
7LovászLocalLemma

•DependencyDigraph

Let{Bi}beasetofevents.ForeachBi,takeasetofevents,say

{Bj:j∈N
+
(i)},suchthatBiismutuallyindependentofallthe

events{Bj:j6∈N
+

(i)},meaning

Pr
[

Bi∩
⋂

j∈S

Bj

]

=Pr[Bi]Pr
[

⋂

j∈S

Bj

]

,

forallSwithS∩N
+

(i)=∅.DrawdirectededgesfromBitoallof

{Bj:j∈N
+
(i)},

Bv−→Bj∀j∈N
+
(i).
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Formally,let

B1,...,Bn:events,V={1,...,n}.

DigraphD=(V,E)isadependencygraphof{Bi}i∈V

if

∀i∈V,Biismutuallyindependentof{Bj:(i,j)6∈E},

thatis,

Pr
[

Bi∩
⋂

j∈S

Bj

]

=Pr[Bi]Pr
[

⋂

j∈S

Bj

]

,

forallSwithS∩N
+
(i)=∅,where

N
+
(i)={j:(i,j)∈E}.
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LovászLocalLemma

Suppose

Pr[Bi]≤yi

∏

(i,j)∈E

(1−yj),∀i=1,...,n,

for0≤yi<1.Then

Pr[∩
n
i=1B̄i]≥

n∏

i=1

(1−yi)>0.
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CorollaryLet∆bethemaximumdegreeinthedepen.digraph.If

Pr[Bi]≤pandep(∆+1)≤1

then

Pr[∩
n
i=1B̄i]≥

(

1−
1

∆+1

)

n

>0.

Moreover,ifp∆=o(1),then

Pr[∩
n
i=1B̄i]≥e

−(1+o(1))pn
>0.

Proof.Take,respectively,

yi=
1

∆+1
,andyi=(1+ε)p

E.g.IfD→∞,and

Pr[Bi]≤D
−5

,and∆=O(D
3
)
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impliesthat

Pr[∩
n
i=1B̄i]≥e

−(1+o(1))n/D
5

.

Proof.ofLLL

Noticethat

Pr
[n⋂

i=1

B̄i

]

=Pr[B̄1]Pr
[n⋂

i=2

B̄i

∣

∣

∣B̄1

]

=···=

n∏

i=1

Pr
[

B̄i

∣

∣

∣

i−1 ⋂

j=1

B̄j

]

.

NEEDtoprove

Pr
[

Bi

∣

∣

∣

i−1 ⋂

j=1

B̄j

]

≤yi.

Moregenerally,weclaim

Pr
[

Bi

∣

∣

∣

⋂

j∈S

B̄j

]

≤yi.
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forallS,byinductionon|S|.IfS=∅,OK.For|S|≥1,

Pr
[

Bi

∣

∣

∣

⋂

j∈S

B̄j

]

=
Pr[Bi∩

⋂

j∈SB̄j

]

Pr
[

⋂

j∈SB̄j

]
.

LetS1=S∩N
+
iandS2=S\S1,Since

Pr
[

Bi∩
⋂

j∈S

B̄j

]

≤Pr
[

Bi∩
⋂

j∈S2

B̄j

]

=Pr[Bi]Pr
[

⋂

j∈S2

B̄j

]

,

wehave

Pr
[

Bi

∣

∣

∣

⋂

j∈S

B̄j

]

≤
Pr[Bi]

Pr
[

⋂

j∈S1B̄j

∣

∣

∣

⋂

j∈S2B̄j

]

≤
yi

∏

j:(i,j)∈E

(1−yj)

Pr
[

⋂

j∈S1B̄j

∣

∣

∣

⋂

j∈S2B̄j

]
.
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Theinductionhypothesisyields,forS1={j1,...,jr},

Pr
[

⋂

j∈S1

B̄j

∣

∣

∣

⋂

j∈S2

B̄j

]

=Pr
[

B̄j1

∣

∣

∣

⋂

j∈S2

B̄j

]

×

Pr
[

B̄j2

∣

∣

∣B̄j1∩
⋂

j∈S2

B̄j

]

×

······

Pr
[

B̄jr

∣

∣

∣

r−1 ⋂

l=1

B̄jl∩
⋂

j∈S2

B̄j

]

≥
∏

j∈S1

(1−yj)≥
∏

j:(i,j)∈E

(1−yj).

�
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TheoremFork≥9,

anyk-regulark-uniformhypergraphhaspropertyB.

Proof.Randomlytwocolorallverticeswith

Pr[visRED]=Pr[visBlue]=1/2.

Thenfortheevent

Be:“eismonochromatic”

Pr[Be]=2
1−k

=:p.

SetBe→Bfife∩f6=∅.Since∆≤k
2
,

ep(∆+1)≤e2
1−k

(k
2

+1)≤1.

Hence,LLLgives

Pr[∩eB̄e]>0,thatis,∃aproper2-coloring.
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ForahypergraphH=(V,E),

thecodegreecodeg(v,w)ofdistinctverticesv,wis

thenumberofedgescontainingbothofvandw.

AhypergraphH=(V,E)issimpleifcodeg(v,w)≤1.

Theorem(Erdős&Lovász’75)Thereexistsc>0sothat

everysimplek-uniformhypergraphHwith|H|≤c4
k
/k

3

hasPropertyB.

Proof.(Ex.)Foreachedgee,deletealargestdegreevertexofe.

Userandom2-coloringandapplyLLL.

Recall,forf(k)=min{m:∃non-2-colorablek-uniformHwithm

edges},wehad

0.7
(

k

lnk

)

1/2

2
k
≤f(k)≤ck

2
2

k
.
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•vanderWaerdennumberW(k)

·ArithmeticProgression(AP)withktermsin{1,...,n}

a,a+d,a+2d,...,a+(k−1)d∈{1,...,n}

LetW(k)betheleastnsothat,if{1,...,n}istwo-colored,

∃amonochromaticAPwithkterms

W(3)=9,W(4)=35,W(5)=178,...

vanderWaerden(’27)

W(k)isFINITEforanyk.

Thefirstmomentmethodgave

W(k)≥2
k/2

.
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TheoremIf

e(nk
2
/(k−1)+1)2

1−k
<1,

then

W(k)>n.

Thatis,

W(k)>
∼2

k−1
/ek.

Proof.Weneedtofinda2-coloringof{1,...,n}thathasno

monoch.k-termAP.Considertherandom2-coloringand,foreach

k-termAPSin{1,...,n},let

BS:“Sismonoch.”

Then

Pr[BS]=2
1−k

and∆≤k
2
n/(k−1).

�
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•Generalizedmartingaleinequality

Letτ1,...,τmbeindependentRV’swith

Pr[τi=0]=1−piandPr[τi=1]=pi.

IfX=X(τ1,...,τm)satisfies

|X(i;a)−X(i;b)|≤ci,∀i,a,b,

(recallX(i;a):=X(τ1,...,τi−1,a,τi+1,...,τm)),forall

τ1,...,τi−1,τi+1,...,τm,thenforσ
2

=
∑

m
i=1pi(1−pi)c

2
iandλ>0

with2λmaxici<σ
2
,

Pr[|X−E[X]|≥λ]≤2e
−λ

2
/(4σ

2
)
.
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CorollaryofLLL

Let∆bethemaximumdegreeinthedepen.digraph.If

Pr[Bi]≤pwithep(∆+1)≤1

then

Pr[∩
n
i=1B̄i]≥

(

1−
1

∆+1

)

n

>0.

Moreover,ifp∆=o(1),then

Pr[∩
n
i=1B̄i]≥e

−(1+o(1))pn
>0.
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8IncrementalRandomMethod(Nibble

Method)

ForahypergraphH=(V,E),thecodegreecodeg(v,w)ofdistinct

verticesv,wisthenumberofedgescontainingbothofvandw.

AhypergraphH=(V,E)issimpleifcodeg(v,w)≤1.

CoverCofHisasetofedgeswhoseunionisV.

EASY:Forak-uniformhypergraph,aseachedgeinCcoversk

vertices,|C|≥n/k.

C:optimalcoverif|C|=n/k

:nearlyoptimalcoverif|C|=(1+o(1))n/k
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MatchingMofH:asetofpairwisedisjointedges.

Sinceeachedgecontainskvertices,

|M|≤n/k.

M:perfectmatching(PM)if|M|=n/k

:nearlyPMif|M|=(1−o(1))n/k

EASY(Ex.):

optimalcover=PM

and(forfixedkandn→∞)

∃nearlyoptimalcover⇔∃nearlyPM

IsthereanearlyPM??
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•HistoryofIncrementalRandomMethod

Names:Semi-randommethod,NibbleMethod,Dynamicrandom

method

FirstusedbyAKStoprove

Theorem(Ajtai,KomlósandSzemerédi(’81))IfGhasno

triangle,then

α(G)≥c
nlogt

t
.

Thisimpliesthat

R(3,t)≤
c′t2

logt
.
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KnowntomanypeoplebyRödl,whoproved

Theorem(Rödl,’85)Forfixedtandk,∃partialSteinersystem

S(t,k,n)with

|S(t,k,n)|≥(1−o(1))

(

n
t

)

(

k
t

),

wheretheo(1)-termtendsto0asntendstoinfinity.

(ThiswasaconjectureofErdösandHanani.)

“RödlNibl”
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Generalizedtohypergraphby

Frankl&Rödl(’85)

and

Theorem(Pippenger’87)LetHbek-uniformD-regular

hypergraph.

If

max
x,y

codeg(x,y)=o(D),

then∃matchingMwith

|M|≥(1−o(1))|V|
k

.
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Theo(1)termhasbeenimprovedby

Grable(’94)

Alon,K,&Spencer(’96)

Kostochka&Rödl

Vu

K(forSteinerSystem)

Generalized(fornon-constantk)by

Alon,Bollobás,K&Vu

Extendedtoedgecolorings

Pippenger&Spencer(’89)

Kahn(’92)(forlist-coloring)

Kahn&Kayll(’94)(fractionalcoloringvs.list-coloring)

Appliedto(sparse)graphcolorings:
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Notethatforanygraph

χ(G)≤∆+1.

Brooks:forconnectedG

χ(G)≤∆

ifG6=Kn,oddcycle.

Vizing(’68)

IfGhasnotriangle??
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Theorem(K’93)

IfGhasnocycleoflength≤4,then

χl(G)≤(1+o(1))
∆(G)

log∆(G)

Theorem(Johansson’94)IfGhasnotriangle,then

χl(G)≤
c∆(G)

log∆(G)
.
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Appliedalsoto

K(’95):RamseynumberR(3,t)

R(3,t)≥
ct

2

logt
.

Recall:AKS=⇒
R(3,t)≤

c′t2

logt
.

and

K&Vu:completearcofaprojectiveplane

and

Molloy&Reed(’98):coloringandtotalcoloring
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TheoremForfixedkandD→∞,if

H=(V,H):simpleD-reg.k-unif.hypergraph

Then∃nearlyoptimalcoverandnearlyPM.

Recall

Theorem(Turán)ForagraphG=(V,E)with|V|=nandthe

averagedegreet(G)=
1
n

∑

v∈Vd(v)

α(G)≥
n

t(G)+1
.

(Aprobabilistic)Proof.

RandomlyorderallverticesofG,
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Takethefirstvertexv1anddeleteallvertsinitsnbdN(v).

Takethenextundeletedvertexanddothesame.

LetIbetheindependentsetobtained.Enoughtoshowthat

E[|I|]≥
n

t+1
,

Notethat

E[|I|]=E[
∑

v

1(v∈I)]=
∑

v

Pr[v∈I].

where

1(v∈I)=







1ifv∈I

0ifv6∈I.
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IfavertexvprecedesallvertsinN(v)then

v∈I.

Thecorrespondingprobabilityis

1

d(v)+1
.

Wehave

Pr[v∈I]≥
1

d(v)+1
.

Thus

E[|I|]≥
∑

v

1

d(v)+1≥
n

(1/n)
∑

vd(v)+1
=

n

t+1
.

byJensen’sIneq..�
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TheoremForfixedkandD→∞,if

H=(V,H):simpleD-reg.k-unif.hypergraph

Then∃nearlyoptimalcoverandnearlyPM.

Proof.Let

0<ε≤0.01/k
2
.
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•PLAN:(randomly)constructasetC1,calledapartialcover,of

(1+o(ε))εn/kedgeswhichcovers(approx.)(1−e−ε
)nvertices

withthefollowingproperties.

ForthesubhypergraphH∗=(V∗,H∗)consistsofthesetV∗ofall

uncoveredverticesandthesetofH∗ofsurvivingedges,i.e.,

V
∗

=V\
⋃

e∈C1

e,andH
∗

={e∈H:e⊆V
∗
},

andfor

D
∗

=e
−(k−1)ε

D+
√

DlogD/2,

wehave

D
∗
−

√

DlogD≤d
∗
(v)≤D

∗
∀v∈V

∗
.
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NotethatifC1wereanoptimalcoverofsizeεn/k,thenitwould

coverεnvertices.Since

(1−e
−ε

)n=(ε+O(ε
2
))n,

thepartialcoverC1maybecalled

a“nearlyoptimalpartialcover”.

Also,form=#ofedgesinH,

nD=
∑

v

d(v)=km

implies

m=nD/k.
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•Randomconstruction

Independentlyselecteachedge

withprobabilityp=ε/D

andletC1denotethesetofselectededges.

•Probability&Expectation

Then

E[|C1|]=pm=
ε

D

nD

k
=

εn

k
,

andtheprobabilityv∈Visnotcovered(byC1)is

Pr[v∈V
∗
]=(1−p)

D
=(1+O(

1
D))e

−ε
.

Thustheexpected#ofcoveredverticesis

E[|∪e∈C1e|]=
∑

v

Pr[viscovered]=(1−e
−ε

)n+O(
n
D).
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Finally,conditionedonv∈V∗,theprobabilitythatanedgee

containingvsurvivesis

Pr[e∈H
∗
|v∈V

∗
]=(1−p)

(k−1)D
≈e

−(k−1)ε

andhence

E[d
∗
(v)|v∈V

∗
]=(1+O(

1
D))e

−(k−1)ε
D.
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•Concentration

LetX=|C1|.Then

|X(e;0)−X(e;1)|≤1,

and

σ
2

:=
∑

e

p(1−p)≤pm.

Forλ=n/
√

D<
pm
2=

εn
2k,wehave

Pr
[

X−E[X]≥
n

√
D

]

≤e
−(n/

√
D)

2
/4pm

≤e
−n/D

.
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LetY=#ofcoveredvertices=|∪e∈C1e|.Then

|Y(e;0)−Y(e;1)|≤k

and

σ
2
≤pmk

2
.

For2λ=2n/
√

D<pmk
2

=εkn,wehave

Pr
[

Y−E[Y]≤−
n

√
D

]

≤e
−(n/

√
D)

2
/4pmk

2

≤e
−n/D

.

Thus

Pr
[

|C1|≤
εn

k
+

n
√

D
and

∣

∣

∣

⋃

e∈C1

e
∣

∣

∣≥(1−e
−ε

)n−
n

√
D

]

≥1−2e
−n/D

.
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Finally,letd∗
v=d∗(v).Thenconditionedonv∈V∗

|d
∗
v(e;a)−d

∗
v(e;b)|≤







kif∃f3v,f∩e6=∅
0otherwise.

Sincethereare≤kD
2

edgessatisfyingthefirstcondition,

σ
2
≤pk

2
kD

2
=εk

3
D.

For2λ=√DlogD<εk
2
D,wehave

Pr
[

|d
∗
v−E[d

∗
v]|≥

√

DlogD/2
]

≤exp
(

−
(√DlogD/2)

2

4εk3D

)

≤e
−6logD

=D
−6

:=q.
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Themaximumdegree∆ofthedependentdigraph,

∆≤(kD)
3
,whichyieldsq∆�1.

Therefore,

Pr
[

|d
∗
v−E[d

∗
v]|≤

√

DlogD/2,∀v∈V
∗
]

≥e
−(1+o(1))qn

=e
−(1+o(1))n/D

6

.

Recall

Pr
[

|C1|≤
εn

k
+

n
√

D
and

|
⋃

e∈C1

e|≥(1−e
−ε

)n−
n

√
D

]

≥1−2e
−n/D

.
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Homework1:Exercisesinpages31,40,43,52,88,108,110,112,126
(Due2/2/07)
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