Math 2406 Homework 7

Christopher Martin

(6.4.2) «z is an eigenvector of T2 belonging to A%
T(z) = Az
T*(z) = T(T(z)) = T(Az) = AT(z) = \(Az) = N’z O

z is an eigenvector of 7™ belonging to A™.

Induction hypothesis
Forn =k, T™(z) = A"z
Basis: n =1
T'(z) = Mz by definition
Step: n=k+1
T ) T(T*(z))

T(X\kz) (by induction hypothesis)
= )\kT(i’?) Ae(Az) = AFtigl 0

z is an eigenvector of P(T') belonging to P()).
Exercise 1 gives that if z is an eigenvector for 77 and 75, then z is an
eigenvector for aT7 + b75 belonging to ahy + bAs.
This can be trivially extended to conclude that if z is an eigenvector for e
Ty, Ty, ..., T, then for some sequence of scalars {¢;}?_,, z is an eigenvector
for 27 1c.LT belonging to the eigenvalue X7 ;¢ ;.
Let T1,T%,...,T, = T,7%,...,T™ This is possible because if x is an
eigenvector of T, then z is also an eigenvector for T}, with eigenvalue pLa
The summation is now an n-degree polynomial in terms of 7.

Let P(z) = 3, c;z*. Then z is an eigenvector of ), ;7% = P(T), belonging
to the eigenvalue 37, ¢;X* = P(A). |~ O
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o PUTY = 2T heve T =1 -
Lot- o be Yhe @C'qw\fac,.hr " Tx = XX,
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(6.4.6) Suppose, for contradition, 7' has two distinct eigenvalues A and {4 corresponding
to nonzero eigenvectors x and y.

Choose a # 0 and b # 0 such that az + by is nonzero.
Every nonzero element of T is an eigenvector, so az + by is an eigenvector of 7",

Exercise 5 tells us that o = 0 or b = 0 (contradiction). T does not have two
distict eigenvalues.

Let A be the single eigenvalue of T'.
Ve, T(z)=dr=M(z) = T=A O

(6.4.7) Let k, be the largest ¢ such that the coefficient of £ in p(t) is nonzero. /

Looking for eigenvalues...
T(p) = Ap
p(t +1) = Ap(t)
Yot +1) =AY

Coefficient of t*7: ¢ = Acy,
If 7' has an eigenvalue, 1 is its only eigenvalue.

If p is an eigenfunction, then k, is 0:
St + 1) = Y ot
P 2 kp i
Zk oczzg =0 ( )t T=3 it
Coeflicient. of t*=1: (¢, )(kp) + Cr,—1 = Cry_1 )
P ~Kp P i
ck, # 0, 50 ky =0 (mate.c to by ke of Fp

If p is an eigenfunction of T, then the degree of pis 0.

Any polynomial p(t) = ¢, where ¢ € R, is an eigenfunction corresponding to
eigenvalue 1: T(p) = p(t + 1) = c = (1)c = Ac = Ap(t) 3
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(6.10.4) det (M — P,) =

det (A — Py) =

det (A — P3) =

_A1 —,\1’ =N = (-1)(-1)=r -1
Ao N

i A =R =) =21
)\81 Ail‘:(A—l)(A+1):)\2_1

M—1=0= =41

{CCL Z} has eigenvalues —1 and 1 if its characteristic polynomial is A% — 1.

(A—a)(A=d) - ())(c) =A% -1
AM—ah—di+ad—bc=X—1
M-a—d)+ad—bc=—1
Solvable if ¢ = —d:

—a? —bhe = —1
a?=1-be
A -1 0 0
1 X 0 0 A =1l x -1
(6108) o=t o 0 0 1_1 )\H—l /\’
0 0 -1 A
= [(M) = (-1)(-1))?
=A+DA+DA -1 -1)
A=+1
X i 0 0
i A 0 0 A dlla i
d-0=19 o x 4| =|= Al a
0 0 —i A

= [(NO) = @)=

A==l

0 0 0
A+1 0 0

0 x-1 0

0 0 A+1

= (A= DOH A= DA+ 1)

A==1
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(6.10.13) Let A = [C d}
A—a —b
e P

= A —=a}(A—d) = (=b)(—c)
=X — (a+d)A + (ad — bc)
=A% — (tr A) A + (det A)

pe(A) = A% — (tr B) A + (det B)
If tr A = tr B and det A = det B, then:
pB(A) =A% — (tr A) A + (det A) = pa(N)

Counterexample for n = 3:

(=2)(=1)(=2)

100 12 ¢
A=1010 B=103 1
00 1 9 0 -1
frA=trB=3
detB=1)> 1|42 0=1(<3)—2(=2) = 1 = det A
AE=lo T2y | TO=1=8) —2(-2) =1=de
A-1 0 0
pa=| 0 A=1 0 |=(-1)p°
0 0 A-1
=N -3\ 4301
A-1 -2 g
pr=] 0 A=3 —1|=(-1(-3)0+1)+
20 A+l

(M2 -1)(A—3)—4
=X _-32-)-1



