlinear

VAi(u) - ri(u) # 0,
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or linearly degenerate

Under the above assumptions, it is well-known that the hyperbolic conser-
vation laws (1.3) has rich wave phenomena. In the genuinely nonlinear field,
the nonlinear waves ( shock waves or rarefaction waves) may appear; and
contact discontinuities, which are the linear wave, may occur in the linearly
degenerate field.

To ensure the dissipative nature of the system (1.1), it is important to
impose the sub-characteristic condition ([1], [2], [15], [18], [29]):

—a < \(u) < a, VuVi=1,2,---,n. (1.5)

Although the dissipation of relaxation is not strong enough to smooth out
discontinuities, it does prevent the singularity formation from small smooth
initial data. The elementary hyperbolic waves of (1.3), i.e., shock waves,
rarefaction waves and contact discontinuities, have smooth correspondences
in the system (1.1). It is interesting to investigate the asymptotic stability of
these waves (relaxation versions of the hyperbolic waves) and the relations
to their correspondences of (1.3).

Liu [18] first considered a general 2 x 2 relaxation system in one spatial
dimension, and gave the stability criteria for the shock waves, rarefaction
waves and diffusion waves. Since then, many authors have stuided the sta-
bility of shock waves and rarefaction waves to the relaxation system in one or
several space dimensions; see [3], [4], [5], [6], [7], [8], [16], [17], [21], [22], [23],
[24], [25], [27], [31], [32], [33], [34] etc. However, as far as we know, there is
no result corresponding to contact discontinuities for the relaxation system
(1.1). We will pursue this issue in current paper.

The investigation of the asymptotic stability of contact discontinuity for
the viscous conservation laws dates back to Xin [30], which concerned with
the Euler system with uniform viscosity. It was first discovered in [30] that
the inviscid contact discontinuity can not be an asymptotic state for the
viscous system, but a viscous contact wave, which approximates the contact
discontinuity on any finite time interval as the viscosity tends to zero, is
nonlinearly stable. This phenomenon is called meta-stability [30].

In this paper, we study the meta-stability of contact discontinuities for
the relaxation system (1.1) under the assumptions (H) and (1.5). That is, we
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construct a contact wave, which approximates the contact discontinuity of
the corresponding hyperbolic system (1.3) on any finite time interval as the
relaxation time tends to zero, and prove that the contact wave is nonlinear
stable.

Our idea is as follows. We observed that the relaxation system (1.1) is
equivalent to the following perturbed viscous conservation laws:

wy + fu)y = Ay, — cuy. (1.6)

The term uy is treated as a higher-order perturbation term in (1.6). We
thus expect that the long time behavior of the solutions to (1.6) is similar to
that for the viscous conservation laws

wy + f(u)y = a*cty,. (1.7)

We remark that uy in (1.6) is of the same order as u,, due to the hyperbolic
nature of the system. The sub-charateristic condition (1.5) will play an
essential role in this paper.

For (1.7), Liu-Xin [20] showed that the inviscid contact discontinuity is
meta-stable by the pointwise estimates. Liu-Xin’s analysis is based on ap-
proximate Green’s function, which is very difficult to construct in many physi-
cal systems when viscosity matrix is only semi-definite, such as compressible
Navier-Stokes and Boltzmann equation. Recently, Huang-Matsumura-Xin
[10] and Huang-Xin-Yang [12] develop a new energy method to treat the sta-
bility of the contact discontinuity for the compressible Navier-Stokes equa-
tions. Such approach admits that the energy estimate involving the lower
order grows at the rate (14 t)%. But it can be compensated by the decay in
the energy estimate for derivatives which is of the order of (1 +t)~2 due to
the underlying properties of the viscous contact wave. Thus, these reciprocal
order of decay rates for the time evolution can close the a priori estimate con-
taining the uniform bounds of the L* norm in the lower order estimate due
to Holder inequality. This method can be widely applied to many physical
systems, see [13] and [11]. In this paper, we shall adopt the ideas of [10] and
[12] to investigate the stability of the contact discontinuity for the relaxation
system (1.1).

Assume that p—field of system (1.3) is linearly degenerate for some p such
that 1 < p <n. Therefore,

VA (u) - rp(u) = 0.
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Consider the hyperbolic system (1.3) with the following Reimann initial data

U_, r <0,
u(x,0) = { " >0 (1.8)

where u, and u_ are chosen such that

Pl = fu) = stuy —u ), 5=l = M) (19)
Then (1.3) and (1.8) admit a p—contact discontinuity solution
A U_, T < st,
Uz, t) = { v weet (1.10)

Without loss of generality, we assume that s =0 in (1.9).
Now we construct the p—contact wave for (1.1). Eliminating v(z,t), we
obtain from (1.1) a system for u(x,t) itself

U + f(u):c - a'25uxx — EUyt
u(x,0) = up(x), (1.11)
u(z,0) = —vgz ().

We first construct the contact wave for (1.11) following [20], and the v com-
ponent will be recovered through (1.1). With a non-singular parameter p
chosen below in (1.14), we define the p—contact wave curve by

Cylu_) = {ulu = u(p), j—;‘ —ry(u(p) ulp) =u ). (L12)

Along the curve Cp(u_), it holds that

dAp(u(p)) _ du(p) _ _
T = VA, (u(p)) - dp VA, -1, = 0.

So we have

A(u(p)) = Mylu3) = Ap(u) =0. (1.13)
This means that the p—eigenvalue \,(u) is zero along the curve Cp(u_). The
non-singular parameter p is defined by

u(p-) =u_, ulps+) = us,



and

pr — a*€pyy = 0, reRLt> 1,
T xr <0, (1.14)
,O(x,t— 1) - . x> 0.

Without loss of generality, we assume that 0 < p_ < py. With p(z,t) defined
in (1.14), we define the viscous p—contact wave U(z,t) by

Uz, t) € Cp(u_), Uz, t) = u(p(z,t)). (1.15)

From the construction of U(z,t), we have

Ut(Iv t) = rp(u(p))pb Ux(‘% t) = rp(u(p))pm
Ua(,1) = 1p(w(p)) paz + Vrp(ul(p)) - 7p(u(p)) (pz).

Following [20], we impose the following structure condition

Viy(u(p)) -rp(ulp)) = 0, Vrp(u(p)) -rp(u(p)) =0, Vu e Cplu). (1.17)

We remark that physical systems such as compressible Euler equations do
satisfy (1.17). Under (1.17), the viscous contact wave U (x,t) defined in (1.15)
satisfies the system

(1.16)

U+ f(U)y — a*cU,, = 0. (1.18)
The parameter p(z,t) in (1.14) has the following properties as © — +o0:

22

|p = pe| = OW)(p+ — p-)e =700,

02| = O(1)(ps — p)[e(1 +1)] e wmamm, (1.19)
xz

|0t €p2e| = O(1)(py — p—)(1 4 1) e 52050,

Consequently the contact wave U(x,t) satisfies the properties:

U —uy| = (7(c5)(3_8a§§(1+t)7
U, = O(6)[e(1+ )] 2 sazearn, (1.20)

‘Utv gUmm‘ = 0(5)(1 + t)_le_m’

as x — Fo00, where 0 = |uy —u_| = O(1)(ps — p-).



Direct computations show that
1T = Ulpag = O()e% (1+ )%,  q>1.

where U is the inviscid contact discontinuity defined in (1.10). The above
property means that the viscous contact wave U(x,t) for (1.1) approximates
the inviscid contact discontinuity U(z,t) to the system (1.3) in L? norm,
g > 1, on any finite time interval as the relaxation time € — 0.

In the following, we only consider the asymptotic behavior of the solutions
of the system (1.1) for fixed relaxation time ¢ with initial data that is a small
perturbation near U. Without loss of generality, we fix ¢ = 1.

Usually the integral

/_ OO(u(x, 0) — U(x,0))dz

[e.e]

does not equal to zero. We shall introduce some linear diffusion waves to
carry the excessive initial mass. We remark that the nonlinear diffusion
waves are first introduced by [19] for the study on the nonlinear stability of
the viscous shock wave to. But in our case, as in [10], it is sufficient to use
the linear diffusion waves due to the different stability analysis.
For weak contact discontinuity, i.e. § < 1, the vectors rq(u_),--- ,rp—1(u_),

Uy — Uy Tpi1(Uug), - -+ ,mp(uy) form a basis of R". We thus decompose the
excessive initial mass as

/ OO(u(x, 0) — U(z,0))dx = Zam(ﬁi) + xo(uy —u_), (1.21)
- i#p

with the uniquely determined constants «; (i # p) and xg, where and in the
sequel, we use the notation

0 = U_, 1< p,
! Uy, i > p.

Define the linear diffusion waves by

Hit + )\z(ﬁz)ezx = a29ixxa MRS R,t Z _17 [ 7é D,
0;(z,t = —1) = a;6(x),

where 0(x) is the Dirac function satisfying

/_+00 d(z)dx = 1.
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Then we have

«; _lz=xi(a) )2 +0o0
Ol ) = —— it / O )dz = ap. (1.22)
47Ta2(1 + t) —00

Now we define the ansantz U(z,t) by

U(x,t) = U(x + m0,t) + 0(x, 1) (1.23)

with 0(z,t) = >, 0i(x, t)ri(4;). Thus we have

/_+oo(u($, 0) — U(x,0))dz = 0. (1.24)

[e.e]

A direct computation gives
(jt + (jtt + f(U)m — (Zz(jmm = Rx, (125)
with the error term

R(z,t) = [f(ﬁ) ~ f(U) - Z Ai(@i)0;r;(1;)]
i#p
H=F(O)e + U — Y Ni(i13) 0y ()] (1.26)
i#p

|2 — Az () (1+1) |2

= Y(1+1)” Ze sy
where we have used the fact

7) — Z Az(ﬂz)em(ﬂz)

i#p
= Df(U Z)\ (113)0;r; (11;) + O(1)|6]?
Z#p
_ Z (D) ~ D)) + O]

i#p
_le=x(a) (1+6)|?

= 0(1)(5|05| + |OJ| 1 —l—t Z e 8a2(1+t)

lz—X; (uz><1+t>|2

— O(g)(l + t)_l Z 6_ 8a2(1+t) )
=1



with the diffusion wave strength |a| = Z || and 6 = 0 + |a.
i#p
Without loss of generality, we assume that xq = 0 from now on. Set

H(t) = /_ oo(u(yc,t) — U(x,t))dz.

o

It follows from the equation (1.11) for u(x,t), and (1.25) for U(x,t), that

d d>

We know H(0) =0 from (1.24), and

H(t) = 0.

H'(0) :/_oo(ut(:z,O)—Ut(x,O))dx

o0

= / oo(—vx(x, 0) — Uy(x,0) — Zeit(Ia 0)ri(a;))dx
—o0 i#p

— oy — )+ (fluy) = () = 0,
Thus we have, for all ¢ > 0,

H(t) = /_ (e, 1) — (. 1))dz = 0. (1.27)

o0

Set the perturbation by

o(z,t) = u(z,t) — U(x,t)

and introduce the anti-derivative variable

B(z.t) = / " by Dy,

The equation (1.27) ensures that the anti-derivative variable ®(z,t) is well-

defined in some Soblev spaces like L*(R'), H'(R") etc.

Now we construct the ansatz V(x,t) for v(x,t). From the conservative

part in (1.1), we set

V(z,t) = f(U) - a®U, + / Uydr — R, (1.28)

— 00
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then we have ) .
U+V,=0. (1.29)

Set B
U(x,t) =v(x,t) — V(z,t).

From (1.1) and (1.29), we have

¢t + ,QZ):(: =0
and
O, = —1), b, = ¢. (1.30)
We now state our main result:

Theorem 1.1. Fize = 1. Under (H) and the sub-characteristic condition
(1.5), assume p—characteristic field is linearly degenerate (1 < p < n) and
the structure condition (1.17) holds. Let U(x,t) be the ansatz in (1.23). Then
there exists a small positive constant 8y such that if the wave strength 6 and
the initial values (vo(x),up(z)) satisfy

0+ 12z, 0)[7s + ¥(2, 0)I72 < . (1.31)

then the problem (1.1)-(1.2) admits a unique global solution (v(x,t),u(z,t))
satisfying
u(z,t) € C([0, +o00); H?) N L*(0, +o00; H?),

v(x,t) € C([0,+00); HY) N L*(0, +o00; H?),

and

NI

[(w— U, v —=V)(-, )| e < CO(1+1)71, (1.32)

where C' is a positive constant independent of t.

This theorem will be proved in next two sections. In Section 2, we will
derive the desired a priori energy estimates. The estimates will be closed and
decay rates will be given in Sections 3.

2 Energy Estimate
From (1.11) and (1.25), we obtain a system for ¢(z,t)

10



Integrating the system (2.1) over (—oo, x), one yields
Dy + Dy + (f(u) - f(U)) — a*®,, = R.
Linearizing the above system, one has

(I)t +(I)tt+Df(U>(I)m —a (I)

= —[f(u) = f(U) = DF(U)(u—0U)] = [DFU) = Df(U))®, + B (2.2)
= Rh

where
|Ri| < O)(|®.* + |0 + | R]). (2.3)

From now on, we will work on the Cauchy problem of (2.2) with the initial
data

O(x,0) = / (u(y,t) — Ul(y,t)) dy, ®4(x,0) =v(x,0) — V(z,0). (2.4)

We note that (2.2) is a system of semi-linear wave equations with damping
and source terms. Standard theory gives the local existence and uniqueness
of classical solution for a short time 7™ for smooth initial data. In order to
prove the global existence and further to study the large time asymptotic
behavior, we need to derive some uniform estimates under the condition
(1.31). For technical reason, we will perform weighted energy estimates under
the following a priori assumption:

(H1) The smooth solution of (2.2)-(2.4) exits on time interval [0,T] for
some T > 0 and satisfies

N(T) = Sup](II‘I)HLoo+||¢||H2+||<I>t||H1+(1+t) [9llz2) < €0, (2.5)

te[0,T
where the small positive constant £ is only depending on the initial values

and the wave strength §.

Clearly, (H1) is true for a short time if we choose dy small, due to local
theory. We will prove that T" = +oo with the help of uniform estimates and
continuity argument.

To diagonalize the system (2.2), we introduce the new variable

W(x,t) = L{O)®(x, 1), ®(x,t) = RO)W (z,1), (2.6)
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where L(U) and R(U) are defined in (1.4). Substitute ® = R(U)W into
(2.2), we have

R(U)Wz-l—R(U)thj‘Df( )R (7 W, (, Wz

= —RU)W = 2R(U)W,; — R(U)ttW Df(U)R(U)
+20°R(U )Wy + a®R(U)zaW + Ry

= —Df(U)R(U),W + Rs.

Multiplying the above system by L(U) to the left, we get
W, + Wy + AOYW, — a*W,, = —A(U)L(U)R(a),W + L(U)Ry,  (2.7)
where

W = (W17W27"' 7Wp—17Wp7Wp+17”' 7Wn>t7 (29>

where and in the sequel the notation ()! represents the matrix transpose.
Introduce a weight function

~plx?)
n(x,t) = PV (2.10)

where p(x,t), p; are defined in (1.12). Clearly |n(z,t) — 1| < C§. Here and
after, we will use C'and C; (i = 1,2, - - -) for generic positive constants which
are independent of §, g and time ¢. Note that 0 < p_ < p,, thus p, > 0.
Set

W = (TINWh WNW% e 7nNWp—17 W;m n_NWp+17 e 77]_NWn>t7
where N = max{2, %} If § is small enough, we have

1—owWe<pVN <1<y VN <140V0. (2.11)
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Multiplying the system (2.7) by W*, we have

1 n
GW'W +W'W,) NZWi+ Y Wi

i=p+1

+a2(nN§:W2 +W2 4+ Z

i=p+1
p—1 2
_ W
= (™) Xi(0) + 0V N(O).] 5
=1
~ . N e W2 (2.12)
= D Lm™)eXl0) + 17N (0):)
i=p+1
p—1 n
+a’ (V) > WilVie +a®(p™V)a Y Wil
1=1 i=p+1
p—1 n
W2 _ W2
(™) ) ( 5 +WilWa) — (n7); Z( 5 iWir)
i=1 i=p+1

WD) LOVRO)W + WL Ry + (- )
which is equivalent to
p—1

6 WtWJrWth— N Wi+ Wa+n V> W)

=1 i=p+1

p—
+a2(nNZW2+W2+nNZ 2y + @

i=p+1

(2.13)

:R3+(...)x7

where

p—1

Qr =- Z[(UN)IM(U) + 7" N(0),]

= ™)X (0) + 77N N(0)a)

i=p+1

+W'A(U)L(U)R(U), W,
Ry =O(L)N> [pWilWiu + po(W + W;Wi)| + W'L(U)Ry.
i#p

= o

2

(2.14)
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We now claim that if ¢ is small enough, it holds that

Q1 > CoNp, > W7, (2.15)
i#p
To prove this claim, we note that |\;(U),| < Csp,, and
|WtA(U) (O)R(U). W|
|77NZ)\ Wth W+77‘NZ>\ UWZNUTJ 7). W]
= p+1 j=1
WVZ)\ YWy IHD) W+n‘NZ)\ YW Y IO)r(0)a
J#p i=p+1 j#p
S C4px ZVVE
i#p

Here we have used the structure condition (1.17), which implies

p(U)z = Vry(U) - 1y(U)ps = 0.

Therefore, noting that N = -

\/57
p—1 B - 2
Q1 > -0 (NnXi(0) + n\i(0),)
N 2n:1 ) W2
+77_ - Z (Nnm)\z(U) 77>‘ (U> ) 2Z - C2pac ZWE
i=p+1 i#p
> (C5N = Ci)ps Y W7
1 i#p
> SCsNp, > owp,
i#p

if we choose § small enough. This proves (2.15).

14



Integrating (2.13) over (—o0,00), we have
1. _

p—1 n
[ W W S W da
1=1

- =l (2.16)
a2/<nNZWii+W2+nNZ 2+Q1)d
i=1 i=p+1

+

Multiplying the system (2.7) by 2(W;)*, then integrating over (—oo, o), we
obtain

W2+ a*W?2) do), + | QW2 +2 y N(OYWiuWyy) d
[ et W2 2D N@W) -
<2 / (W)'A(T)L(T)R(T),W dz + 2 / (W,)!L(T)R, da.

Adding (2.16) to (2.17), one has

[/(%V_VtW + W'W, + WP) + a®W? dal,
p—1
+/Z( N2 4 20 (O)YWiu Wiy 4 (2 — N )W2) dx

+f S (@ VW N O W W+ 2= W2 e (219

i=p+1

+/(a W2 +W2) dx+/Q1 dx

< / oW AT L(T)R(D), W + 2(W,) L(T) Ry + Ry da.

Using the sub-characteristic condition (1.5), the estimate (2.11) and the
smallness of 4, it is clear that there is Cg such that

min{a®, 1} > Cs > 0

15



and the following hold

1 - _
(iwtw + W'W, + W2) > Cs(W? + W2,

p—1 p—1
> (@ W2+ 20(0)WeaWi + (2= V)W) > Co Y (W2 + W3),
i=1 i=1
> (@ WE A+ 20(O)WiuWie + (2= ™ )W2) > Co > (W2 + W),
i=p+1 i=p+1
Define ]
Ey(t) = /(§V_VtW + W'W, + W2 + a*W? da,
(2.19)
K (t) = Cq / (W2 +WP) da.
(2.18) reduces to
E1t+K1+/Q1 dl’
(2.20)

< / [—2(W,) MDY LOYR()W -+ 2(W,) L(U) Ry + Ry) da
We now work on the right hand side of (2.20). First, we observe that

[120mA@ L@ RO do
< / pu (W)W da (2.21)
< 075/WE dz + C(1 +t)—15/W2 dz,

and
/ 2(W)!L(U)Ry dx
1 _
< —Cﬁfwf dz + CS/(L(U)R2)2 dx
8 - (2.22)
< Co(l+1t)72 + ng /(Wf + W2) dw
+C’8(1+t)_152/W2 dz,

where we have used the a priori assumption (H1) and Cauchy-Shwartz in-
equality. We now work on Rj3. In view of (2.14) and (2.15), we have
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0(1)N/Z[prin + pe(WE + WiW,,)] da
i#p
1
<3 /Q1 dr + Clo\/S/(Wg + W?) dx (2.23)

+Clo\/g(1 +t)_1/W2 dSL’,
and
S 011(5(1 + t>_1 /(W2 -+ Wtz) dx -+ 0115/Wm2 —+ Cll / ‘WtRl‘ dz.

(2.24)
However, using (2.3), (H1) and (1.26), we have
/‘WtRl‘ dx
< C/(|Wt|(<1>§, + 6%+ |R|) dx
(2.25)

§012/|Wt|(piW2+W§) dx+012/|Wt|(92+|R|) dx

< 0125(1 + t)_l / W2 dx + 01280 / Wg? dx + C12g(1 + t>_%

Choosing 0 and g small, we conclude from (2.20)—(2.25) the following
lower order estimate:

Lemma 2.1. Let E and K be defined in (2.19). Assume (H1) holds. There
exits a small positive constant d; such that if § < d; and ¢y < d; then

1 — _
By +5K1 < CiaV/o(1+ )7 By + Cigd(1+4) %, (2.26)
holds for any ¢t € [0, 7.

Now we estimate ¢, = ¢. Let

then



Applying 0, to the system (2.2), we have the system for ¢(z,t)

¢+ ¢u + (DF(U)P)e — 0°hue = Ris. (2.27)

Substituting ¢(x,t) = R(U)Z(z,t) into (2.27), then multiplying by L(U) to
the left, we get the following system for Z(x,t),

Zy+ Zu + (A EU) )o — 0> Zyw — L(U ). R(U)AU ) Z
= [-LU)RU): + LU )R( )i + a? L( )R(U_)x] (2.28)
2L(D)R(D),Zs + 2a* L(T)R(TU), Zy + L(U) R,

Let
Z = (77NZh T 77]NZ;D—17 Z;m n_NZp—I—lv T 7n_NZn>t7

with 7(x,t) defined in (2.10) and N = max{2,%}. Multiplying (Z)! to
(2.28), similar to (2.13), one has

1. - p—1 - n
(iztz +Z2'Z0)0— VY Zi+ 2+ N D> 727
i=1 i=p+1
p-l (2.29)
+a® (N Y ZE+ Zh A Z )+ Qs
i=1 i=p+1
- R4 + ( v )w7
where
p—1 _ N a ZQ
Q2 == [(™):Xi(0) = " N(0)a 5
=1 n N . N . Z2
= 2 1) Xi0) =M N (0):) 5
i (2.30)
+ 7' L(0),R(O)A(U) Z,
Ry =OWN [puZiZia + pi(Z7 + ZiZu)] + Z'L(U) Ry,
i#p

+OM)S(1+t) (22 + 22, + Z}).
Here, we have used the following fact

20*Z' L(U)R(U ) Zy = (- )o + O() (NP} + | pua]) 22
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Due to the structure condition (1.17), we know
p(U)e = Vip(U) - 15(U)pa = 0.
Therefore,
IZtL(U)_le(U) (7)ZI
=|77NPZAZ- Zzt Z+n_NZ)\ Zzt
i=1

= J#p i=p+1 J#p
<OM)p. > 7.
i#p

ri(0)Z

Similar to (2.15), if ¢ is small, there is a positive constant C'4 such that

Q2 > CiuNp, ZZE
iF#p

We now integrate (2.29) over (—oo, +00) to obtain

[/(2ZtZ+ZtZt dmt—/ NZthJr N Y Z3) de

i=p+1

dl’+/@2dl’

p—1
+/a2(nNszx + 22+ Z
i=1 i=p+1

Multiplying (2.28) by 2(Z;)!, it gives

(Z2+d*Z2), + 222 + Z MN(O)ZinZsy = Ry + (- + ),
i=1
where

Rs = O()(py+ pu + pu + pua)(ZiZ + Z} + Z} Z,) + Z{L(U) Ry,

Integrating (2.33) over (—oo,+00) yields
[/(22 +a*Z?) dx], + / (272 + Z MN(0)ZiwZit) d

S/R5 dfl',
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(2.31)

(2.32)

(2.33)

(2.34)

(2.35)



Add (2.35) to (2.32), we have

1_ _
[/(gztz + 217+ Z2) + a*Z2 dx),
p—1
+ / Z(a%Nme +20(0) Ziw Zi 4+ (2 — ™) Z2) da
=1

+ / S (P NZE 4 20(0) ZiwZin + (2 — 7 N) Z]) da (2.36)

i=p+1

+/(a22§w + th) dx + /Qg dx
< / Ry + Rs) da.

Define )
Ey(t) = /(§ZtZ + 217+ Z7) + a*Z?2 dx,

(2.37)
Ky (t) = Cs /(Zi + Z2%) dx.
(2.36) reduces to
Egt + Kg + /QQ dx S /[R4 + R5] d$, (238)
where we have used the following fact
1- _
(§th + 217, 4 Z}F) > Cs(Z% + Z7),
p—1 p—1
S (@ Zh 4 20(U) ZiaZig + (2 — V) Z5) > Co Y (22, + Z3),
i=1 =1
Y (@2 420 (0) ZinZi + (2= ™) Z5) = Cs Y (22 + Z3).
i=p+1 i=p+1

We now estimate the right hand side of (2.38). By (2.30) and (2.34), it
is clear that

Ri+ Ry < CisVo(1+ )" 22 +V6(22 + Z2) + (7' + Z)L(U)Ry,.  (2.39)

20



On the other hand, we have

/ ZUL(0) Ry dr — — / (Z'Ry + Z'L(0), Ry) da

(2.40)
gc/Rf dx+C<5(1+t)_1/Z2 dx+icﬁ/zg dx.
and .
/ZttL(U)Rlx dzx < ZC’G/ZE dx + C/R%x dx (2.41)
It remains to estimate the terms with R;. From (2.3) we know that
/Rf deC/(Z4+64+R2) dx
< 8 (1+1)72 + C| 23|25 (2.42)
<O (1+1)72 + CHZHL?HZ:UHIL?HZ”%2
<Co*(1+ t)_% + Ci6l| 2|15 + gCGHZmH%Z-
Recall
Ry = ~[f(u) = f(U) = Df(U)(u~U)] + [Df(U) = Df(U)]®; + R.
We have
/Ri do < CS(1+1)2, (2.43)
and
[ (u) = {(U) FO)(u— Ul
= |[56'V*/(0,6)6l.
= O()(|6s| + pu +10:])0" + O(1)[6]] b, (2.44)
[Df(U) = DFU)] @] = |[0°V f (U, 0)¢).|
= O(1)(px +10:)101|¢] + O(1)(|0:] || + [0]] 0z 1)-
Hence,
/R%m dz
<CS(1+1)"2 + C’/(pi, +02)9° + (¢* + 02)¢2) dx (2.45)

<O+t +C5(1+1)" / 7% dx + C(8 + ) /Z§ de.
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Due to a priori assumption (H1), one has

1215, < &8 [ 22 o
We thus conclude from (2.38)—(2.45) the following estimates
Lemma 2.2. Let F; and K, be defined in (2.37). Assume (H1) holds. There
is small positive constant ¢; such that if 6 < §; and g9 < d; then

3

1
Ey + 2K2 < Chr( \f+go (14 8)7HZ||2 + Cr70(1 + 1) 2, (2.46)
holds for any t € [0,T].

In order to obtain the uniform estimates and close the argument with the
a priori assumption (H1), we need to work on higher order derivatives. For
this purpose, we apply 0, to the system (2.28) to obtain

th + tht + (A(U)Z)mm - (1/2mem = Rﬁm (247)

where

Rg = L(U)R1, + [L(U).RU)AU) — L(U)R (LU(')

(U) (U)tt
+ L) R(0)0] 7 — 2L(O)VR(U), Zs + 24> )2 (2.48)

U)R(

Multiplying (2.47) with (Z. + 2Z!,) and integrating over (—oo, +00), in-
tegrating by parts, we arrive at

Egt + K3 < /R7 dSL’, (249)

where .
Es(t) = /(525 + Zo Ty + Z2) + a* 72, du,

Kolt) = Gy [(2+22) ds
Ry = (Z 422 ) Roy — ZL A Z)aw — 22 (A0 )an Z + 2000 Zs), (2.51)

and we have used the following fact

(2.50)

1
(§Z§ + Zmth + Z:?t) > CG(Z:? + th)u
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We now estimate / R, dx term by term. First of all, one has

\/ 27 (N0 )aZ + 2A(0),7,) da]

(2.52)
<Co(1+1) /(22+Z§) dx+c*5/Z§t dz,

and

- [z,
§C5(1+t)1/Z2dx+Cé/ dx+|/ —Z'NU) o Z,, d|
< Co(1+1) /Z2 dx+C§/(Z§m+Z§) dz.

Z + AN(U)Z,) dal )

Then, we note that

Z
C’G/Zix dx+c/R§ dx
<Co(1+t)t /(22 +Z2+ 7} dx

- s 1
+Co(1+1t)"2 + ZCG/ZQ%QD dz.

(2.54)

Finally, we have

\/ Rer dz| < O /Zitle dzx|

1

+COO(1+1)"2 /(IZI 1 Zel + |2+ | Zaa] + | Zaa| + [Raa])| Zae| dz,
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which implies that
yE
< C| /Z;tRm dz| +Co(141)~" /(22 + 72+ 7}) dx
+C§ / (Z2,+ Z2,) + R;, dx (2.55)
< Co(1 + t)‘1/22 do+Co(1+1)2
LG+ 20) / (Z2+ 22+ 72 + 72,) do + C / 2, Ruv. dal.
Furthermore, from the expression of Ry, a standard calculation gives

N - (2.56)
+C(0 + €) /(Z§ + Zix + th) dr + Co(1 + t)_l / 72 dur.

With the help of Lemma 2, we collect the estimates in (2.49)—(2.56) and
conclude the following lemma.

Lemma 2.3. Let E3 and K3 be defined in (2.50). Assume (H1) holds. There
is a small positive constant §; such that if 6 < d; and ¢y < d; then

1 p = 3
Es + ZK?) < Cls(\/g +eo)(1+8)7HZ|]P + Crso (1 +1) 72, (2.57)
holds for any t € [0, 7.

In order to get the decay rate of ¥ = —®,;, we need the estimate on .
To this end, we apply J; to the system (2.2),
Dy + Dy + (f(U))tcbx + Df(U)(I)xt — a*®,, = Ry (2.58)

Multiplying (2.58) by 2®!,, integrating it over (—oo, +00) and integrating by
parts, we have

( / (9, + a*®2,) dx); +2 / o, d
<2 [ (@ (DHO) .| + 10 DFO)0u| + 20, Rul) o (259)

< 05(1+t)‘1||<1>x||2+/<1>§t dx+C*/<I>§,t dx+/|R1t|2 de.
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Recall &, = ¢. With the help of the expression of R, and a straightforward
computation, (2.59) and Lemma 2.2, lead to

(/(®§t+a2q>2 ) dx)t—ir/(I)ft dx

3 (2.60)
< OB +eh 1+ 7Y 2|2 + o1 +1)73,
We now set
1
E,= E3+/(<I>ft+a2<b§t) de, K,= ZK3+/<I>§ da. (2.61)
Note that
/|Z|2dx_/|L (I>|dx—/|L W), |2da
(2.62)

<Co(1+1)” /\WPdm+C/\W\ dx
<Co(1+t)'E + CK;.

We conclude from Lemma 2.3, and (2.60)—(2.62) our desired estimate

Lemma 2.4. Let E, and K, be defined in (2.61). Assume (H1) holds. There
is a small positive constant §; such that if 6 < d; and ¢y < d; then

Eu+ K, < 0195(1+t)—2E1+Clg(ﬁ+e§)(1+t)—1K1+0195(1+t)—%, (2.63)
holds for any t € [0,T].

3 Time decay rate

In this section, we are going to complete the proof of Theorem 1 based on
estimates stated in Lemma 2.1-2.4. Lemma 2.1 implies that

Ey < C(Ey(0) +0)(1+1)2. (3.1)

Set
1
E5 :E1+E2+E4, K5 :K1—|—§K2+K4 (32)

For ¢ and ¢ small, we conclude from Lemmas 2.1-2.4 and (2.62) that

1

Es+ K5 <CS(14+1t)'Es + Co(1 +1)"2 (3.3)

l\.’)
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Since K5 > 0, we thus have

d x . _ .
%[(1 + 1) PB4+ (1 +1) DK, <Co(1+1)727, (3.4)
which gives B )
Es < C(E5(0)+9)(1+1)2, (3.5)
and
t = 1
/ Ksdr < C(Es(0) +8)(1 + )3 (3.6)
0
Now set
1
EG - E2 + E4, Kﬁ - §K2 + K4. (37)

By Lemma 2.2, Lemma 2.4 and (2.62), we have

Ee+ Kg < Oy0(1 +t)—2E1+C20(\/§+a§)(1 )T K+ Capd(141) 2. (3.8)
Then we compute

[(1+t)Ee)y = Es+ (1+1)Eq

< Eg+Co(1+8) "By +C(6+eDK, +Co(1+1)"2  (3.9)
< CKs+Co(1+1)2.
Integrating the above inequality in ¢ yields
Eg < C(E5(0) +0)(1+1)72. (3.10)

We collect all estimates we obtained in (3.1)—(3.10) in the following Lemma.

Lemma 3.1. Let Ej be defined in (3.2) and Es in (3.7). Assume (H1) holds.
There is a small positive constant §; such that if 6 < d; and ¢y < d; then

N

Bs < C(Es(0)+8)(1+1)2, Es<C(B50)+8)(1+t)"2,  (3.11)
hold for any ¢ € [0, 7.

We remark that all estimates we obtained up to now are based on the
a priori assumption (H1). Now, we are able to show that if we choose d
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(in Theorem 1) small, (H1) is true in the time range where smooth solution
exists. )
First of all, since ¢ = R(U)Z, we have
I6lI%> < CEs < C(E5(0) +8)(1 +1)7%, (3.12)

which also implies

(1+ 1)) ¢l g2 < C\/(E5(0) +5). (3.13)
Furthermore,

1813 < Cll@lleyllole, < CIW] ]2,

P - ! (3.14)
< CE}E} < C(B5(0) +9),
For ¢ = —®,, we know from the system (2.2) that
d, = —dy — Df(U)®, + a*P,, + R. (3.15)

Thus
12ellz, = CUIPallzs + [1Pellze + | Pasllz, + [ Bllz.)

< CE: +C6(1+1)1 (3.16)
< C(E5(0) +8)3(1 4+ )77,

IS

We conclude from (3.10)—(3.16) that, there is a positive constants Cyy,
and Cy such that

N(T) < Cor(B5(0) +8)% < Caob. (3.17)

Therefore, if we choose dy small enough such that
1
02250 S 550, (318)

the a priori assumption (H1) is true as long as the smooth solution exists.
On the other hand, the uniform estimate (3.17), together with the local well-
posedness theory, gives the global existence of unique smooth solution. We
thus proved the first part of Theorem 1.

We now show that (3.11)—(3.16) also give the decay estimate (1.32). In
fact, we have
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(¢, ¢2)l 1o < Clidllre < C(E5(0) +8)2(1+ ). (3.19)

and

=
PN

[l = 124l < CHPI7,NPatllZ, < C(E5(0) +0)2(1+1) 5. (3.20)

Therefore, the proof of Theorem 1 is complete.
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