
4.8Perfectmatchingsinrandomuniform

hypergraphs

Randomd-regulargraphonV={1,...,n}
•UniformModelGd(n)

•ConfigurationModelG
P
d(n)

•UniformModelGd(n)

•PairingModelG
P
d(n)

•SuperpositionModel(with/withoutmultipleedges)

•PermutationModelP2d(n)

•Degree-restrictedprocess(Rucinski&Wormald)

•Starprocesses(Robalewska&Wormald)
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UniformModelGd(n)

Eachd-regulargraphonVverticesis

equallylikelytobechosen

•Random1-regulargraph

RandomPM

•Random2-regulargraphG2:

Unionof(disjoint)cycles

FACTS:
Pr[G2containsaPM]=O(n

−1/4
)

Pr[G2containsaHC]∼
e
4/3

π
1/2

2n1/2≈
1.876

n1/2
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Random3-regulargraphG3??????
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ConfigurationModelG
P

n

(DuetoBollobás(’79)similarmodelsusedbyBenderandCanfield

(’78),Békéssy,BékéssyandKomlós(’74),Wormald(’78))

Foreachvertexv∈V,considerdcopies,orclones,(v,1),...,(v,d)

ofv.LetV
∗

bethesetofallclones,i.e.,

V
∗

={(v,i):v∈V,i=1,...,d}=V×{1,...,d}.

Takeaperfectmatchingonallclones.Bycontractingtheclonesof

vintov,onemayobtaina(multi)graphG
∗
.Theuniformmodel

mayberealizedfromG
∗

byconditioningtheevent‘Simple’that

neitherloopnormultipleedgeexists.Thatis,

Pr[G
∗

=G|Simple]

arethesamforallsimpled-regulargraphsonV.(WHY?Ex.)
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(Bender&Canfield’78)Forfixedd,

Pr[Simple]∼exp
(

−
d
2
−1

4

)

(Mckay’85)Ford=o(d
1/3

),

Pr[Simple]∼exp
(

−
d
2
−1

4

)

(McKay&Wormald’91)Ford=o(√n),

Pr[Simple]=exp
(

−
d
2
−1

4−
d
3

12n
+O

(

d
2

n

)

)
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•Randomd-regulark-uniformhypergraph

Foreachvertexv∈V,considerdcopies,orclones,(v,1),...,(v,d)

ofv.LetV
∗

bethesetofallclones,i.e.,

V
∗

={(v,i):v∈V,i=1,...,d}=V×{1,...,d}.

Takeaperfectmatchingonallclones.Bycontractingtheclonesof

vintov,onemayobtaina(multi)hypergraphH
∗
.Theuniform

modelmayberealizedfromH
∗

byconditioningtheevent‘Simple’

thatneitherloopnormultipleedgeexists.Thatis,

Pr[H
∗

=H|Simple]

arethesamforallsimpled-regulargraphsonV.

Ex.Is

Pr[Simple]=e
−

(1+o(1))d
2(k−1),

ford=o(n
k/2−1

)?
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•Randomd-regulark-partitek-uniformhypergraph

LetHk(n,d;k)be(uniform)randomd-regulark-partitek-uniform

hypergraphandH
∗
k(n,d;k)bethehypergraph(multi)hypergraph

generatedbythecorrespondingconfigurationmodel:

Foreachvertexv∈V=V1×···×Vk,|Vi|=n,considerdcopies,

orclones,(v,1),...,(v,d)ofv.LetV
∗

bethesetofallclones,i.e.,

V
∗

={(v,i):v∈V,i=1,...,d}=V×{1,...,d}.

Takeak-partiteperfectmatchingonallclones.Bycontractingthe

clonesofvintov,onemayobtaina(multi)hypergraph

H
∗
k=H

∗
k(n,d;k).TheuniformmodelmayberealizedfromH

∗
kby

conditioningtheevent‘Simple’thatneitherloopnormultipleedge

exists.Thatis,

Pr[H
∗

=H|Simple]

arethesamforallsimpled-regulargraphsonV.
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FACT(Ex.):Ford=o(n
k/2−1

),

Pr[Simple]=1−O(d
2
n
−k+2

).
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Theorem4.3For1�d=o(n
k/2−1

),

Pr[Hk(n,d;k)containsPM]=1−o(1).

Proof.Weshowthisfor(non-conditioned)H
∗
k(n,d;k).Wealso

considerPM’sconsistingoforderededges.Togeneratearandom

orderedPMonthesetV
∗
,takeanordereddn/k-tuplesofedges

consistingofunlabelled(butordered)kvertices.Thenthereare

((dn)!)
k

waystolabelverticesintheedgessothatthesetofthe

edgeswithlabelledverticesisanorderedPMonV
∗
.Therandom

orderedPMMisobtainedwhenthelabellingischosenuniformly

atrandomamongall((dn)!)
k

labellings.
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AcollectionRofnedgesofMiscalledaV-PMifitinducesaPM

inVwhenclonesofvisreplacedbyv.Thatis,foreachv∈V,

thereisexactlyoneedgeofMcontainingacloneofv.Clearly,

Pr[RisaV-PM]=
(

(n!d
n
)((d−1)n)!

(dn)!

)

k

=

(

dn

n

)

−k

d
kn

.

LetXbethenumberofV-PMinM,i.e.,

X=
∑

R

1(RisaV-PM).

Asthereare
(

dn
n

)

suchR’s,

E[X]=

(

dn

n

)

−k+1

d
kn

.
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Lemma4.4

E[X
2
]=d

2kn
n∑

`=0

((

dn

n

)(

(d−1)n

n−`

)(

n

`

))

−k+1

×
(

(

n

`

)

(

1

d

)

`
(

1−
1

d

)

n−`
)

k

.

Corollary4.5

E[X
2
]

E[X]2=
n∑

`=0

(
(

(d−1)n
n−`

)(

n
`

)

(

dn
n

)

)

−k+1
(

(

n

`

)

(

1

d

)

`
(

1−
1

d

)

n−`
)

k

.

ProofofLemma4.4ForR,Swith|R∩S|=`,wetakethe

verticesthatwillbeusedtolabelR∩Sandletthesetofsuch

verticesbeA1,...,Akwith|Aj|=`andAj⊆Vj.Thenthereare

k∏

j=1

(

∑

Aj⊆Vj
|Aj|=`

`!d
`
(n−`)!d

n−`
(n−`)!(d−1)

n−`
(dn−2n+`)!

)
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waystoproperlylabelbothofRandS.Thus,

E[XRXS]=
(

(

n
`

)

`!((n−`)!)
2
(dn−2n+`)!d

n
(d−1)

n−`

(dn)!

)

k

=
(

`!(n−`)!

n!

n!((d−1)n)!

(dn)!

(n−`)!(dn−2n+`)!

((d−1)n)!

)

k

×
(

(

n

`

)

(d−1)
n−`

dnd
2n
)

k

=d
2kn

((

dn

n

)(

(d−1)n

n−`

)(

n

`

))

−k

×
(

(

n

`

)

(

1

d

)

`
(

1−
1

d

)

n−`
)

k

.

Sincethereare(

dn

n

)(

n

`

)(

(d−1)n

n−`

)

suchpairs,theproofiscompleted.�
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Forp=
1
d,

E[X
2
]

E[X]2=

n∑

`=0

(
(

(d−1)n
n−`

)(

n
`

)

(

dn
n

)

)

−k+1
(

(

n

`

)

(

1

d

)

`
(

1−
1

d

)

n−`
)

k

=
n∑

`=0

(
(

(d−1)n
n−`

)(

n
`

)

(

dn
n

)

)

−k+1
(

(

n

`

)

p
`
(1−p)

n−`
)

k

.

Since
(

(d−1)n
n−`

)(

n
`

)

(

dn
n

)=

(

(d−1)n
n−`

)

p
n−`

(1−p)
(d−2)n+`

(

n
`

)

p
`
(1−p)

n−`

(

dn
n

)

pn(1−p)(d−1)n

=
Pr[
∑

dn
i=n+1Xi=n−`]Pr[

∑

n
i=1Xi=`]

Pr[
∑

dn
i=1Xi=n]

,

whereXi’sarei.i.dBernoullirandomvariableswithmeanp.
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Hence,

E[X
2
]

E[X]2=
n∑

`=0

(

Pr[
∑

dn
i=1Xi=n]

Pr[
∑

(d−1)n
i=1Xi=n−`]

)

k−1

Pr
[n∑

i=1

Xi=`
]

.

Let`=pn+i,i=−pn,−pn+1,...,(1−p)n,and

F`=
(

Pr[
∑

dn
i=1Xi=n]

Pr[
∑

(d−1)n
i=1Xi=n−`]

)

k−1

Pr
[n∑

i=1

Xi=`
]

.

Wewillshowthat

1.If|i|≤r(pn)
1/2

fora(large)constantr,then

Pr
[(d−1)n
∑

i=1

Xi=pn+i
]

=(1+o(1))Pr
[(d−1)n
∑

i=1

Xi=pn
]

2.∑

i≤−r(pn)1/2

Fpn+i=O
(

e
−(1+o(1))r

2
/2)
)

.
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3.Forδ=0.1/k,

(1−p)n−δn
∑

i=r(pn)1/2

Fpn+i=O
(

δ
−(k−1)/2

e
−Ω(δ

k−1
r
2
)
)

.

4.

(1−p)n
∑

i=(1−p)n−δn

Fpn+i≤p
0.7n

Proofof4.If`=(1−α)nwithα≤δ:=0.1/k,then

Pr
[(d−1)n
∑

i=1

Xi=n−`
]

≥Pr[X1=···=Xαn=1

andXαn+1=···X(d−1)n=0
]

=p
αn

(1−p)
(d−1−α)n

≥p
0.1

n
ke

−n
,
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and

Pr
[n∑

i=1

Xi=`
]

≤
(

n

αn

)

p
(1−α)n

≤
(

e

α

)

αn

p
(1−α)n

≤(10ke)
0.1n

p
0.9n

gives

(

Pr[
∑

dn
i=1Xi=n]

Pr[
∑

(d−1)n
i=1Xi=n−`]

)

k−1

Pr
[n∑

i=1

Xi=`
]

≤p
0.8n

.

Thus,

n∑

`=(1−
0.1
k)n

(

Pr[
∑

dn
i=1Xi=n]

Pr[
∑

(d−1)n
i=1Xi=n−`]

)

k−1

Pr
[n∑

i=1

Xi=`
]

≤np
0.8n

≤p
0.7n

.

Inthecasesof1,2and3,weconsidertheratio
F`+1

F`.Recall

F`=
(

Pr[
∑

dn
i=1Xi=n]

Pr[
∑

(d−1)n
i=1Xi=n−`]

)

k−1

Pr
[n∑

i=1

Xi=`
]

.
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Noticethat

Pr[
∑

n
i=1Xi=`+1]

Pr[
∑

n
i=1Xi=`]

=
p(n−`)

(1−p)(`+1)
,

and

Pr[
∑

(d−1)n
i=1Xi=n−`]

Pr[
∑

(d−1)n
i=1Xi=n−(`+1)]

=
p((d−2)n+`+1)

(1−p)(n−`)
.

For`=pn+i,i=−pn,−pn+1,...,(1−p)n−1,

p(n−`)

(1−p)(`+1)
=

p(n−pn)−pi

(1−p)pn(1+
i+1
pn)

=
1

1+
i+1
pn

(

1−
i

(1−p)n

)

.

and

p((d−2)n+`+1)

(1−p)(n−`)
=

p(p
−1

−2+p)n+p(i+1)

(1−p)2n(1−
i

(1−p)n)

=
1

1−
i

(1−p)n

(

1+
p(i+1)

(1−p)2n

)

.
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1.If|i|≤r(pn)
1/2

fora(large)constantr,then

1

1−
i

(1−p)n

(

1+
p(i+1)

(1−p)2n

)

=1+O(r(p/n)
1/2

),

and

Pr
[(d−1)n
∑

i=1

Xi=pn+i
]

=(1+O(r(p/n)
1/2

))
i
Pr
[(d−1)n
∑

i=1

Xi=pn
]

=(1+O(pr
2
))Pr

[(d−1)n
∑

i=1

Xi=pn
]

2.Fori=−1,−2,...,

Fpn=
Fpn

Fpn−1
···

Fpn+i+1

Fpn+i
Fpn+i=Fpn+i

i∏

j=−1

(

1+
j+1

pn
+O

(

j

n

))

−1
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or

Fpn+i=Fpn

|i|−1
∏

j=0

(

1−
j

pn
+O

(

j

n

))

≤e
−(1+o(1))

i2

2pn.

ForthesumofFpn+ioveri≤−r(pn)
1/2

,

∑

i≤−r(pn)1/2

Fpn+i=O
(

(pn)
1/2

e
−(1+o(1))r

2

Fpn

)

=O
(

e
−(1+o(1))r

2
/2)
)

.

Similarly,fori=1,...,(1−p)n−δnwithaconstantδ=0.1/k,

Fpn+i≤Fpn

i∏

j=1

(

1+
δ

k−1
j

2pn
+O

(

j

n

))

−1

≤(1+δ
k−1

/3)
−max{i−pn,0}

exp
(

−Ω
(

δ
k−1

pn
min{i,pn}

2
))

,
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and

(1−p)n−δn
∑

i=r(pn)1/2

Fpn+i=O
(

(pn/δ
k−1

)
1/2

e
−Ω(δ

k−1
r
2
)
Fpn

)

=O
(

δ
−(k−1)/2

e
−Ω(δ

k−1
r
2
)
)

.
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4.9Coveringhypercube

Recall

n-cubeQn:

{−1,1}
n

={(xi):xi=1or−1,i=1,...,n}

LetX1,...,Xmbe(mutually)independentuniformrandomvectors

inQn,inparticular,

Pr[Xj=u]=2
−n

foranyu∈Qn.

Ex.LetYw,w∈Qn,betheindicatorrandomvariableforthe

eventw·Xi>0foralli=1,...,m=0.5n,andY=
∑

w∈QnYw.

Showthat
E[Y

2
]

E[Y]2→∞.
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5.ChernoffBound

E.g.DegreesofG=G(n,1/2)

Recall

Eachof
(

n
2

)

edgesisinG

probability1/2

Forfixedv,

E[d(v)]=(n−1)/2.

Howabout

Pr[|d(v)−n/2|≥n
3/4

]=??
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(SecondMomentMethod)Forw6=v,let

Xw=







1iftheedge{v,w}inG

0otherwise
,

and

X=
∑

w6=v

Xw=d(v).

Expectation:

E[X]=
∑

w6=v

E[Xw]=
n−1

2
.

Variance:Since

cov(Xw,Xu)=E[XwXu]−E[Xw]E[Xu]=0,

126



σ
2
(X)=

∑

w

σ
2
(Xi)=

n−1

4
.

ThusChebyschev’sinequalitygives

Pr[|d(v)−n/2|≥n
3/4

]≤
1

(2n1/4)2=
1

4n1/2.

Howabout

Pr[∃v,|d(v)−n/2|≥n
3/4

]=??

Thesecondmomentmethodgives

Pr[∃v,|d(v)−n/2|≥n
3/4

]≤n·
1

4n1/2=n
1/2

/4!?!?!

CANWEDOBETTER??
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5.1ChernoffBound

Let

X=
n∑

i=1

Xi,

whereXi:i.i.d.with

Pr[X1=0]=Pr[X1=1]=1/2.

Then

Pr[|X−n/2|≥λ]≤2e
−2λ

2
/n

.

Proof.Foranyα>0,

Pr[X−E[X]≥λ]≤Pr[e
α(X−E[X])

≥e
αλ

]

≤E[e
α(X−E[X])

]e
−αλ

.
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Thus

E[e
α(X−1/2)

]=E[
∏

i

e
αXi

]

=
∏

i

E[e
αXi

]

=(cosh(α/2))
n

≤e
α

2
n/8

,

yields

Pr[X−E[X]≥λ]≤exp(−αλ+α
2
n/8)

(forallα>0).Takingα=4λ/n,wehave

Pr[X−E[X]≥λ]≤exp(−2λ
2
/n).

Andsimilarly,

Pr[X−E[X]≤λ]≤exp(−2λ
2
/n).

�
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Ageneralversion:For

X=

n∑

i=1

Xi,

whereXiareindependentwith

Pr[X1=0]=1−pi,Pr[X1=1]=pi,

andp=
1
n

∑

ipi,

Pr[X−E[X]≤−λ]≤e
−λ

2
/(2pn)

,

and,foralla>0,

Pr[X−E[X]≥λ]<e
λ−(a+pn)ln(1+a/pn)

.

Inparticular,

Pr[X−E[X]≥λ]<e
−λ

2
/2pn+λ

3
/2(pn)

2

.
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Examples

•AfootballteamAwineachgamewithprobability1/3.

Outcomesofgamesareindep.Upperboundfortheprobability

thatAwinmorethann/2gamesamongngames.

Pr[X>n/2]=Pr[X>(1+1/2)n/3]<e
−(n/3)(1/12)

<(0.965)
n
.

•(SetBalancing)A:n×n0−1matrix.Findb∈{−1,1}
n

minimizing||Ab||∞.

Choosebs.t.eachentryofbisselectedfrom{−1,1}
independentlyandequiprobably.ForanyrowrofA,by

Chernoff’sbound,

Pr[|innerprod.ofrandb|>2
√

nlnn]<2e
−4nlnn/2n

=2/n
2
.

⇒Pr[||Ab||∞>2
√

nlnn]<2/n.
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•DegreesofG(n,1/2)

Pr[|d(v)−n/2|≥n
3/4

]≤e
−2n

3/2
/n

=e
−2n

1/2

and

Pr[∃v,|d(v)−n/2|≥n
3/4

]≤ne
−2n

1/2

→0.

Actually,

Pr[|d(v)−n/2|≥
√

nlnn]≤e
−2nlnn/n

=n
−2

,

and

Pr[|d(v)−n/2|≥
√

nlnn]≤n·n
−2

=1/n→0.
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Generally,forG(n,p),

Pr[|d(v)−pn|≥2
√

pnlnn]≤???
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5.2Edgediscrepancy

τ:2-coloringofalledgesofKn,sayRedandBlue.

Letthe(edge)discrepancyofτdenote

h(n,τ)=max
S⊆[n]|#ofRededgesinS-#ofBlueedgesinS|,

and

h(n)=min
τ:2−coloring

h(n,τ).

Theorem5.1

h(n)≤cn
3/2

.

Proof.Randomly2-coloralledges.Foreachedgee,let

Xe=







1ifeisRed

−1ifeisBlue
.
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ThenforallsubsetS,

XS=|#(RED)inS−#(BLUE)inS|=
∑

e∈S

Xe.

Notethat

E[Xe]=0,andE[XS]=0.

Thus

Pr[|XS|≥m]≤2exp
(

−
m

2

2
(

|S|
2

)

)

≤exp
(

−
m

2

n2

)

,

and

Pr[∃S,|XS|≥m]≤2
n
·2exp

(

−
m

2

n2

)

<1

bytakingm=(ln2)
1/2

(n
3/2

+√n/2).

�
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5.3Discrepancy

H:hypergraphonnvertices

χ:2-coloringofallvertices,sayRedandBlue

Asusual,

Xv=







1ifvisRed

−1ifvisBlue
.

ForeachedgeA,discrepancydisc(A)ofAistheabsolutevalueof

XA=
∑

v∈A

Xv=|#of(RED)inA-#of(BLUE)inA|,

anddiscrepancydisc(H,χ)ofHw.r.t.χis

disc(H,χ)=max
A∈H|XA|anddisc(H)=min

χ
disc(H,χ).
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TheoremIf

|H|=n,

then

disc(H)≤
√

2nln(2n).

Proof.

χ:random2-coloringofallvertices

ForeachA∈H,

Pr[disc(A)>λ]=Pr[|XA|>λ]

<2exp
(

−
λ

2

2|A|
)

≤2exp
(

−
λ

2

2n

)

,

and

Pr[∃A∈H,disc(A)≥λ]<n·2exp
(

−
λ

2

2n

)

=1,

bytakingλ=
√

2nln(2n).
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5.4RandomgraphG=G(n,p)

Letp=0.2n
−1/2

,t=c√nlnnandβ=0.12e
2

=0.8866···<1.

ThenforasubsetTofthevertexsetwith|T|=t,

Pr
[

e(T)<βp

(

t

2

)

]

≤exp
(

−
((1−β)p

(

t
2

)

)
2

2p
(

t
2

)

)

=exp
(

−
(1−β)

2
p
(

t
2

)

2

)

and(byBool’sinequality)

Pr
[

∃T,e(T)<βp

(

t

2

)

]

≤
(

n

t

)

exp
(

−
(1−β)

2
p
(

t
2

)

2

)

≤exp
(

−
(1−β)

2
p
(

t
2

)

2
+tlnn

)

=o(1)

forp=0.2n
−1/2

,t=c√nlnnandβ=0.12e
2

<1withlargec.
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Theorem(Erdős’61)

R(3,t)≥C
(

t

lnt

)

2

.

Proof.(Krievelevich)Itisenoughtoshowthat

∃triangle-freegraphG
∗

onnverticeswith

α(G
∗
)≤c

√
nlogn.

FromtherandomgraphG(n,p)withp=0.2n
−1/2

,takea

“maximal”(under⊆)familyFofedgedisjointtriangles.

DeletingalledgesbelongtotrianglesinF

weobtainG
∗

onnvertices.
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Clearly,

G
∗

istriangle-free.

ForeachsubsetTofsizet=c√nlogn,let

f(T)denotethemaximumnumberofedgedisjoint

triangleswithatleastoneedgeinT.

Then

wedeletedatmost3f(T)edgesfromT.

If,inG=G(n,p)withp=0.2n
−1/2

,

e(T)>3f(T)forallT,

Tstillhasatleastoneedge.(So,Tisnotanindependentset)
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Forβ=0.12e
2

<1,itisenoughtoshowthat

Pr
[

∃T,e(T)<βp

(

t

2

)

]

=o(1)

(recallp=0.2n
−1/2

,t=c√nlnn),and

Pr
[

∃T,f(T)≥(βp/3)

(

t

2

)

]

=o(1).
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Toprove

Pr
[

∃T,f(T)≥(β/3)p

(

t

2

)

]

=o(1),

weconsider

Lemma(Erdös-Tetali’sdisjointnesslemma)SupposeAbea

collectionofeventswith
∑

A∈A

Pr[A]≤µ.

Then,foranyl>0,

∑

{A1,...,Al}⊆A
mut.indep.events

Pr[∩
l
i=1Ai]≤

µ
l

l!
.
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Proof.

∑

{A1,...,Al}⊆A

mut.indep.events

Pr[∩
l
i=1Ai]=

∑

{A1,...,Al}⊆A

mut.indep.events

l ∏

i=1

Pr[Ai]

≤
∑

{A1,...,Al}⊆A

l ∏

i=1

Pr[Ai]

=(1/l!)
∑

(A1,...,Al)⊆A×···×A

l ∏

i=1

Pr[Ai]

=(1/l!)
∑

A1∈A

Pr[A1]···
∑

Al∈A

Pr[Al]

≤
µ

l

l!
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Proofof

Pr
[

∃T,f(T)≥(β/3)p

(

t

2

)

]

=o(1).

RecallG=G(n,p)withp=0.2n
−1/2

/3andβ=0.12e
2

<1.

ForasubsetTofsizet=c√nlnnandeachtriangleefginKn,

define

Aefg=‘efg∈G’,

and

A={Aefg:e⊆T}.

Then
∑

Aefg∈A

Pr[Aefg]≤n

(

t

2

)

p
3

=0.04p

(

t

2

)

=:µ.
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Forl=(βp/3)
(

t
2

)

,

Pr[f(T)≥l]=Pr
[l⋂

i=1

AioccursforsomeMIeventsA1,...,Al∈A,
]

≤
∑

{A1,...,Al}⊆A
MIevents

Pr[∩
l
i=1Ai]≤

µ
l

l!≤
(

eµ

l

)

l

.

Since

(

eµ

l

)

l

=exp
(

(βp/3)

(

t

2

)

ln(0.12e/β)
)

=exp
(

−0.04e
2
n
−1/2

(

t

2

)

)

,

(β=0.12e
2
,l=(βp/3)

(

t
2

)

,andµ=0.04p
(

t
2

)

),
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Pr[∃T,f(T)≥l]≤
(

n

t

)

exp
(

−0.04e
2
n
−1/2

(

t

2

)

)

≤exp
(

−0.04e
2
n
−1/2

(

t

2

)

+tlnn
)

=o(1)ifc>50/e
2

(t=c√nlnn).

146



5.5RoutinginaParallelComputer

•Amodelforanetworkofparallelprocessors

-AdirectedgraphonNnodes(orprocessors).

-Eachedgerepresentcommunicationlinkbetweenprocessors.

-Synchronousmessagepassing.

-Eachlinksendatmostonemessage(packet)perstep.

-Eachnodecontainsaqueue.

•PermutationRoutingProblem

-Eachnodeihasapacketpidestinedforanodeδ(i),

whereδisapermutationofallnodes.

•ObliviousAlgorithms

-Theroutefollowedbypidependsonδ(i)alone.

Theorem5.2Foranydeterministicobliviouspermutationrouting

algorithmonanetworkofNnodeseachofout-degreed,thereisan

instanceofpermutationroutingrequiringΩ(
√

N/d)steps.
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>Reason:someedgemayhavelotsofpathsthroughit.

AnExample:

•Ford-dimensionalhypercube,thereareN=2
d

nodesanddN

directededges.Considerthebitfixingroutingstrategy

scanningfromlefttoright.Forexample,

Ifi=(1011)andδ(i)=(0000),then

(1011)→(0011)→(0001)→(0000).

•Therecanbeapathsoflengthdthatisalowerboundon

routingtime.

Homework:Considerthetransposepermutation:writingiasthe

concatenationoftwod/2-bitstringsaiandbi,wewanttoroute

aibitobiai.ShowthebitfixingstrategytakesΩ(
√

N/d)stepson

thispermutation.
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Randomizedroutingalgorithm:

Phase1:Foranynodei,pickarandomintermediatedestination

σ(i)from{1,2,...,N}.Packetpitravelstothenodeσ(i).(σis

notnecessarilypermutation)

Phase2:Packetpitravelsfromσ(i)tothedestinationnodeδ(i).

Weusethebit-fixingstrategytodetermineroutes.

Lemma5.3Oncetworoutesseparate,theydonotrejoin.

Proof.Itfollowsasabitcheckedoncewouldnotbecheckedagain.

�
Lemma5.4Lettherouteofpifollowthesequenceofedges

ρi=(e1,...,ek).LetSbethesetofpacketsotherthanpiwhose

routespassthroughatleastoneof{e1,...,ek}.Then,thedelay

incurredbypiisatmost|S|.
Proof.Idea:

Matcheachdelayofpiwith

somepacketdepartingfromρi.
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Letej=(vj,vj+1).Ifapacketp∈Sisatvjattimetandreadyto

followej,thenthelag`t(p)ofpattisdefinedast−j.For`≥1,

lett(`)bethelasttimewhenthereisapacketp∈Swithlag`.

Thatis,

t(`)=max{t:∃p∈S,`t(p)=`}.
Notethatthelag`t(pi)ofpiisthedelayofpiuptotimet.Ifthe

lagofpibecomes`+1from`atatimet,thenthereisap∈S

withlag`attimet.Thisimpliesthatt(`)iswell-defined.

Wemaynowtakeapacketp∈Swithlag`attimet(`).Hence,at

timet(`)+1,thepacketpitselforanotherpacketp
′
∈Sfollowsan

edgeejinρi.Thispacketisreadytofollowanedgeotherthan

ej+1.Otherwise,itslagwouldbe`attimet(`)+1.

Therefore,wefoundapacketp
′
∈Swithlag`justbeforeitleaves

ρi.

�
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LetXi,j=1ifρiandρjshareatleastoneedge,and0otherwise.

ThenthetotaldelayofpiisatmostYi:=
N∑

j=1
j6=i

Xi,j.

Conditionedonρi=(e1,...,ek),wecounttheexpectednumberof

ρjcontaininge=el,l=1,...,k.Supposeeisanorderedpairof

v=(v
′
,x,v

′′
)andw=(v

′
,y,v

′′
)withx6=y.Thenρjcontainseif

andonlyifthecorrespondingpacketmuststartfromavertexof

theform(∗,x,v
′′
)anditsdestinationmustbeoftheform(v

′
,y,∗),

where∗canbereplacedbyanyvectorsoftheappropriatelength.

Assumingv
′
isoflengtha,theexpectednumberofsuchρiis

(2
a
−1)2

−(a+1)
≤1/2.Thus,

E
[N∑

j=1
j6=i

Xi,j

∣

∣

∣ρi=(e1,...,ek)
]

≤E
[N∑

j=1,
j6=i

k∑

l=1

1(elinρj)
∣

∣

∣ρi=(e1,...,ek)
]

≤k/2≤d/2.
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ForfixediandYi=
∑

N
j=1
j6=i

Xi,j,Chernoffboundgives

Pr[Yi≥6d|σ(i)]≤Pr[Yi−E[Yi]≥11d/2|σ(i)]

≤e
−11d/2−(11d/2)ln12

≤e
−8d

,

whichyields

Pr[Yi≥6d]≤e
−8d

,

and

Pr[∃i,Yi≥6d]≤2
d
e
−8d

≤e
−7d

.

Wehaveprovedthat

Theorem5.5Withprobabilityatleast1−e
−7d

,everypacket

reachesitsintermediatedestinationinPhase1in7dorfewersteps.

Corollary5.6Withprobabilityatleast1−2e
−7d

,everypacket

reachesitsdestinationin14dorfewersteps.
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5.6AWiringProblem

•Model

–Agatearrayconsistingof√n×√narrayofgates.

–Manhattanwiring.

–Asetofnets,eachofwhichisasetofgatestobeconnected

byawire.

–Twosequentialphases:globalwiringanddetailedwiring

–Eachboundarybetweengateshasalimitonnumberof

crossingwires.

–Generalproblem:minimizemaxcrossingnumber.

–Simplification:eachnethastwogatesand,onlyone-bend

routeisallowed.Inparticular,thereareonlytwochoicesfor

aroute.
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•IntegerProgramming(IP)

–Foreachneti,xi=1meanstherouteofnetigoes

horizontallyfirstfromtheleft-endvertexofneti.

–Foraboundaryb,

Sb={i|netithroughbifxi=1},and

Tb={i|netithroughbifxi=0}.

–IP
minw

subjecttoxi∈{0,1}∀netsi
∑

i∈Sbxi+
∑

i∈Tb(1−xi)≤w∀boundariesb

–Letw0betheminimumoftheIP.
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•Relaxation

–IPisNP-hardbutLPisinP.

–Relaxxi,yi∈{0,1}toxi,yi∈[0,1].

–LinearProgramming(LP)

minw

subjecttoxi∈[0,1]∀netsi
∑

i∈Sbxi+
∑

i∈Tb(1−xi)≤w∀boundariesb

–Supposesolutionsarex̂i’swiththeminimumvalueŵ.Then

ŵ≤w0.

•Rounding:x̄i=1ifandonlyifx̂i≥1/2.Then
∑

i∈Sb

x̄i+
∑

i∈Tb

(1−x̄i)≤
∑

i∈Sb

2x̂i+
∑

i∈Tb

2(1−x̂i)≤2ŵ≤2w0.
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•Randomizedrounding:

Pr[Xi=1]=x̂iandPr[Xi=0]=1−x̂i,

independentlyofallothernets.Then,foreachboundaryband

Yb=
∑

i∈SbXi+
∑

i∈Tb(1−Xi),

E[Yb]=
∑

i∈Sb

x̂i+
∑

i∈Tb

(1−x̂i)≤ŵ≤w0.

WemaydefineY
∗
b≥YbandE[Y

∗
b]=w0toobtain

Pr[Yb≥w0+(6w0lnn)
1/2

]≤Pr[Y
∗
b≥w0+(6w0lnn)

1/2
]

≤e
−3lnn+(6

3
w

−1

0ln
3

n)
1/2

/2
.

Ifw0≥100lnn,then

Pr[Yb≥w0+(6w0lnn)
1/2

]≤e
−2lnn

=n
−2

and

Pr[∃b,Yb≥w0+(6w0lnn)
1/2

]≤2/n.
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6Martingale

6.1ConditionalExpectations

Y:RV=⇒Y
2
,Y

3
−Y−2,f(Y)areRV’s

foranyfunctionf.

NoticethatifthevalueofYisgivenweknow(deterministically)

thevalueoff(Y).

ForRV’sX,Y,let

fk(Y)=Pr[X=k|Y].

IfY=l,then

fk(Y)=Pr[X=k|Y=l]=
Pr[X=k,Y=l]

Pr[Y=l]
.
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TheRV

g(Y)=

∞∑

k=−∞

kPr[X=k|Y]

isdenotedbyE[X|Y].

Meaning:AverageofXonAl:={Y=l}.
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E.g.

Xi:thenumberoftimesiappearsinnindependent

trialsofunbiased6-sideddie.

E[X1|X2]=

E[X1|X2,X3]=
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E.g.

Xi:thenumberoftimesiappearsinnindependent

trialsofunbiased6-sideddie.

E[X1|X2]=(n−X2)/5

E[X1|X2,X3]=
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E.g.

Xi:thenumberoftimesiappearsinnindependent

trialsofunbiased6-sideddie.

E[X1|X2]=(n−X2)/5

E[X1|X2,X3]=(n−X2−X3)/4

161



•Properties

1.IfX,Yareindependentthen

E[X|Y]=E[X](aconstant),

E[Y
2
|Y]=Y

2
,E[f(Y)|Y]=f(Y).

Letτ1,...,τmarei.i.d.RV’sandX=X(τ1,...,τm).

E.g.InG(n,p),

Pr[τe=1]=p,

whereτe=1ifandonlyiftheedgeeisinG(n,p).

RV”s:ω(G),α(G),χ(G),....

Forsimplicity,let

thesetofedgesKn={e1,...,e(n
2)}andτei=τi.

162



2.ForRV’sX,X
′
,Y,

E[X+X
′
|Y]=E[X|Y]+E[X

′
|Y],E[E[X|Y]]=E[X].

Foranyfunctionf(y),

E[f(Y)X|Y]=f(Y)E[X|Y].
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6.2Martingale

ForRVX=X(τ1,...,τm),let

Xk=E[X|τ1,...,τk]

(foranyindependentτ’s).Then

E[Xk|τ1,...,τl]=







Xlifl≤k

Xkifl≥k,

or

E[Xk|τ1,...,τl]=Xk∧l,k∧l=min{k,l}.
Inparticular,

E[Xk|τ1,...,τk−1]=Xk−1.

Noticealsothat

Xm=E[X|τ1,...,τm]=X.
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DefinitionAsequenceofRV’sX0,X1,...,Xmisamartingale

sequenceifforalli>0,

E[Xi|X0,X1,...,Xi−1]=Xi−1.

Moregenerally,foracollectionofrandomvariables{τi}
m
i=1,a

sequenceofRV’sX0,X1,...,Xmisamartingalesequencewith

respectto{τi}
m
i=1if

E[Xi|τ0,τ1,...,τi−1]=Xi−1,

whereτ0≡0.

E.g.1.(Sumofi.i.dRV’s)LetX1,···,Xmbei.i.dwith

E[X1]=0,e.g.X1=±1w/pr=1/2.Then

{Sk:=X1+···+Xk}

isamartingale.
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2.(Polya’sUrnScheme)

•Anurnwithbblackballsandwwhiteballs.

•Ateachstep,onerandomlychosenballisreplacedbycballsof

thesamecolor.LetXibethefractionofblackballsafterthe

i
th

trial.

•X0,X1,X2,...:Martingalesequence.

3.(EdgeexposureMartingale)

•Probabilityspace:Gn,p.

•Labelm=n(n−1)/2possibleedgeswith1,2,...,m.

•Forj=1,2,...,m,Ijisindicater.v.foredgelabelledj.

•F:realvaluedftn.definedoverthespaceofallgraphs.

(Chromaticnumber,independentnumber,etc)

•Xk=E[F(G)|I1,I2,...,Ik]andX0=E[F(G)],Xm=F(G).
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6.2.1MartingaleInequality

•Martingaledifferencesequence

Formartingale{Xi}
m
k=0withX=Xm,

mart.diff.seq.is{Yk:=Xk−Xk−1}
m
k=1.

Then

Y:=
m∑

k=1

Yk=X−E[X],E[Yk|τ1,...,τk−1]=0

MainIdea:IfeachYkissmallinsomesense

thenwe‘EXPECT’thatX−E[X]issmall.
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RecallY=X−E[X]

LemmaIf

E[e
αYk

|τ1,...,τk−1]≤e
c
2

k
α

2
/2

forallα>0,then

(a)E[e
αY

]≤exp
(

∑

kc
2
kα

2
/2
)

(b)Pr[X−E[X]≥λ]≤exp
(

−λ
2
/2
∑

kc
2
k

)

forallrealnumberλ>0.
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Proof.EASY(a)=⇒(b):ByMarkov’sinequality,

Pr[Y≥λ]=Pr[e
αY

≥e
αλ

]

≤e
−αλ

E[e
αY

]

≤exp
(

−αλ+α
2
∑

k

c
2
k/2
)

Takingα=
λ

�kc2
k

,weobtain(b).
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For(a),weshow

E[e
α(Y1+···+Yi)

]≤exp
(i ∑

k=1

c
2
kα

2
/2
)

foralli=1,...,nbyinduction.Fori=1,

E[e
αY1

]≤exp
(

c
2
1α

2
/2
)

.

Fori>1,theinductionhypothesisgives

E[e
α(Y1+···+Yi)

]=E[E[e
α(Y1+···+Yi)

|τ1,...,τi−1]]

=E[e
α(Y1+···+Yi−1)

E[e
αYi

|τ1,...,τi−1]]

≤E[e
α(Y1+···+Yi−1)

e
c
2

i
α

2
/2

]

≤exp
(i ∑

k=1

c
2
kα

2
/2
)

.

�
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Corollary(Azuma)If

|Yk|≤ck

then

Pr
[

|X−E[X]|≥λ
]

≤2exp
(

−
λ

2

2
∑

n
k=1c2

k

)

forallλ>0.

Proof.Asthefunctionf(x)=e
x

isconvex,and

E[Yk|τ1,...,τk−1]=0,wehave

E[e
αYk

|τ1,...,τk−1]≤
e
αck+e

−αck

2≤exp(c
2
kα

2
/2).

(IfYk(τ1,...,τm)=yforsomeywith|y|<ck,wetake0<a<1

suchthat

ack+(1−a)(−ck)=y
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anddefine

Y
∗
(τ1,...,τm)=







YifYk6=y

ckw/pr=a,−ckw/pr=1−a.

Then

E[e
αYk

|τ1,...,τk−1]≤E[e
αY

∗

|τ1,...,τk−1].
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ForX=X(τ1,...,τm)andanypossiblevalueaofτi,

X(i;a):=X(τ1,...,τi−1,a,τi+1,....τm).

CorollaryIf

|X(i;a)−X(i;b)|≤ci∀i,a,b,

(forallτ1,...,τi−1,τi+1,...,τm),then

Pr
[

|X−E[X]|≥λ
]

≤2exp
(

−
λ

2

2
∑

n
k=1c2

k

)

forallλ>0.

Effectofi:

ci=maxa,b||X(i;a)−X(i;b)||∞.
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Moregenerally,suppose

τ1,...,τm:independentRV’s

with

Pr[τi=0]=1−piandPr[τi=1]=pi.

IfX=X(τ1,...,τm)satisfies

|X(i;a)−X(i;b)|≤ci,∀i,a,b,

(forallτ1,...,τi−1,τi+1,...,τm),thenforσ
2

=
∑

m
i=1pi(1−pi)c

2
iand

λ>0with2λmaxici<σ
2
,

Pr[|X−E[X]|≥λ]≤2e
−λ

2
/(4σ

2
)
.

Proof.Ex.(Use,ifα>0andPr[X=c]=1−Pr[X=0]=p,

thenE[e
α(X−E[X]

]≤1+
α

2
p(1−p)c

2

2+
α

3
p(1−p)c

3
e

αc

6≤
e

α2p(1−p)c2

2+
α3p(1−p)c3eαc

6.Andsetα=λ/σ
2
.
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X:=χ(Gn,1/2):thechromaticnumberofG(n,1/2).

Theorem(ShamirandSpencer(’87))

Pr[|X−E[X]|≥λ
√

n−1]≤2e
−λ

2
/2

.

Proof.Let(set-valued)RVσibethesetofallneighborsin

G(n,1/2)withj>i.Clearly,{σi}areindependentand

|X(i;a)−X(i;b)|≤|X(i;{j:j>i})−X(i;∅)|≤1.

Thus

Pr[|X−E[X]|≥λ
√

n−1]≤2e
−λ

2
(n−1)/2(n−1)

.
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Bollobás(’88)ForX=χ(G(n,1/2)),

E[X]=
(1+o(1))n

2log2n
.

Proof.Recall

α(G):thesizeofalargestindependentset.

Easy(ex.)

χ(G)≥
n

α(G)
.
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For

E[X]≥
(1+o(1))n

2log2n
,

it’senoughtoshowthat

Pr[α(G(n,1/2))≥2(1+o(1))log2n]≤n
−2

(WHY?),orequivalently,forallε>0andα=2(1+ε)log2n,

Pr[∃independentsetAofsizeα]≤n
−2

.
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(FirstMomentMethod)For(fixed)setAofsizeα,as

Pr[Aindependent]=2
−(

α
2)

wehave

Pr[∃independentsetAofsizeα]≤
(

n

α

)

2
−(

α
2)

≤2
αlog2n−α

2
/2+α

=2
−α(εlog2n−1)

≤n
−2

.

Recall

α=2(1+ε)log2n.
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For

E[X]≤
(1+o(1))n

2log2n
,

weneedacoloring.

Plan:Forβ:=2(1−ε)log2n

1.TakeanindependentsetA1ofsizeβinG(exists?),

andassigncolor1toallverticesinit.

2.TakeanindependentsetA2ofβinG\A1,(exists?),andassign

color2toallverticesinit.

..............

Keepdoingthisuntiln/(log2n)
2

verticesremainuncolored,and

thenuseextran/(log2n)
2

colors

tocolorthosevertices.
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Howmanycolorsareused??

n−n/(log2n)
2

2(1−ε)log2n
+

n

(log2n)2≤
(1+2ε)n

2log2n
.

E[#ofindependentsetofsizeβ]=

(

n

β

)

2
−(

β
2)

≥2
β(1−ε/2)log2n−β

2
/2

=2
εβlog2n/2

.

(Secondmomentmethod??)

Supposethesecondmomentmethodworks,

thenforstep2??
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E.g.Twocoins:X1,X2

LookatthetwocoinsandtakeoneHEAD.

Ifthiswerepossible,thenwhatis

theprobabilitytheothercoinis“HEAD”?
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Claim:

Everysubsetofsizen/(log2n)
2

containsanindep.setofsizeβ.

Notethatthereare
(

n

n/(log2n)2

)

≤n
n/(log2n)

2

=2
n/log2n

suchsubsets.

ForfixedsubsetWofsizen/(log2n)
2
,

X=#ofβ-indep.subsetsofW.

WANT:Pr[X=0]�2
−n/log2n
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Acollection{Ai}ofsetsisnearlydisjointif

|Ai∩Aj|≤1∀i6=j.

Y=thesizeofalargestcollectionofnearlydisjointβ-indep.

subsetsofW.

WANT:Pr[X=0]=Pr[Y=0]�2
−n/log2n

.

Wewillshow

E[Y]≥
cn

2

(logn)12.
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Iftrue,thensince

0≤Y(e;0)−Y(e;1)≤1,

wehave

Pr[Y=0]≤Pr[|Y−E[Y]|≥E[Y]]

≤exp
(

−E[Y]
2
/(2
∑

e

1)
)

≤exp
(

−
c
2
n

4
/(logn)

24

n2

)

≤exp
(

−c
∗
n

2
/(logn)

24
)
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SketchofProof.of

E[Y]≥
cn

2

(logn)12.

Let

A=thesetofallβ-indep.subsets(ofW),

B=asetof(unordered)pairs{A,B}ofβ-indep.

subsetswith2≤|A∩B|≤β−1.

Then

E[|B|]=Θ
(

E[|A|]
2
(βlog2n)

4
/n

2
)

=Θ
(

E[|A|]
2
(logn)

12
/n

2
)

.

(Ex.)
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Forq:=E[|A|]/2E[|B|],letCbearandomcollectionofele.inA
with

Pr[A∈C]=q

independentlyofallotherevents.TakeeachpairinbothofBand

C×C,andremoveoneofthemfromC.Thisyieldsanearlydisjoint

collectionC
∗

ofβ-indep.sets.Furthermore,

Y≥|C
∗
|≥|C|−|B∩C×C|=⇒

E[Y]≥E[|C|]−E[|B∩C×C|]
=E[|A]|q−E[|B|]q

2

=
E[|A|]

2

4E[|B|]
=Θ

(

n
2
/(logn)

12
)

.
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