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Abstract

In 1943, Hadwiger made the conjecture that every loopless graph not contractible
to the complete graph on t + 1 vertices is t-colourable. When ¢ < 3 this is easy, and
when t = 4, Wagner’s theorem of 1937 shows the conjecture to be equivalent to the
four-colour conjecture (the 4CC). However, when ¢ > 5 it has remained open. Here
we show that when ¢ = 5 it is also equivalent to the 4CC. More precisely, we show
(without assuming the 4CC) that every minimal counterexample to Hadwiger’s
conjecture when ¢t = 5 is “apex”, that is, it consists of a planar graph with one
additional vertex. Consequently, the 4CC implies Hadwiger’s conjecture when ¢ = 5,

because it implies that apex graphs are 5-colourable.



1. INTRODUCTION

The following conjecture was made by H. Hadwiger in 1943 [4].

(1.1) (Hadwiger’s conjecture) For everyt > 0, every loopless graph with no K 1-minor

18 t-colourable.

(All graphs in this paper are finite; K, is the complete graph with n vertices; a graph
H is a minor of a graph GG if H can be obtained from a subgraph of G by contracting
edges; an H-minor of G is a minor isomorphic to H; a t-colouring of G is a function ¢
from the vertex set V(G) of G into {1, ...,t} so that ¢(u) # ¢(v) for every edge with ends

u,v; and G is t-colourable if it has a t-colouring.)

For t =0,1,2 (1.1) is obvious, and Hadwiger [4] and Dirac [3] proved (1.1) for ¢ = 3,
when it is also easy. For ¢ = 4, however, (1.1) seems extremely difficult. It evidently
implies the four-colour conjecture (that every loopless planar graph is 4-colourable —
briefly, the 4CC) because no planar graph has a Ks-minor; and in 1937 Wagner [16]
proved the equivalence of the two. The 4CC remained open until 1977, when Appel and

Haken [1, 2] announced a proof.

Our main result is that the 4CC implies Hadwiger’s conjecture for ¢t = 5. Since the
converse implication is easy, we cannot do without the 4CC. However, we can reformulate
the main result to avoid mention of the 4CC, in the following way ((1.2) below). A graph
G is simple if it has no loops or parallel edges. Let us say G is a Hadwiger graph if

(i) G is simple and not 5-colourable
(ii) every loopless minor of G with fewer vertices than G is 5-colourable, and

(iii) G has no Kg-minor (or equivalently, in view of (ii), G # Kg).



Hadwiger’s conjecture for t = 5 is therefore that there is no Hadwiger graph. Let us say
a graph G is apex if G\v is planar for some vertex v. (We use G\ X to denote the graph
obtained from G by deleting X; here X can be a vertex or an edge, or a set of vertices or

edges.) Without assuming the 4CC, we shall prove the following.

(1.2) FEwvery Hadwiger graph is apex.

Since the 4CC obviously implies that every loopless apex graph is 5-colourable and

hence is not a Hadwiger graph, (1.2) together with the 4CC imply (1.1) with ¢t = 5.

This paper is therefore devoted to proving (1.2). The proof falls into five separate

steps. (We assume Mader’s result that every Hadwiger graph is 6-connected.)

Step 1: A non-apex Hadwiger graph has minimum valency > 7 except for at most

two vertices of valency 6.

To prove this we study the distribution of K,-subgraphs in a non-apex Hadwiger graph
G. It is easy to show that no edge of G is in four triangles, and so no two K4-subgraphs
meet in exactly two vertices. If there are three K -subgraphs meeting pairwise in at most
one vertex, then either they have a common vertex (when we can prove that G is apex, a
contradiction, in section 3) or not (when we can find a Kg-minor, a contradiction, using
Mader’s “H-Wege” theorem, in section 4). Thus there are not three such subgraphs. On
the other hand, it is easy to show that no three K,-subgraphs meet pairwise in 3 vertices:
and it follows that G has < 4 K,-subgraphs. But every vertex of valency 6 belongs to
> 2 Kj-subgraphs, for otherwise a 5-colouring of a minor of G could be extended to a

5-colouring of G; and it easily follows (in section 5) that there are < 2 such vertices.

Step 2: A non-apex Hadwiger graph is T-connected except for its (< 2) wvertices of



valency 6.

For this, assume that (A, B) is a separation of a non-apex Hadwiger graph G, that is,
A, B CV(G),AUB = V(G), and no vertex in A — B is adjacent to a vertex in B — A.
Moreover, assume that |[AN B| = 6, and |A— B|, |B— A| > 2. We prove in section 6 that
for any four vertices vy, ..., vy € AN B, the restriction of G to (A— B)U{vy,...,v4} can be
contracted to a K, on {vy, ..., v }; this uses the result of step 1, and also a characterization
of when such a contraction to K, is possible, proved in section 2. Now we examine the
six-vertex graph G|AN B. (If X C V(G), G| X denotes the graph G\(V(G) — X).) It is
easy to show, contracting Ky’s from left and right onto AN B appropriately, that G|ANB
has no circuit of length 4. The remainder of step 2 breaks into cases, because we need to
enumerate all the possibilities for G|A N B. Here is a simple one, when G|A N B has no
edges: then we contract A to a single vertex, find a 5-colouring, and deduce that G|B has
a 5-colouring in which all the vertices in A N B have the same colour. But so does G|A,
and we fit these two 5-colourings together to obtain a 5-colouring of G, a contradiction.
All except one of the possibilities for G|A N B can be disposed of by this and similar
arguments (section 7). The remaining possibility for G|A N B is that it is a 5-edge path.
Disposing of this is much more difficult, and occupies sections 8, 9 and 10; roughly we
show that in this case, if we choose such (A, B) with A minimal, then both G|A and
G|B can be drawn in the plane with < 1 crossing, contrary to the result of step 1. This

completes step 2.

Step 3: Find ten forbidden subgraphs.

We observed earlier that no edge was in four triangles. For this we only needed 6-
connectivity, and now we have 7-connectivity (more or less) by step 2. We can therefore
get more; for instance, that if we contract one edge of G, still no edge is in four triangles.

By similar means, we find (in section 11) a list of ten graphs, with about 8 vertices and



11 edges, that are not subgraphs of any non-apex Hadwiger graph.

Step 4: There is a perfect matching.

More exactly, there is a matching of cardinality L%V(G)J For if not, by Tutte’s theo-
rem, there exists Z C V(G) such that G\ Z has > |Z|+2 components, and by contracting
appropriately we obtain a simple minor H of G with > 4|V (H)| edges; but this is impos-
sible, for Mader proved that a simple graph H with > 4|V (H)| — 10 edges has a Kg-minor.

This is the content of section 12.

Step 5: There is a reducible configuration.

By a “reducible configuration” we mean, roughly, a subgraph of G (whose vertices
typically have small valency in GG) such that there corresponds a proper minor of G' every
5-colouring of which induces a 5-colouring of G. The most trivial one is a single vertex
v which is 4-valent in G; then every 5-colouring of G\v extends to one of G. Of course,
we already know that G has no 4-valent vertices, but there are more useful reducible
configurations, for example, two adjacent vertices of valency 7 and 8, joined by an edge in
three triangles, where neither vertex is in a K -subgraph. A Hadwiger graph by definition
cannot contain a reducible configuration. However, let us take the matching of step 4,
and contract its edges, and delete any resultant parallel edges. If |V(G)| = n, we obtain
a graph with (about) in vertices, and therefore, by Mader’s theorem, at most 4(3n) — 10
edges. But G has > %n — 1 edges, by step 1; where did the extra > %n edges go? %n were
lost because they were contracted, but the remaining > n edges became parallel and were
discarded for that reason. Consequently, on average an edge of the matching belongs to
several triangles or squares, and more (on average) if its ends have valency > 7. This

leads to a proof (in section 13) that there is either a reducible configuration or a forbidden

subgraph in any non-apex Hadwiger graph, and so there is no such graph.



There is a very interesting conjecture due to Jorgensen [5], that every 6-connected
graph with no Kg-minor is apex. This would obviously imply our result, because Had-
wiger graphs are 6-connected, and we spent a good deal of effort trying to prove it, with
no success. However, it does seem to us to be true, and with a view to this conjecture we
organized sections 2-4 to apply to all graphs satisfying the hypotheses of the conjecture,
rather than just to Hadwiger graphs.

2. FINDING A K,-MINOR

Let G be a graph. Its vertex- and edge-sets are denoted by V(G) and E(G). As
in section 1, G\ X denotes the result of deleting X, and for X C V(G),G|X denotes
G\(V(G)— X). Thus, G| X is the subgraph of G induced on X. A subset X C V(G) is a
fragment of G if X # () and G|X is connected. If XY C V(G), we say XY are adjacent
in Gif XNY =0 and some z € X is adjacent in G to some y € Y. If there is an edge of
G with ends z,y € V(G) we say zy are adjacent (with no comma, because we shall need
lists ab, uv, xy, ... of adjacent pairs), and if there is a unique edge with ends z,y we speak

of the edge zy or yx.

A cluster in GG is a set of mutually adjacent fragments of G, and it is a p-cluster if
it has cardinality p. Thus, G' has a K,-minor if and only if it has a p-cluster. Given p
distinct vertices vy, ..., v, a cluster C is said to traverse vy, ..., v, or {vi,...,v,} if |C| = p,
and C can be written as C = {Xy,..., X,,} in such a way that v; € X; (1 <i <p). Our
concern here is, given four vertices of a graph GG, when is there a cluster in G traversing

them?

If H,J are subgraphs of G, then H U J denotes the subgraph with vertex set V(H) U
V(J) and edge set E(H) UE(J), and H N J is defined similarly. We say subgraphs H, J
are disjoint if V(H N J) = 0. A separation of G is a pair (A, B) of subsets of V(G) such
that (G|A) U (G|B) = G, that is, AU B = V(@) and no edge has one end in A — B and



the other in B — A. Its order is |A N B|. It is a k-separation if it has order k, and a

(< k)-separation if its order is < k.

Let Zy,Zy,...,Zr C V(G) be disjoint. We say that (the subpartition) Zi, ..., Zj is
feasible in G (via X7, ..., X}) if there are disjoint fragments X, ..., X} of G with Z; C X

(1 <i<k); and it is infeasible otherwise.

Paths and circuits by definition have no repeated vertices or edges. We begin with the

following.

(2.1) Let vq,...,v4 € V(G) be distinct. Then there exist disjoint fragments X, ..., X4
of G such that v; € X; (1 <1 < 4) and X1X5, XoX3, X3X4, Xy Xy are adjacent, if and
only if {v1,va}, {vs,v4} and {ve,v3},{v1,v4} are both feasible in G.

Proof: The “only if” implication is easy, and we prove “if”. Let P,Q, R,S be paths
of GG, chosen with P U @) U RU S minimal, such that

(i) P has ends vyvy, @ has ends vyvs, R has ends v3vy, and S has ends vyv4
(ii) P, R are disjoint and @, S are disjoint.

These exist, from the feasibility hypothesis.

By an arc we mean here a path of Q U S with distinct ends both in P U R and with
no edge or internal vertex in PU R. Every arc is a subpath of @) or of S, and both @ and

S contain at least one arc.

(1) FEwvery arc has one end in V(P) and the other in V(R).

For if some arc A has both ends in V(P) say, let P’ be the path obtained from P by
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replacing by A the subpath of P between the ends of A; then P’ Q, R, S satisfy (i) and
(ii) above, and P"UQ U RU S is a proper subgraph of PUQ U RU S, contrary to the
choice of P,Q, R, S.

Let @' be the arc in @) closest to v, with ends a, b where a lies in @ between b and
vy. Let P’ be the subpath of @) between a and v,. Since P’ C P U R and has an end vy,
it follows that P’ C PN @, and in particular a € V(P) and b € V(R) by (1). Let S’ be
the arc in S closest to vy, with ends ¢, d where ¢ lies between d and v4; and let R’ be the
subpath of S between ¢ and vy. Similarly, R C RN S,c € V(R), and d € V(P). Now
d ¢ V(P') since PP C Q and d € V(Q); and b ¢ V(R') similarly. Thus taking

Xl — V
X2 == V
X; = V(R)—V(R)

X, = V(RUS) - {d}

satisfies the theorem. [ |

In (2.1) we asked that a specific four pairs of X7, ..., Xy should be adjacent. Even-
tually, we want all six to be adjacent; and the next step is a specific five. A trisection
of G is a triple (A, B,C) of subsets of V(G) such that ANB = ANC = BN C and
(G|A) U (G|B) U (G|C) = G} its orderis |AN BN C|.

(2.2) Let vy,...,v4 € V(G) be distinct. Then the following are equivalent:

(i) there exist disjoint fragments X1, ..., X4 of G with v; € X; (1 < i < 4) such
that X1X27X1X3,X1X4,X2X3,X2X4 are adjacent

(i) all the following hold:



(a) {v1,vs3},{ve, v} is feasible,
(b) {v1,v4}, {ve,vs3} is feasible, and

(c) for every trisection (A1, Aa, B) of G of order 2 with A1 N AsNB =
{x1, 22} such that v; € A; — {x1,22} (i = 1,2) and v3,vy € B,
there are disjoint fragments Y1, ..., Yy of G|B with x1 € Y1, x5 € Y5,
vy € Y3,v4 € Yy such that Y1Y3, V1Y, YoY3. Y5V, are all adjacent.

Proof: That (i) implies (ii) is easy, and we omit it. Let us prove the converse. We assume
that (ii) holds. By (2.1) and (ii)(a), (ii)(b), there is a circuit C' of G, and four distinct
vertices uq, ug, us, uy of C'; such that wuq, us, us, uy occur in C' in order, and there are four
disjoint paths Py, ..., Py of GG, such that P; has ends u;,v; and has no vertex in C' except
u;. Choose C' and P, ..., P, with P3 U Py minimal. Let the path of C' between u; and us

not containing wus, u4 be Ci3, and define C1y4, Cy3, Cyy similarly.

(1) There is no path of G from V(P U P, UC) to V(P3U Py) with no vertex in {us, u4}.

For if there is such a path P we may assume it has one end u in V (P,UC3UC4) and the
other end v in V(P3), and has no vertex in {us, u4}, and has no vertex in CUP;UP,UP;UP,
except its ends. If u € V(P UCh4) we may replace Ci3 by P, contrary to the minimality
of PsU Py; and if u € V(C13) we replace the subpath of C3 between u and uz by P, again
contrary to the minimality of P; U P;. This proves (1).

From (1), there is a separation (A, B) of G with V(CUP,UP,) C Aand V(P3UP;) C B,
with AN B = {Ug, U4}.

(2) We may assume that there is a separation (Ay, As) of G|A with Ay N Ay = {ug, us},

v € A — {Ug,U4} and vy € Ay — {Ug,’d4}.



For if there is a path of G|A from vy to vy avoiding uz and ug4, there is a minimal path
P from V(Pl U 013 U 014) — {U3, U4} to V(Pg U 023 U 024) — {U3, U4} in G|(A — {Ug, U4});
but then taking

Xl = VP1U013U014UP)—{U3,U4,U}

(
X2 = V(P2 U 023 U 024) — {Ug, U4}
X3 == V(Pg)
Xy = V(PR

satisfies (i) where v is the end of P in V/(Py U Ca3 U Cyq) — {us, us}. This proves (2).

From (ii)(c) applied to the trisection (Aj;, A2, B) of (2), there are disjoint fragments
Y1,...,Y, of G|B such that us € Y1,uy € Yz,v3 € Y3,04 € Yy, and Y Y3, V1Y), Y5Y53,Y5Y)

are all adjacent. Let

Xl = YiUV(PlLJClgUCM)—{U;l}
Xg = }/QUV(PQUCQLL)

X3 = Y3
Xy = Yy
then (i) holds, as required. |

The main result of this section is the following.

(2.3) Let Z C V(G) with |Z| = 4. Then the following are equivalent:

(i) there is a cluster in G traversing Z
(i) for every ordering Z = {v1,...,v4} both the following hold:
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(a) {v1,v2},{vs,v4} is feasible in G, and

(b) for every trisection (A1, As, B) of G of order 2 with Ay N Ay N B =
{1, 29} such that v; € A; — {x1,22} (i = 1,2) and vs,vy € B, there
are disjoint fragments Y1, ..., Y, of G|B with x1 € Y1, 29 € Y3, v3 €
Y5, v4 € Yy such that Y1Y3, Y1Yy, YoY3, YoV, Y3Y, are all adjacent.

Proof: Again, that (i) implies (ii) is easy, and we shall just prove the converse. We assume
that (ii) holds. It follows easily that we may assume G is 2-connected (by induction on

|V (G)|, say). We assume for a contradiction that (i) is false.

(1) There is no trisection (Ay, Aa, B) of order 2 such that Ay —(AsUB) and As —(A1UB)

both contain exactly one member of Z.

For suppose that (A, As, B) is such a trisection, and let A; N Ay N B = {x,2z2}.
Let Z = {vy,...,u4} where v; € A; — {x1, 22} (i = 1,2) say. Since G is 2-connected,
{v1, 21} is feasible in G|(A; — {z2}), and {vy, 22} is feasible in G|(Ay — {z1}), and hence
{v1, 21}, {va, x2} is feasible in G|(A; U As). Also, since G is 2-connected, there is a path
of G|(A; U Ay) between v; and ve. Consequently, there are adjacent fragments Y/, Y, of
G|(A1 U Ay) with vy, 21 € Y] and v, 29 € Y;. By (ii) there are fragments Y1, ..., Y, of G|B
as in (ii). Then {Y, UY], Yo U Y] Y5, Yy} is a cluster in G traversing Z, a contradiction.
This proves (1).

(2) There is no 2-separation (A, B) of G such that |(A—B)NZ| =|(B—A)NZ|=2.

For suppose that (A, B) is such a 2-separation; let (A — B) N Z = {vy,vs}, (B —
A)NZ = {vs,m}, AN B = {x1,22}. By exchanging v, vy if necessary, we may as-

10



sume that {vy,x;}, {vs, 22} is feasible in G|A, since G is 2-connected, and similarly that

{vs, x1}, {vy, 22} is feasible in G|B.

By (2.3)(ii)(a), {v1,v4}, {va, v3} is feasible in G, and so either {vy, x5}, {ve, x1} is feasi-
ble in G|A, or {vs, x2}, {v4, 21} is feasible in G|B, and from the symmetry we may assume
the latter. If (A}, A}, B') is a trisection of G|B of order 2 with A]NA,NB" = {x], x4} say,
and with vy € A|—{x), 24}, vg € AL,—{a), 24} and z1, x5 € B’, then (A4}, A, B'UA) is a tri-
section of G contrary to (1). Thus there is no such (A}, A5, B’), and so by (2.2) applied to
G| B, there are disjoint fragments Y7, ..., Yy of G|B with x; € Y}, 29 € Y, v3 € Y3,04 € Y},
and with Y1Y3, YY)y, YoV, YoV, V3Y, all adjacent. Choose disjoint fragments Y, Y] of
G|A with vy, 27 € Y/ and ve, 25 € Y] and with Y/Y] adjacent (this is possible since GG
is 2-connected); then {Y,UY/, YoUY,, Y3, Yy} satisfies (i), a contradiction. This proves (2).

(3) There do not exist disjoint paths Py, Py of G with ends vi,v3 € Z and vy,v4 € Z
respectively, and distinct vertices aq,by,c1 of Py in order (with ay closest to vy) and dis-
tinct vertices ag, by, co of Py in order (with ay closest to vy) and disjoint paths Q1, Qa, Q3
of G with ends aibs, asby, and cico respectively, so that QQ1,Qs, Qs have no vertices in

V (P, U Py) except their ends.

For suppose such Py, Py, QQ1, Q2, Q3 exist. Since by, by # vy, Vg, v3, vy, there is by (2) a
path P of G from
V(A UQ1UB; UAyUQyU By)

to V(C1 U Dy UCyU Dy UQ3), with by, by & V(P), where Ay, By, Cy, D; are the subpaths
of P, with ends viay, a1by, bicy, civz and Ay, By, Cy, Dy C Py are defined similarly. Take a
minimal such subpath P, with ends u € V(4; UByUQ1) — {b1,b2} and v € V(C; U Dy U

11



Q3) — {b1, co} say (without loss of generality, by exchanging v; with vy or v3 with vy). Let

X; = V(A UB UQy) — {b, b}

X, = V(AyUByUQ,) — {b}

X; = V(CiUD UQsUP) — {by,ca,u}
Xy = V(CyU Dy);

then {X,..., Xy} is a cluster traversing Z, a contradiction. This proves (3).

Let Z = {vy,...,u4}. Since {v1, v}, {vs,v4} is feasible and so are the other two sim-
ilar partitions, it follows from (2.1) that there is a circuit C' and four distinct vertices
Uy, Ug, us, uy of it, in order on C', and four disjoint paths Py, ..., Py, where P; has ends
v;, u; and has no vertex in C' except u;; and there are disjoint paths ), R with ends vy, v3
and wvq, vy respectively. Let P, U ...U P,UC = H. Let Ci5 be the path of C' between
uy and ug not containing us, uys, and define Cyz, C34, Cy; similarly. By an arc we mean a

subpath of QUR with distinct ends both in V' (H) and with no edge or internal vertex in H.

(4) No arc has ends uw € V(Py) —{u1} and v € V(Ca3 U C34 U P3) — {uz, us}.

For suppose that P is such an arc. By (3) (with vy, vs exchanged) v & V(Ps) — {us};
by (3) v € V(Ca3) — {us,us}, and by (3) (with vy, vy exchanged) v € V(Cs4) — {us, uys}.
Thus, v =u3. Let Ty = PU P}, Ty, = C1o U Co3 U Py, Ty = Cy; U C34 U Py; we see there is
symmetry between T}, Ty and T3 exchanging v;, v and v, and fixing u;. By (1) there is a
path S of G joining two of 17, Ty, T3, P3 with no vertex in {u,uz}. Choose a minimal such

path S, with ends a, b say. From (3) with vy, ..., v, permuted, it follows that a,b € V (P3),

12



and so we may assume from the symmetry that a € V(7}) and b € V(T3). Then setting

Xl =V SUTl) — {ul,u3,b}

(
X2 = V(TQ) — {Ul, U3}
X3 == V(Pg)
X4 = V(Tg) — {Ug}

defines a cluster traversing Z, a contradiction. This proves (4).

Now choose Py, ..., Py, C,Q, R, H with H U@ U R minimal, and subject to that with
Y| E(P;)| minimum.

(5) No arc has an end in V(Py) — {uy}.

For suppose that P is an arc with ends u, v where u € V(P;) — {u;}. By (4),
UEV(P1U012UP2UC41UP4)—{U,},

and by the symmetry we may assume that v € V(P U C;p U Py) — {u}. If v € V(P),
then we may replace the subpath of P, between v and v by P, thereby reducing the union
HUQU R, a contradiction. If v € V/(Cia U Py) — {u1}, we may replace by P either Cio
(if v € V(P,)) or the path of Ci5 between u; and v (if v € V(C}2)), thereby reducing
Y|E(P;)| while not increasing the union H U Q U R, a contradiction. This proves (5).

From (5) it follows that P, C @, and similarly P, C R, P; C Q,P; C R. Now Q € H
since ug, ug € V(@) and so there is an arc in @); let the first arc in @) be A (that is, closest
to vy in Q). Similarly, let the arc in R closest to v, be B. Let A have ends ay, az, and B
have ends by, by, where a; is between v; and as in ), and b; is between vy and by in R. Since
the subpath @’ of @) between vy and a; is in H, it follows that a; € V(C1oUC14) — {us, uys},
and @' is the path of H\{us,us} between v; and a;. Suppose that ay € V(Cio U Cyy).
Let as € V(Ch2) — {u1,us} say. If a3 € V(Cia) we may reduce the union H UQ U R by
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replacing the subpath of Ci5 between a; and ap by A; and if a; € V(Cy1), we may similarly
reduce the union by replacing by A either the subpath of C5 between u; and as, or the
subpath of Cy; between u; and ay, whichever is not included in QU R. In either case, we
have a contradiction, and so as & V(C1oUCY4;). Hence, as € V(Co3UC34). By exchanging
vy and v, we may therefore assume that ay € V(Cs3). Similarly, b € V(Ci2 U Co3) and
by € V(C34,UCyp). Let R’ be the subpath of R between vy and b;. Then setting

X, = V(QUCw) —V(R)
Xy =V
X3 = V(CyuUP3UA)— (V(R)U{a1})

Xy = V(C34UCH UPUB)— (V(Q') U {by,us})

defines a cluster traversing Z, a contradiction. This completes the proof. [ |

We need also the following, a slight variation on a result of [11] - see also [6, 12, 13, 14].

(2.4) Let vy, ..., v be distinct vertices of a graph G. Then either

(i) there are disjoint paths of G with ends pips and qiqa Tespectively, so that

P1, 1, D2, G2 occur in the sequence vy, ..., v in order, or
(ii) there is a (< 3)-separation (A, B) of G with vy, ...,vx € A and |B— A| > 2, or

(iii) G can be drawn in a disc with vy, ..., v, on the boundary in order.

Proof: We may assume that every vertex of G not in {vq,...,vx} has > 3 neighbours.
Hence there is no (< 2)-separation (A, B) of G with vy, ..., € A and |B — A| =1, and
the statement follows from [11, theorems (2.3) and (2.4)]. |
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We deduce

(2.5) Let s1,tq,82,to € V(G) be distinct. Then either

(i) {s1,t1}, {s2,t2} is feasible in G, or

(ii) {s1,t1} is not feasible in G\{sa,t2}, or {ss,ta} is not feasible in G\{s1,t1},

or

(iii) there is a (< 3)-separation (A, B) of G with s1,t1,82,ty € A and |B — A| > 2
and ‘B N {Sl,tl,Sg,tQH < 2, or

(iv) G can be drawn in a disc with s1, s9,11,ts on the boundary in order.

Proof: We proceed by induction on |[V(G)| + |E(G)|. We may therefore assume that
G is simple, and every vertex not in {si, se,t1,t2} has valency > 3. By (2.4), since we
may assume that (i) and (iv) are false, there is a (< 3)-separation (A, B) of G with
s1,t1,89,t5 € A and |B — A| > 2. We may therefore assume that B contains three of
s1,t1, S, ta, for otherwise (iii) holds; say si,t1,s0 € B. Assuming (ii) is false, there is a
path P from ss to ty with s1,%; & V(P) and hence with V(P)NB = {s2}. Since (i) is false,
there is no path in G|(B — {s2}) between s; and t;. Consequently we may choose a sepa-
ration (X,Y) of G|B with X NY = {s2},s; € X and t; € Y. Since |B — A| > 2, we may
assume that | X — A| > 1; let v € X — A. Since v has valency > 3, it follows that | X| > 4,
and so | X — A| > 2. But (Y UA, X) is a 2-separation of G with sq,t, s3,t5 € Y U A, and
so (iii) holds. |

From (2.3) and (2.5) we deduce:

(2.6) Let Z CV(G) with |Z| = 4. Then either
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(i) there is a cluster in G traversing Z, or

(i) there is a trisection (Ay, Aa, B) of order 2 such that |ZN(A;—B)| =1 (i = 1,2),

or

(iii) there is a (< 3)-separation (A, B) with Z C A and |B—A| > 2 and |ZNB| < 2,

or

(iv) G can be drawn in a plane so that every vertex in Z is incident with the infinite

TeGION.

Proof: We assume that (i) is false. By (2.3) we may order Z = {vy,...,v4} so that one
of (2.3)(ii)(a), (2.3)(ii)(b) is false. If (2.3)(ii)(a) is false, then by (2.5), one of (ii), (iii),
(iv) holds. (In particular, if (2.5)(ii) holds and Z = {vy, ..., v4} and {vy, vo} is not feasible
in G\{vs, v4}, then (ii) holds, taking B = {vs, vs4}.) If (2.3)(ii)(b) is false, then (ii) holds. H

We shall apply (2.6) several times in our approach to Hadwiger’s conjecture; the first
is the following, which for Hadwiger graphs was proved independently by J. Mayer (un-
published). A triangle of G is a circuit of G of length 3.

(2.7) Let G be a simple 6-connected graph with no Kg-minor, which is not apex. Then

every edge of G is in < 3 triangles.

Proof: Suppose that there are triangles with vertex sets {x1,x2,v;} (1 < i < 4), where
X1, Ta, V1, Uz, U, vy are distinct. Let G = G\{x1, 22}, and let us apply (2.6) to G', tak-
ing Z = {vy,...,v4}. If (2.6)(i) holds, and C is a cluster in G’ traversing Z, then C
U{{x1}, {z2}} is a 6-cluster in G, a contradiction. Since G’ is 4-connected, (2.6)(ii) and
(2.6)(iii) do not hold, and so (2.6)(iv) holds, and G’ can be drawn in a plane so that

vy, ..., vy are all incident with the infinite region. Since G’ is 2-connected and loopless and
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|[V(G")| > 3 there is a circuit C' bounding the infinite region. Let X = V(G’') — V(CO).
Since G’ is 3-connected and |V (C)| > 4, it follows that X # (), and that X is a fragment
of G'. Let Py, Py, P; be three disjoint paths in C' with V(P, U P, U P3) = V(C') and with
v; € V(P;)(1 < i < 3). Now vy, vs,v3 all have neighbours in X since G’ is 3-connected,
and yet

{V(£1),V (), V(Ps), X {21}, {aa}}

is not a 6-cluster in G. Consequently, one of x1, x5 has no neighbour in X, say x,. But

then G'\z is planar, and so G is apex, a contradiction as required. |

Let us also mention the following, the proof of which is clear.

(2.8) Let G be a 5-connected graph with no Kg-minor and with |V (G)| > 6. Then
no subgraph of G is isomorphic to Ks.

3. TRIADS AND TRIPODS

A triad in G is a connected subgraph T of G with no circuits, with one vertex of
valency 3 and all others of valency < 2. Necessarily, it has precisely three vertices of
valency 1, called its feet. It is lean (in G) if V(T") = V(T) for every triad 7" in G with
V(T") C V(T) and with the same feet as T

If H is a subgraph of GG, an H-flap is the vertex set of a connected component of

G\V(H).

(3.1) Let G be simple and let vi,ve,v3 € V(G) be distinct, such that there is no (< 3)-
separation (A, B) with vy, vy, v3 € A, |A| >4 and |V(G) — A| > 1. Let Ty be a triad in G
with feet vy, v, v3, and let W be a Ty-flap. Then there is a lean triad T with feet vy, vq, v3
and with V(T) N W = 0, such that there is only one T-flap.
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Proof: (Our thanks to the referee for the following, which is much better than our original

proof.) We say (aq, ..., ay,) is lezicographically larger than (B4, ..., By,) if either
(i) m<nand o; = fori =1,...,m, or

(ii) there exists j with 1 < j < min(m,n) so that o; > (; and o = f3; for

i=1,..,j—1.

Let T be a triad with feet vy, v9, v3, and with V(T) N W = (). Since G|W is connected,
there is a T-flap B say, with W C Bjy; let the T-flaps be By, ..., B,, say, ordered so that
|By| > |Bs| > ... > |B,|. Since there is such a triad 7" (namely Tp), we may choose T
so that (| By, ...,|Bxl|) is lexicographically maximum. We shall show that 7" satisfies the

theorem. Clearly it is lean; we must show that n = 1.

Let us say that v € V(G) is essential if v € V(T") for every triad 1" with feet
vy, U2, v3 and with V(T") C V(T') U B,,. Every vertex v of V(T') U B,, with a neighbour
in By U...U B,_ is essential: for if not, there is a triad 7" with feet vy, v, v3 and with
V(T") C (V(T)U B,) — {v}, and replacing T' by T" would give a lexicographic increase of
(IB1l, -, | Bl)-

Let S be the set of all essential vertices; thus, S C V(T'). Let K be the component of
G\ S containing B,,; thus, V(K) C V(T)U B,,. Let S’ be the set of all vertices in S with

a neighbour in K.

We claim that S| < 3. If S” C {v;, vy, v3} the claim is true, and so we may assume
that "N (V(T) — {v1,ve,v3}) # 0. Consequently, for i = 1,2, 3 there is a path of T from
v; to a member of S’ with only one vertex in {vy, v, v3}; and by choosing it minimal we
may assume it has only one vertex in S’. Consequently there is a path P; from v; to V(K)
with

V(R) cV(T)UV(K) CV(T)UB,
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with only one vertex in {vy, v, v3}. Now Py U P, U Py U K is connected and vy, v, v3 each
have valency 1 in this subgraph; for v; ¢ V(K) since v; € S (1 <14 < 3). Hence there is
a triad 7" C Py U P, U Py UK with feet vy, v9, v3. Since each P; contains only one member
of S" and K contains none, it follows that |S’NV(T")| < 3. But V(") C V(T)U B,,, and
so S’ C S C V(T"); and therefore |S’| < 3. This proves our claim that |S’| < 3.

Let A=V(G)—-V(K), B=V(K)US' Then (A, B) is a (< 3)-separation of G with
vy, V9,03 € A, and with

V(G) = Al = |V(K)| > L.

From the hypothesis, |A| < 3, and so since vy, vy, v3 € A it follows that A = {v, va,v3}.

But for 1 <1i < n,
B.NB=BNV(K)US)C B N(B,UV(T))=0

and vy, vy, v3 € B;, and so B; = () which is impossible; and therefore n = 1 as required. i

Let vy, vy, v3 be mutually adjacent vertices of a graph G. We say G is triangular with

respect to vy, v9, v3 if G is simple, and either

(i) for some 7 (1 < ¢ < 3),G\v; has maximum valency < 2, and either G\v; is a

circuit or it has no circuit, or

(ii) all vertices of G have valency < 3, there is at most one 3-valent vertex v #

v1, Ve, v3, and G\{vy, va, v3} has no circuit, or

(iii) all vertices of G have valency < 3, there is a triangle C' with vy, vy, v3 & V(C),
every 3-valent vertex of G is in {vy, v, v3} U V(C), and every circuit of C

except these two triangles meets both {vy, vo, v3} and V(C).

The motivation for this is the following.
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(3.2) Let v1,va,v3 € V(G) be distinct, mutually adjacent vertices of G, and let T be
a lean triad in G with feet vi,vq,v3. Let vi,v9,v3 € Z C V(T); then G|Z is triangular

with respect to vy, vg, V3.

Proof: 1t suffices to show that G|V(T') is triangular. Let a be the 3-valent vertex of
T, and for 1 < i < 3 let P; be the path of T between a and v;. Let K = G|{vy,v2,v3}.
If GIV(T) = T U K then (ii) holds as required, and so we may assume that there exist
u,v € V(T), adjacent in G but not in 7"U K. Suppose first that u,v & {vy,ve,v3}. Asin
(2) in (3.1), it follows that u, v are both adjacent in T" to the 3-valent vertex a of T', and
G|V (T) has no other edge not in 7"U K. But then (iii) holds if {u,v,a} C Z, and (ii)
holds otherwise. We may therefore assume that « = v; say. Since u,v are not adjacent
in T'U K it follows that v & {vy,vs,v3}, and v € V(P,) say. Then |E(P)| = 1, and
G|V (P, U P3) is a circuit, and so (i) holds. |

Let vy, v9,v3 be distinct vertices of a graph G. By a tripod on vy, vy, v3 we mean a

subgraph P, U P, U P3U Q1 U Q2 U Q3 of G consisting of

(i) two vertices a,b so that a, b, vy, vs, v3 are all distinct

(ii) three paths Py, Py, P; of G between a and b, mutually disjoint except for a and

b, and each with at least one internal vertex, and

(iii) three paths Q1,Q2, Q3 of G, mutually disjoint, such that for i = 1,2,3, Q;
has ends u; and v;, where u; € V(P;) — {a, b}, and no vertex of @); except u;

belongs to V(PyUP,UP3). (It is permitted that u; = v; and hence E(Q;) = 0.)

We call @1, Qs, Q3 the legs of the tripod.
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(3.3) Let Z C V(G) such that there is no 3-separation (A, B) of G with Z C A and
|B— A| > 2. Let Hy be a tripod in G with feet v1,vy,v3 € Z and with no other vertex in
Z. Then there is a tripod H with feet vy,v9,v3 and with no other vertex in Z, such that
every leg of H is a subpath of a leg of Hy, and there is a path from V(H) to Z disjoint
from all the legs of H.

Proof: Let H = P, U P, U P3U Q1 U Qe U Q3 (with the usual notation) be a tripod
in G with feet v, vo, v3 and with no other vertex in Z, chosen with ; UQ2 U (3 minimal.
Let the ends of P, P, P3 be a,b. From the hypothesis, there is a path P of G from
V(PLUP,UPs) to ZUV(Q1UQyUQ3) with no vertex in {uy, us, ug}, where @); has ends
u;,v; (1 < i < 3). Choose a minimal such path P with ends x € V(P; U P, U P3) and
y € ZUV(Q1UQyUQ3). We may assume from the symmetry that = and a belong to
the same component of P U P, U P3\ {uy,us, us}. Suppose that y € V(Q1). Let P’ be
the subpath of P, between z and u, if x € V(Py), or between a and u; if x &€ V(P;). Let
H' be the tripod obtained from H U P by deleting the edges and internal vertices of P’;
then H' contradicts the choice of H. Consequently, vy ¢ V(Q1) and y & V(Q2), V(Q3)

similarly; and so y € Z — {vy,v9,v3}, as required. [ |

A tripod is legless if all its legs have no edges.

(3.4) Let vi,v9,v3 € V(G) be distinct, so that there is a tripod on vi,ve,vs. If there
is no 3-separation (A, B) with vy,ve,v3 € A, |A] > 4 and |B — A| > 2, then there is a

legless tripod on vy, vy, V3.

Proof: Let H be a tripod on vy, vy, v3 with legs @1, @2, @3, chosen with Q1 U Q2 U Q3
minimal. Suppose that |E(Q1)] # 0, and let v} be the neighbour of v; in (. Let
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Z = {v1,v9,v3,v1}. Then H\v; is a tripod on v}, va, v, and so by (3.3) we may assume
there is a path P of G between V(H\v;) and Z, disjoint from the legs of H\v;. Con-
sequently, v; is an end of P, and as in (3.3) we may choose another tripod in H U P

contradicting the choice of H. The result follows. [

The following follows from [11, theorem (2.4)], and we omit the proof, which is similar

to that of (2.4).

(3.5) Let vy,va,v3 € V(G) be distinct, such that there is no (< 2)-separation (A, B)
of G with vy,vy,v3 € A and |B — A| > 2. Then either G contains a tripod on vy, ve, vs, or

G can be drawn in a disc with vy, vy, v3 on the boundary.

From (3.1), (3.4), (3.5) we deduce:

(3.6) Let vy, vy, v3 be mutually adjacent vertices of a 4-connected simple non-planar graph
G. Let Z C V(G) with vy,v9,v3 € Z such that G|Z is not triangular. Then there is a

5-cluster
Hoih {va}, {vs}, Xo, Xo}

in G such that ZN X1, Z N X, # 0.

Proof: Since GG is non-planar, it cannot be drawn in a disc with vy, v9, v3 on the boundary,
and since G is 3-connected it follows from (3.5) that there is a tripod on vy, va, v3. By (3.4)
such a tripod can be chosen legless. Consequently, there are two triads T, T5 on vy, vg, vs,
vertex-disjoint except for {vy,vs,v3}. By (3.1) we may assume that for i = 1,2,7; is
lean and there is only one T;-flap. Consequently, we may choose 17, ...,T,, with n > 2

maximum, such that
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(1) T1,..,T,, are lean triads on vi,ve,vs, mutually vertex-disjoint except for vy, vq,v3 ,

such that for each i there is only one T;-flap.

We deduce:

(2) For1<i<n,Z Z V(T}).

As G|Z is not triangular, this follows from (3.2).

(3) If ZNV(T;) # {v1,v9,v3} for some i then the theorem is true.

For let Z N V(T1> 7£ {Ul,’UQ,Ug}, say. Let X1 = V(Tl) - {Ul,’UQ,’Ug} and X2 = V(G) -
V(T}). Since there is only one Tj-flap, X, is a fragment, and Z N X5 # () by (2). Thus
{{v1}, {v2}, {vs}, X1, X5} satisfies the theorem. This proves (3).

We may assume therefore that Z N V(T;) = {v,v9,v3} for 1 < i < n. Let
H = G\{vi,v2,v3} and S; = T;\{vi,v2,v3} (1 < ¢ < n). Then H is connected, and

S, ..., Sp are mutually disjoint non-null connected subgraphs of it.

(4) If there exist distinct j, 7" with 1 < j, 7' < n, and two disjoint paths P, P" of H
such that

(i) P has one end in Z, the other end in V(S;), and no internal vertex in S; for

any i, and
(ii) P’ has one end in Z, the other end in V (S;/), and no internal vertex in S; for
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any 1

then the theorem holds.

For PUS; and P'US}: are disjoint connected subgraphs of H, and so there exist disjoint
fragments X, X5 of H with V(PUS;) C X; and V(P'US;) C X, with X; UX, maximal.
Since H is connected it follows that X; X5 are adjacent, and so {{vi}, {va}, {vs3}, X1, X5}

satisfies the theorem. This proves (4).

We assume therefore that there do not exist P, P" as in (4). By Menger’s theorem ap-
plied to the graph obtained from H by contracting all the edges of each S;, there is a sepa-
ration (X, Y) of H with V(5,U...US,,) C X and ZNV(H) C Y, so that either | XNY| <1
or XNY = V(S;) for some j. The latter is impossible since H\V(S;) is connected, n > 2
and ZNV(H) # 0; and so |[ X NY| < 1. Since |Z| > 5 (because G|Z is not triangular) and
hence |[ZNV(H)| > 2, we deduce that |Y| > 2 and | X]| > [V(S;U...US,)| > n > 2. But
H is connected, and so [ X NY| =1, XNY = {u}, say; and H|X is connected. Let T}, 11
be a triad in G with feet vy, vq, v3 and with V(T,,11) C (Y — {u}) U {vy1, va, v3}; this exists
since G is 4-connected and |Y| > 2. By (3.1) we may choose T},;; lean and so that there
is only one T),,;-flap in G, because H|X is connected. But then T, ..., T, contradict

the choice of n. The result follows. |
(3.7) Let G be a 5-connected simple non-apez graph with no Kg-minor, let w € V(G), and
let Z be the set of all neighbours of w. Let vi,v9,v3 € Z be distinct and mutually adjacent.
Then G|Z is triangular with respect to vy,ve,vs. In particular, if G is 6-connected then

w belongs to < 2 Ky-subgraphs of G.

Proof: Suppose that G|Z is not triangular. By (3.6) applied to the 4-connected non-
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planar graph G\w, there is a 5-cluster

Hor} {va}, {vs}, Xo, Xo}

in G\w such that Z N X, ZN X, # (. But then

{{w}, {vi}; {va}, {vs}, X, Xo}

is a 6-cluster in G, a contradiction. Thus G|Z is triangular with respect to vy, vo, v3. Now
suppose that G is 6-connected. By (2.7), no edge of G is in > 4 triangles, and so G|Z has
maximum valency < 3. Hence (ii) or (iii) holds in the definition of “triangular”. If G|Z
has > 3 triangles, then (ii) holds and G|Z is isomorphic to Ky, contrary to (2.8). Thus

G|Z has < 2 triangles, as required. [ |

The relevance of (3.7) to our problem about Hadwiger’s conjecture derives from the
following result of Mader [8]; it will often be used in the remainder of the paper without

explicit reference.

(3.8) FEwvery Hadwiger graph is 6-connected.

4. NEARLY-DISJOINT K,’s

Let us say that X C V(G) is a 4-clique if | X| = 4 and every two vertices of X are
adjacent. A consequence of (3.7) and (3.8) is that in every non-apex Hadwiger graph,
every vertex is in at most two 4-cliques. In this section we prove a complementary result,

that there do not exist three 4-cliques pairwise meeting in < 2 vertices.

First we need the following lemma.

(4.1) Let x1,y1, 21, T2, Y2, 22, T3, Y3, 23 be distinct vertices of a 6-connected simple graph G,
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such that {x1,y1, 22, 23}, {Ta, Y2, 23,21}, {3, Y3, 21, 22} are 4-cliques. Suppose, moreover,
that there is a partition X,Y of V(G) —{z1, 22, 23} with x1, 22,23 € X and y1,y2,y3 € Y,
such that x1y1, x2yo, x3y3 are the only edges of G with one end in X and the other in Y.
Then G has a Kg-minor.

Proof: Let Z = {21, 29, 23}.

(1) X,Y are fragments, and we may assume that | X|,|Y| > 4.

For if G|X (say) is not connected, let D be a component of G|X with x5 & V(D).
Then (V(D)U{y1, ¥y, 21, 22, 23}, V(G) — V(D)) is a 5-separation of GG, contradicting that
G is 6-connected. Thus X, Y are fragments. If | X| < 3 say, then X = {x1,x9,23}. Since
x1 has valency > 6 it is adjacent to o, x3 and to every member of Z, and similarly for

To, x3; but then Z U {x1, x9, 23} is a 6-clique, as required.

Let f1, f2, f3 be the edges with ends 2523, 2321 and 2725 respectively.

(2) G\{ f1, fa2. f3} is not planar.

For |E(G)| > 3|V(G)| since G is 6-connected, and so |E(G\{ f1, f2, f3})| = 3|V (G)|-3;
and (2) follows.

Let C' be the circuit of G formed by the six vertices z1, xs, 23, 71, 22, 3 in that order.

Let
H=G[(XUZ\{fi, fa, fs} U E(C)).

From (2), we may assume by exchanging X and Y that H cannot be drawn in a disc
with V(C) on the boundary in order. There is no (< 3)-separation (A, B) of H with
V(C)C A#V(H), and so from [11, theorem (2.4)] (or from (2.4)), we deduce
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(3) There are disjoint paths P, Q of H with ends p1,p2 and qi,qo respectively, so that
P1,q1, D2, q2 € V(C) and occur in C in that order, and no other vertices of P or Q lie in C.

(The requirement that “no other vertices of P or @ lie in C” is satisfied by choosing
P and @ with P U @ minimal.) Next, we claim
(4) If P, Q can be chosen with {p1,p2} N{x1, 22,23} # 0 and {q1, 2} N {21, 20,23} # 0

then G has a Kg-minor.

For if so, we may assume that p; = z; and ¢ = x3. Then py # 29,23, and so
po € {z1, 73}, and similarly ¢y € {25, 23}. Choose disjoint fragments A, B of G|X with
V(P)—Z CAand V(Q) — Z C B, with AU B maximal. Since X is a fragment by (1),
it follows that AB are adjacent, and so by (1) again,

{{21}7 {22}7 {23}7 Av B7 Y}

is a 6-cluster in G as required.

From (4), we may therefore assume that p; = z1,ps = 20, ¢1 = x3, and ¢o € {x1, 23, T2 }.

(5) There are two disjoint paths of H\{z1,zo} from {x1, z3, 22} to V(P) U {x3}.

For if not, there is a (< 3)-separation (A, B) of H with Z U {x;, 22} C A and V(P)U
{z3} € B. Then (AUY U {x3}, B) is a (< 4)-separation of G, and B # V(G), and
so AUY U {z3} = V(G) since G is 6-connected; that is, V(H) = A U {x3}. Since
V(P)C B—{z3} CANBand |V(P)| >3 > |AN B| it follows that V(P) = AN B, and
so V(Q)NANB=10. Yet @ has one end in A and the other in B, a contradiction. The

claim follows.
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From (5) and the existence of (), we deduce that there are two disjoint paths of
H\{z1, 20} from {x1, 25,22} to V(P) U {z3}, both with no internal vertex in P, and one
ending at x3, which we may as well choose () to be. In other words, we may assume that
there is a path R of H from {z1, 23,22} to some r € V(P) — {z1, 22}, with no vertex in
P except r, with only one vertex in {z1, 23, 22}, and with no vertex in Q. If R has z; or
x9 as one end then we may choose P, (Q to satisfy (4). Thus we may assume that R has

ends z3,7; and @) has ends x1, x3, from the symmetry between x; and x,.

(6) We may assume that there is a path S of H from x4 to some s € V(Q) — {x1, 23}

with no vertex in Q) except s, and disjoint from P U R.

For let D be the component of G\V(C) containing r. Since G is 6-connected, every
vertex of C' has a neighbour in V(D), and so there is a path of H from x5 to r and hence
to V(PUQU R) — V(C) with no vertex in C' except x5. Let S be a minimal such path,
with ends x5, s say. Then s € V(P UQ U R) — V(C), and no vertex of S except s is in
V(PUQUR). If s € V(PUR) then P and @ can be chosen as in (4). We may therefore
assume that s € V(Q). This proves (6).

Let B be the component of H\V(C U Q U S) which contains r. The only vertices of
G not in B which have a neighbour in B are in V(C)UV(QU S), and there are > 6 such

vertices since GG is 6-connected. Since
V(C)-V(QuUS)| =3

at least three of them are in QU.S. We may therefore assume from the symmetry between
x1, X2 and w3, that there are two vertices u,v in ) with a neighbour in B, and v lies in

the component of Q\s containing x3, and u lies in @) between v and z; (possibly u = z1).
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Let A be the component of Q\v containing u, s and x;. Then by (1),

{{zh {2} {2}, V(B), V(AU S), (V(Q) - V(A) UY}
is a 6-cluster in G, and so GG has a Kg-minor, as required. [ |

Secondly, we need Mader’s “H-Wege” theorem [7], the following. We say S C V(G) is
stable if no edge has both ends in S.

(4.2) Let G be a graph, let S C V(G) be stable, and let k > 0 be an integer. Then
exactly one of the following holds:

(i) there are k paths of G, each with distinct ends both in S, such that each v €
V(G) — S is in at most one of the paths

(ii) there exist W C V(G) — S and a partition Yy, ..., Y, of V(G)— (SUW), and
for1 <i<n asubset X; CY;, such that
(&) W]+ Xicical51Xil] < &,
(b) no vertex in Y; — X; has a neighbour in V(G) — (W UY;)

(c) every path of G\W with distinct ends both in S has an edge with

both ends in Y; for some 1.

Let Ly, ..., Ly be subsets of V(G), where G is a graph. A path P of G with ends u, v is
good if there exist distinct 4, j with 1 <<, j <t such that v € L; and v € L;. From (4.2)

we deduce:

(4.3) Let G be a graph, let Ly, ..., Ly be subsets of V(G), and let k > 0 be an integer.
Then exactly one of the following holds:

(i) there are k good paths of G, mutually vertez-disjoint
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(ii) there exists W C V(G) and a partition Y1, ...,Y, of V(G) — W, and for 1 <
1 <n a subset X; CY;, such that

(a) W]+ Xi<i<n L%‘XZ|J <k

(b) for 1 <i <mn, no vertex in Y; — X; has a neighbour in

(c) every good path P in G with V(P)NW = has an edge with both

ends in Y; for some 1.

Proof: For 1 <1 <t let s; be a new vertex, and add s, ..., s; to GG, making s; adjacent to
all vertices in L; (1 <i <t). Let S = {sy,...,s:}, and let the graph we construct be G'.
Then (4.3) follows by (4.2) applied to G, S. |

We use (4.3) to prove the following.

(4.4) Let G be a simple, 6-connected non-apex graph with no Kg-minor. Then there
do not exist three 4-cliques Ly, Lo, Ly of G such that |L;, N L;] <2 (1 <i<j<3).

Proof: Suppose that such Ly, Ly, L3 exist, and choose them with |L; U Ly U L3| mini-
mum. By (2.7), |L; N L;| < 1for 1 <i<j <3, and by (3.7) L1 N Ly N Ly = (. Define

“oood” as before.

(1) There do not exist 6 mutually disjoint good paths in G.

For suppose such paths exist, P, ..., P say. For 1 <i < ¢ <6, V(P;) meets > 2 of
Ly, Ly, L3, and so does V' (Py), and so there exists j with 1 < j < 3 such that V(P;)NL; #
() # V(Py) N L;. Consequently, a vertex of P; is adjacent to a vertex of Py, since G|L; is
complete. Hence {V(Py), ...,V (Fs)} is a 6-cluster in G, a contradiction.
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From (4.3) we deduce

(2) There exists W C V(G) and a partition Y1, ..., Y, of V(G) — W (we permit Y; =),
and for 1 < i <n a subset X; CY;, such that

(a) W]+ Xi<i<n |_%|XZ|J <5

(b) for 1 <i<mn, no vertex in'Y; — X; has a neighbour in V(G) — (W UY;), and
YN (LU Ly U Ly) C X,

(c) every good path disjoint from W has an edge with both ends in Y; for some i.

Choose W and Y7, ...,Y,,, X1, ..., X,, as in (2) with W maximal. We may assume that

Y; # () for each i since otherwise Y; may be omitted.

Define M = (L1 N Ly) U (Ly N L3) U (LsN Ly). Then |M| < 3, from the hypothesis. If
v € M, then v forms a 1-vertex good path, and so v € W by (2)(c). Consequently,

(3) M CW.

We claim:

(4) n > 2.

For L1UL2UL3 Q WUX1UUXn and |L1UL2UL3‘ =12— |M| Z 9, and |W| S 5
by (2)(a). Thus, n > 1. Suppose that n = 1. Then

1
W+ L%l <5,
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but

by (3), and so
1
10 2 2(Wl+ |15 2 2W] + X[ -1 211,

a contradiction. Thus n > 2.

(5) For1<i<n,|X;| is odd.

For suppose that | Xi| is even, say. If X; # 0, let v € Xy, let W = W U {v}, X] =
Xi—{v}, Y]/ =Y,—{v},and X] = X;, Y/ =Y, for 2 <i <n;then W' X],..., X Y/ ...Y/
satisfy (2), contrary to the maximality of W. Hence X; = (), and so (Y;UW, YoU...UY,,UW)
is a separation of G. But n > 2 by (4), and Y3,Ys # 0, and so Y1 UW # V(G) and
YoU..UY,UW # V(G). Since G is 6-connected it follows that || > 6, contrary to
(2)(a). This proves (5).

For 1 < i < 3, let Z; be the union of the vertex sets of all paths P with V(P)NW = ()
such that P has no edge with both ends in Y; for 1 < j <n, and V(P)N L; # 0.

(6) For1<i<3,L;—W CZ CV(G)—W, and Zy, Zs, Z3 are mutually disjoint.

The first claim is immediate, and the second follows from (2)(c).

(7) For1<i<3,7Z;,CX;U..UX,.

For suppose that v € Z; N (Y; — X;) for some j with 1 < j < n. Let P be a path
of G\WW from v to L; such that for 1 < j < n, no edge of P has both ends in Y;. Since
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V(P) # {v} (because v ¢ L;), there is an edge e of P incident with v. By (2)(b), both

ends of e are in Y}, contrary to the choice of P. The claim follows.

(8) For 1 < 4,¢' < 3 with i # i, every path of G\W from Z; to Zy has > 2 wver-

tices in X; for some j.

Let @ be a path of G\W from v € Z; to w € Z,, say. Let P be a path of G\W from
u € Ly to v, and let R be a path of G\W from w to & € L, such that P and R both have
no edge with both ends in Y; for any j (1 < j <mn). Let S C PUQ U R be a path from u
to x. Then S is good, and so there exists e € E(S) with both ends in Y; for some j. By
the choice of P and R, e ¢ E(P)U E(R), and so e € E(Q). Hence () has > 2 vertices in
Y;. But @ has ends v,w,andv e Z; C X U...UX, and w € Z, C X; U...UX, by (7).

Thus by (2)(b), @ has at least two vertices in X, as required.

(9) For 1 <i<3,|Z| <5—|W|.

For suppose that |Z;| > 6 — |W|, say. Now |Ly U Ls| > 7, and so
|LoU Ly —W[>T7—|W|>6—|W]|.

But G\W is (6 — |W|)-connected, and so there are 6 — |W| paths P; (1 <i <6 — |W])
of G\W from Z; to Ly U Ly — W, mutually disjoint. By (8) each P; has two vertices in

some X, and so

> Il = 6wl

1<j<n

contrary to (2)(a).

(10) [W] < 3.
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For by (9) and (6),
12= > |Lil< > (1Z]+|LinW]) <3(5— W) +2[W|= 15— [W].
1<i<3 1<i<3

The claim follows.

Let Zo =V(G) — (WU ZyUZyU Z3). Then Zy, Zy, Zy, Z3, W is a partition of V(G).

(11) If u,v € V(G) — W are adjacent, then either u,v € Z; for some i (0 < i < 3)

oru,v € Yj for some j (1 <j<mn).

For suppose that u € Z; NY; and v € Y3, say, and e € E(G) has ends u,v. Then e
does not have both ends in Y} for 1 < j <n, and so v € Z; (since u € Z7) by definition

of Z;, as required.

(12) For 1 <j <mn,if WU X,| <5 then X; =Y.

For suppose that X; # Y;. Since (W UY}, V(G) — (Y; — X)) is a separation of G and
V(G) = (Y; — X;) # V(G) (since X; #Y;) and W UY; # V(G) (since n > 2 by (4)) and
G is 6-connected, it follows that [V U X;| > 6, as required.

(13) |X;| >3 for1 < j <n.

Reorder the indices so that |[X;| > 3 for 1 < j < m and |X;| =1 for m < j < n.
By (10) and (12), X; =Y, form < j < n. Let U = X,,4,1 U... U X,,, and suppose that
0<i<3and Z;NU # (). Let N be the set of vertices in V(G)— (Z;NU) with a neighbour
in Z,NU. lf v e N— (WULZ), let v be adjacent to u € Z; N U; by (11) there exists j

with 1 < j <n such that u,v € Y}, and so |Y;| > 2 and hence j < m, contradicting that
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u € U. There is therefore no such v, and so N C W U Z;. Now for all ¢/ with 1 <4’ < 3,
04 V(Ly)—W C Zs

by (6) and (10); and consequently W U Z; # V(G). Since G is 6-connected, it follows that
IN| > 6, and so i = 0 by (9). In particular, N and Z; U Zy U Z3 are disjoint subsets of
WU X;U...UX,,. Consequently

INI+ > 1z < W+ > X5l

1<i<3 1<j<m
But |N| > 6,
Yo 12> Y0 L= W[ >12-2[W],
1<i<3 1<i<3
and by (2),
1
>o1X <3 Y [51X5l] < 36 = W);
1<j<m 1<j<m
and so

6+ (12 = 2|W]) < |W|+ (15 = 3|W]),

a contradiction. This proves (13).

(14) [ X7 U ... UX, — (L1 ULy ULy — W)| < 3+ |M| —2|W|, with strict inequality if

| X;| > 3 for some j.
For let s = |X;U...UX,— (L1 ULy U Ly — W)|. Then
IX1U...UX,| > s+ 12— |M|—|W]|.
But |.X;| < 3|%]X;]] for 1 < j <n, and so
1
3 2 [51X61] = > Xl = s+ 12— M| - W],
1<j<n 1<j<n
with strict inequality if |X;| > 3 for some j. From (2)(a), we deduce that
35— W)= s+ 12— M| - [W],
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that is, s < 3 4 |M| — 2|W|; and again with strict inequality if |X;| > 3 for some j, as

required.

(15) For1 <j<mnand1<1i<3,|Z;NX; <3|Xj|.

For suppose that |Z; N X;| > £]X;]. Since X; # 0 by (5), there exists v € Z; N X.
Since |LoULs —W| > |LyU Lg|— |[W| > 7—|W|, and G\W is (6 — |W|)-connected, there
are 6 — |W| paths of G\W between Z; and Ly U Ly — W, disjoint except possibly for v.
Choose them with no internal vertex in Z;. Each has two vertices in X; for some j, by

(8); but at most
1 1
> 5l <5 - 1wl - g1l

2<j<n

of them have two vertices in X for some j # 1. Thus at least 1 + |1|X;|] of them have
two vertices in X;. But each has only one vertex in Z;, and so has a vertex in X; which

does not belong to Z;; and all these vertices are different. Consequently,
1
|1Xi = Zi[ > 1+ Lg‘XﬂJ

and the result follows.

(16) [W] < 2.

For suppose that |[W| > 3. By (14), 3+ |M| — 2|W| > 0 and by (3), |[W| > |M|; and
so W =M, and |W| = 3. By (13) and (14), |X,| = 3 for all j, and

XjU..UX, =L ULy ULs—W.

But [Ly ULyU Ly —W| =6 since |[IW| =3 and W =M , and so n = 2. Fori =1, 2, 3,
by (15) and (7), |Z; N Xy| =1 and |Z; N Xs| = 1, and so | Z;| = 2. Since L; — W C Z; and
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|Ly U LyU Ly — W] =6 it follows that Z; = L; — W for 1 <i < 3. This contradicts (4.1)
(using (11)).

(17) For1 < j<n, if |X;| =3 then Y; = X;.

This follows from (12) since |W U X;| < 5 by (16).

(18) Forl < j<n, if |X;| =3 then X; N Zy = 0.

For suppose that | X;| = 3, say, and v € X; N Zy. By (17), Y1 = X3, and so by (11),
all neighbours of v belong to X; UW U (ZyN (X, U...UX,,)). But by (14),

|ZoN (X, U UX)| <[ XU UX, — (L1 ULy ULy —W)| <3+ |M|—2|W]|,
and so v has at most
3+ | M| —=2|W|—1ZyN X

neighbours not in X; U W; and hence it has < 5+ |M| — |[W| — |Zy N X;| neighbours
altogether. But |ZyN X;| > 0 and | M| < |W/|, and so v has valency < 5, a contradiction.
This proves (18).

(19) | X;| > 5 for1 < j <n.

For suppose |X;| = 3 say. By (18), X; N Zy = 0, and so by (15), |Z; N X;| = 1 for
1 <i<3 By (17),Y: = X;. Let Xy = {v1,v2,v3} where v; € Z; (1 < i < 3). Let
1 << 3. By (11) every neighbour of v; is in W U X; U Z;; and by (9) |Z;| <5 — |W].
Consequently,
WUXaUZ| < | W+ |Zi]|+ | X1 —Zi| <7,
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Since v; has valency > 6, it follows that v; is adjacent to every vertex in W U X; U Z;
except v;. Suppose for a contradiction that w € W, and let Ly = X; U {w}; then Lg is a
4-clique. Now Lo # Ly, Lo, Ls since Lo —W & Zy, Zs, Z3, and so w belongs to at most two
of Lo, Ly, Lo, L3, by (3.7). Consequently, w & M, and so M = (). From the minimality of
Ly ULy U Ls, it follows that LoNL; =0 for 1 <i<3,andso XyNL; =0 for 1 <i <3,
and w & Ly U Ly U Lg; indeed, W N (Ly U Ly U L3) = (). Thus

and so 3|1 X;|] > 5; yet W # 0, contrary to (2)(a). It follows that W = . Now for
1 <4 <3, v; is adjacent to every other vertex of Z; U X, as we saw; and |Z;| = 5. Hence

IXjU...UX,| <3+ |L1ULyULs| =15

and so we have equality throughout. In particular |X; U...U X,| = 15, and each |X;| =3
since we have equality in (14). Hence n = 5. Since L; C Z; and |L;| = 4, we may assume
that v; & Ly, by the symmetry between Xj, ..., X5; but then G|(L; U {v,}) is isomorphic
to K, contrary to (2.8). This proves (19).

(20) n = 2.

For n > 2 by (4). But by (2)(a), X|1|X;|] < 6, and so n < 2 by (19).

(21) X1UX2:L1UL2UL3—W, andW:M, and!W!Sl

Forlet s = |X; U Xy — (L1 U LyU Ly — W)|. As in (14),
X1 UXo| >s+12— | M| — W]
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By (19), for j = 1,2,
5,1
X5 < §L§|XJH,
and so from (2)(a),

5 5,1 5,1
5(5— W) > §L§|X1|J +§L§|X2|J > | X1 UXy| >s+12— |M|— |W|,

that is,
2s <1=2(|W|—|M]|) — |W|.

Hence s =0, and |W| = |M] < 1, as required.

(22) W = 0.

For, if W # (0, then by (21), |W| = 1,|M| = 1, and hence | X;UX;| = 10 by (21) again.
By (19), | X1| = | X3 = 5. Let X; = {a;, b, ¢i,di,e;} (i = 1,2), and W = {w}. Then by
(15), we may assume that Ly = {a1,b1, a2, w}, Ly = {c1,be,c2,w}, Ly = {d1,e1,ds,e3}.
Since G is 6-connected, G\{w, as, ¢1, dy, €1} is connected; and since Y1 UY,U{w} = V(G),
there exists u; € Y7 —{c1,d1,e1} and uy € Yo — {as} so that ujusy are adjacent. By (2)(b),
u; € Xy and uy € Xo; hence uy € {ay,b1}, and us € {by, ¢, ds, e5}. But this contradicts
(11). Hence W = (), as required.

By (21) and (22), | X; U X5| = 12, and so we may assume that |X;| =5 and | X5| = 7.
By (12) Y1 = X;. Let Xy = {a1,b1,c1,d1,e1}, Xo = {as, be, ca,ds, €9, f2,92}. By (15) we
may assume that L; = {ay, b1, a2,b2}, Ly = {c1,dq,co,ds}, Ly = {eq, €2, fo,92}. Now by
(7), Z1 = {aq,b1,a2,b2}, and so |Z; U X;| = 7. Hence by (11), aq, by are both adjacent to
every other vertex in Xy, and similarly so are ¢;,d;. But then G|X; is isomorphic to K,

contrary to (2.8). [ |
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Let us say two 4-cliques Ly, Ly in G are close if |L; N Ly| > 3. Then we have

(4.5) Let G be 6-connected, simple, and non-apex, with no Kg-minor. Then

(1) closeness is an equivalence relation on 4-cliques
(ii) each equivalence class has < 2 members
(iii) there are < 2 equivalence classes

(iv) there are < 10 wvertices in 4-cliques.

Proof: (i) follows from (2.7), and (ii) from (3.7), and (iii) from (4.4). To deduce (iv), we
see that from (ii), each equivalence class has < 2 members and the union of its members

has cardinality < 5; and so (iv) follows from (iii). |

5. VERTICES OF VALENCY 6

So far, our results have been about non-apex 6-connected graphs with no Kg-minor.
However, now we need to use some further properties of Hadwiger graphs. We shall need

the following throughout the paper.

(5.1) Let G be a Hadwiger graph, and let Xi,..., X} be disjoint fragments of G. Let
Z C X1 U..UXy with Z # 0 such that X; — Z is stable for 1 < i < k. Then there is
a 5-colouring ¢ of G\Z such that for 1 <i < k,¢(x) = ¢(y) for all z,y € X; — Z, and
such that for 1 <i < j <k, if X; X, are adjacent then ¢(z) # ¢(y) forx € X; — Z and
yeX;—Z.

Proof: We may assume that |X;| > 2 for some 4, since otherwise the result is clear.

Let H be obtained from G by contracting all edges of G|X; for 1 < ¢ < k. Since H is a
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loopless minor of G and |V (H)| < |V(G)], there is a 5-colouring ¢ of H. Forv € V(G)—Z,
let u be the corresponding vertex of H, and define ¢(v) = ¢ (u); then ¢ satisfies (5.1). B

The first application of (5.1) is the following.

(5.2) Let G be a Hadwiger graph, let v € V(G), and let N be the set of neighbours
of v. Then G|N has no stable set of cardinality |N| — 3.

Proof: Suppose that A C N is stable and |A| = |N| — 3, and choose a € A. By (5.1)
with X; = AU {v}, there is a 5-colouring ¢ of G\v such that ¢(u) = ¢(a) for all u € A.
Choose a € {1,...,5} with a # ¢(a), d(b), ¢(c), ¢(d), where N — A = {b,c,d}. Then

setting ¢(v) = « defines a 5-colouring of G, a contradiction. |

Figure 1: a diamond.

We call graphs isomorphic to the six-vertex graph shown in figure 1 diamonds. The next

result was also proved by J. Mayer [9, 10].

(5.3) Let v be a 6-valent vertex of a non-apex Hadwiger graph G, and let N be the set of
neighbours of v. Then G|N has exactly two triangles, and either G|N is a diamond, or
the two triangles are disjoint. In particular v belongs to exactly two 4-cliques, and every

edge incident with v is in > 2 triangles of G.

Proof: Let N = {vy,...,v6}. By (2.7) each edge of G is in < 3 triangles, and so G|N
has maximum valency < 3. By (5.2), G|N has no stable set of cardinality 3, and hence
it has a triangle by Ramsey’s theorem, with vertex set {vy,ve,v3} say. Suppose first that

some two of vy, vs, vg are not adjacent, say v4vs. Since G|N has no 4-clique by (2.8) and

41



no stable set of cardinality 3, we may assume that v,vy, vov4 and vsvs are adjacent. Since
G|N has maximum valency < 3, vv5, V10, VaUs, U20g, V304 and vzvg are non-adjacent.
Hence vyvs and vsvg are adjacent and G|N is a diamond. We may assume therefore that
v4v5, U506 and vyvg are all adjacent. Since G|N has maximum valency < 3 it has exactly

two triangles and again the result is true. [

(5.4) Let G be a non-apexr Hadwiger graph, and let u,v € V(G) be adjacent, with the

edge uv in > 3 triangles. If u has valency 6 then v has valency > 8.

Proof: By (2.7), wv is in exactly three triangles; let the neighbours of u be x1, s, x3, v, U1, us
where x1, 29, x5 are adjacent to v. Since G has no Kj-subgraph by (2.8), we may assume

that x,xy are non-adjacent.

By (5.2), {x1, z2,x3} is not stable, and so z3 is adjacent to z1 or to xs; and so we may
assume rox3 are adjacent. Since uzs is in < 3 triangles by (2.7), not both u; and wus are
adjacent to z3, and so we may assume that u;z3 are non-adjacent. We suppose that v has

valency < 7. Let N be the set of two or three neighbours of v different from u, x1, s, 3.

(1) IN| =3 and each y € N is adjacent to one of x1, xs.

For otherwise we may choose A C {x1,z2} U N, stable, with x;,2, € A and with
IN — Al < 2. By (5.1) with X; = AU{v}, Xo = {uj,u, 23} and Z = {u,v}, there
is a b-colouring ¢ of G\{u,v} such that ¢(uy) = ¢(x3) and ¢(y) = ¢(z1) for all y € A.
Choose ay € {1,...,5} with oy # ¢(x1), ¢(z3), and ¢(y) for all y € N — A; and choose
as € {1,...,5} with as # aq, ¢(x1), d(x3), ¢(us). Setting ¢p(u) = ay and ¢(v) = oy defines

a 5-colouring of G, a contradiction. This proves (1).
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Let N = {v1,v2,v3}. Since xox3 are adjacent, and vxs is in < 3 triangles, it follows
that at most one of vy, vy, v3 is adjacent to xs; and since vz is in < 3 triangles, at most
two of vy, vy, v3 are adjacent to x1. By (1) we may therefore assume that vyzq, vaz1, v3T2
are adjacent, and hence v;x5, V979, v377 are non-adjacent. Since vz is in < 3 triangles,
x1x3 are non-adjacent. By (1) with xo and z3 exchanged, vszs are adjacent, and vy xs, vox3

are therefore non-adjacent since vxjs is in < 3 triangles.

Since {u, v, xs, r3} and {v, z9, x3,v3} are 4-cliques, it follows that {v,z1, vy, v} is not
a 4-clique, because v is in < 2 4-cliques by (3.7). Hence vivy are not adjacent, and
so {vy, v, 9} is stable. By (5.1) with Xy = {vy,v9, 29,0} and Xy = {1, x3,u}, there
is a 5-colouring ¢ of G\{u,v} such that ¢(v1) = ¢(va) = é(x2) and ¢(x1) = ¢(x3).
Choose a1 € {1,...,5} with oy # ¢(z1), p(x2), d(u1), p(us), and choose ay € {1,...,5}
with as # ai, ¢(x1), ¢(xa), ¢(vs); then setting ¢(u) = oy and ¢(v) = ay defines a 5-

colouring of GG, a contradiction. [

(5.5) Let G be a non-apex Hadwiger graph; then every 4-clique of G contains at most one

6-valent vertex.

Proof: Let {u,v,x1, 25} be a 4-clique, and suppose that u,v are both 6-valent. By (5.4)
uv is in exactly 2 triangles. Let the neighbours of u be v, 1, x9, u1, us, us, and let the
neighbours of v be w, 1, x9, vy, V2, v3 Where uy, ug, uz # vy, v2,v3. By (5.2), {u1,us, v} is
not stable, and so ujuy are adjacent, and similarly u;us and usuz are adjacent. Hence
{u,uy,ug, us3} is a 4-clique, and similarly so is {v,v1,v9,v3}, and so is {u, v, z1, 22}, con-

trary to (4.4). |

We deduce
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(5.6) Let G be a non-apex Hadwiger graph. Then at most two vertices of G have va-

lency 6, and all others have valency > 7.

Proof: By (5.3) every 6-valent vertex belongs to two 4-cliques, and by (5.5) every 4-
clique contains at most one 6-valent vertex. From (4.5) there are at most four 4-cliques,

and the result follows. [ |

This concludes step 1 of the proof sketched in the introduction.

6. SEPARATIONS OF ORDER 6

The second step in the main proof is to show that every non-apex Hadwiger graph
is 7-connected except for its (< 2) 6-valent vertices. In this section, we begin to inves-

tigate possible 6-separations. First, we need a trivial strengthening of a result of Mader [8].

(6.1) If G is a simple graph with |V(G)| > 4 and with no Kg-minor, then |E(G)| <
4|V(G)| — 10. Moreover, if equality holds and |V (G)| > 5 then every edge of G is in > 3

triangles.

Proof: The inequality was proved by Mader [8]. Suppose that equality holds and |V (G)| >
5, and let e € E(G) be in T triangles. Form H from G by contracting e and deleting the
T parallel edges that result; then

|[E(H)| = |EG)|-T—-1=4AV(G)|—-10)-T —1.
From Mader’s inequality applied to H,

[B(H)| < 4|V(H)| - 10 = 4]V(G)| - 14,
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and so T" > 3, as required. [ |

The following result is mainly for reassurance.

(6.2) Ewvery non-apex Hadwiger graph has > 18 wvertices.

Proof: Let G be a non-apex Hadwiger graph with n vertices. By (5.6), 2|E(G)| > Tn — 2;
but by (6.1), |E(G)| < 4n — 10. Hence 2(4n — 10) > 7n — 2, and so n > 18. |

(6.3) Let (A, B) be a 6-separation of a non-apex Hadwiger graph G, with |A — B| > 2
and |B — A| > 1. Then |A— B| > 5.

Proof: Suppose first that |[A — B| = 2,A — B = {a1,as} say. Since aj,as have va-
lency > 6 there are > 4 vertices in A N B adjacent to both a; and ay. By (2.7), ajas
are non-adjacent; and so a; and ay are 6-valent and both are adjacent to every vertex
in AN B. By (5.3), G|AN B has a triangle, with vertex set {vq, vy, v3} say. Let C be a
component of G|(B — A). Since G is 6-connected, every vertex in AN B has a neighbour

in C. Let vy,v5 € AN B — {v1,v9,v3} be distinct. Then

{{Ul}7 {U2}7 {7}3}7 {alv U4}7 {a’27 U5}7 V(C)}

is a 6-cluster in G, a contradiction.

Consequently, |A — B| > 3, and so by (5.6) there is a vertex a; € A — B with valency
> 7. It therefore has a neighbour ay in A— B. Since A—{ay, as} contains every neighbour
of a; except aq, and every neighbour of ay except aj, it follows that the edge aqas is in
at least d(ay) + 0(az) — |A| triangles, where d(a;) denotes the valency of a;. By (2.7),
34 |A| > 0(a1) + d(ag), and if equality holds, then by (5.4), d(ai) + d(ag) > 14. Since
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in any case, d(ay) + 6(az) > 13, we deduce that 3 + |A| > 14, that is, |A — B| > 5, as

required. [ |

If (A, B) is a separation of G, we define (A, B) to be the maximum h such that there
exist |A N B| disjoint fragments X; (1 <i < |AN BJ) of G|B, each containing one vertex
of AN B, and there are h pairs 4, j with 1 <i < j < |AN B| and X,;X; adjacent.

(6.4) Let (A, B) be a separation of a simple graph G of order k > 4, letv € B— A, and let
there be k paths of G|B between v and AN B, mutually disjoint except for v. Suppose that
there is no separation (C, D) of G|B with C N D = {v} and |CNA|,|DNA|>2. Then
n(A, B) > 2k—3; and if there is a circuit in G|ANB of length < k, thenn(A, B) > 2k—2.

Proof: Let P be a set of k paths of G|B from v to AN B, mutually disjoint except
for v. Since k > 4, we may partition P into two sets Py, P, both of cardinality > 2; and
from the non-existence of (C, D) as in the theorem, there is a path of G|(B — {v}) from
some member of P; to some member of Py. Consequently, there exists P; € P such that

there is a path of G|(B — {v}) from V(P;) to

UV(P):PeP—{n}) - {v}.
Define X; = V(P;) — {v}. We define X, ..., X}_; and P, ..., P,_; € P inductively, as fol-
lows. Suppose that 2 < j <k — 1, and we have defined fragments X, ..., X;_; and paths
Py, .., P;_; € P,insuch a way that Xy, ..., X;_; € B—{v} and are mutually disjoint, and
V(P)—{v} C X;for1<i<j—1,and for 2 <i < j—1some vertex of X; is adjacent

to a vertex in X; U ... U X,;_;. We shall define X, P; using (1).

(1) There is a path Q of G|(B —{v}) from
Uwv(p):PeP—{p,...,Pji_1}) — {v}
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to X1 U..u Xj—l-

For if not, then j > 3 (from our choice of P;), and there is a separation (C, D) of G|B
with CND = {v}, X\ U..UX,;,; CC,and V(P)C D forall P € P —{P,...,Pj_1}.
Since j > 3 it follows that |C' N A| > j — 1 > 2; and since j < k it follows that

DA 2 [P —{Pr e P}l =k = (j— 1) 2 2.

But then (C, D) contradicts the hypothesis. This proves (1).

To complete the definition of X; and P;, choose ) as in (1) with () minimal, with ends
a,b, where a € V(P;) for some P; € P —{P,...,Pj_1} and b € X; U...U X;_4. Define
X; =V (P;UuQ) — {b,v}. This completes the definition of X; and P;. We see that X is
disjoint from Xy, ..., X;_4, that X is a fragment, that V(P;) — {v} C X, and that some

vertex in X is adjacent to a vertex in X; U ... U X;_;.

Let {P,} =P—{Py,..., P._1}, and let X = V(Py). Since v € X}, it follows that X; X}
are adjacent for 1 <7 < k —1; and for 2 < 7 < k — 1 there exists ¢ with 1 <17 < j such
that X, X, are adjacent. Consequently, there are > 2k — 3 adjacent pairs altogether, and
so (A, B) > 2k — 3. This proves the first claim of the theorem.

For the second, suppose that vq,...,v, € AN B are the vertices of a circuit in order,
where h < k. Choose P as before, and for 1 < i < h let P; € P have ends v,v;. Then
setting X; = V(P;) —{v} for 1 < ¢ < h satisfies the conditions of the inductive definition,
and so we may choose Xy, ..., X; as before. Then, as before, there are > 2k — 3 pairs
t,7 with 1 <14 < j < k such that X;X; are adjacent, counting only one pair %, j for each
value of 7 < k. But for j = h, there are two pairs ¢, j namely 1,5 and 7 — 1, j; and so in

total there are > 2k — 2 pairs. [ |

(6.5) Let (A, B) be a k-separation with k > 6 of a non-apex Hadwiger graph G, and
let Z C AN B with |Z| = z > 2. Define § = 0 if some vertex in A — B has valency 6,
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and 0 = 1 otherwise. Define € = 0 if every vertex in Z has < 2 neighbours in A — B and

there are < z vertices in A — B with a neighbour in Z, and ¢ = 1 otherwise. Then either

(i) some vertex in Z has at most one neighbour in A — B, or
(ii) n(A,B)+2z+06+e€ <4k —12, or
(iii) there are two 6-valent vertices in A — B both with no neighbour in A — B, or

(iv) let H be the subgraph of G with V(H) = (A — B) U Z and with E(H) =
E(G|V(H))— E(G|Z); then H cannot be drawn in a plane so that every vertex

in Z is incident with the infinite region.

Proof: We assume that (i), (iii) and (iv) are false. Let |A — B| = n. Let there be a edges
of G with both ends in A — B, (3 edges with one end in A — B and the other in Z, and
with one end in A — B and the other in AN B — Z. Define ¢ = 0 if some edge of G with

both ends in A — B is in < 2 triangles, and ¢ = 1 otherwise.

(1) 2a+84+v>Tn+d+€ —2.

For suppose the inequality is false. Then, if 6(v) denotes the valency of a vertex v, we

have

Y(0w):veA-B)=2a+F+7<Tn+d+€ —3.

Hence some vertex in A — B has valency 6, and so 6 = 0. Therefore, from the same
inequality, at least two vertices aj,as in A — B have valency 6, and by (5.6) all other
vertices in A — B are 7-valent. Since (iii) is false, we may assume that a; has a neighbour
a3 € A— B. Then ag is 6- or 7-valent, and so by (5.4), ajaz is in < 2 triangles; and hence
¢ =0, and the inequality of (1) holds.
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(2) a —n(A,B) >3n—4k+ 0+ 9.

For let X, ..., X} be disjoint fragments of G|B each containing one vertex of AN B,
such that X;X; are adjacent for n(A, B) pairs i, j with 1 <¢ < j < k. Let J be obtained
from G by deleting all vertices in B — Xy U ... U X}, contracting all edges with both ends
in X; for 1 < ¢ < k, and deleting any parallel edges. Then J is simple, and has n + k
vertices and o + 5 + v + n(A, B) edges. Since k > 6, it follows from (6.1) that

a+B+~v+n(A B)<4n+k)—10

with equality only if every edge of J is in > 3 triangles. In particular if ¢ = 0 then

equality does not hold, and so
a+B8+v+nAB)<4n+k)—11+¢.

Then (2) follows from (1) by subtracting.

B)a<3n—z—-3—c¢

For let H be as in (iv); since (i) and (iv) are false, H can be drawn in the plane so that
every vertex in Z is incident with the infinite region, and every vertex in Z has valency
> 21in H. Let there be z + 2’ vertices incident with the infinite region in the drawing of
H. Since Z is stable in H, we may add 2z — 3 new edges to H joining pairs of vertices in

Z so that the result, H' say, is still simple and planar. Consequently,
|E(H)| +22—3=|E(H')| <3(n+z) -6,

and so |F(H)| < 3n+ z—3. Also, since every vertex in Z has > 2 neighbours in A — B, it
follows that 5 > 2z. Suppose that we have equality in both; that is, |F(H)| = 3n+ 2z — 3
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and 0 = 2z. It follows that H’ is a planar triangulation, and so 2z’ < z; but also, every
vertex in A — B with a neighbour in Z is incident with the infinite region since every
vertex in Z is 2-valent (because 8 = 2z), and so there are < 2’ < z such vertices. Hence

if we have equality in both inequalities then ¢ = 0; and so,
Bn+z—-3—|E(H)|)+(8—22) > e

Since |E(H)| = a + (3 this proves (3).

By combining (2) and (3), we deduce that (ii) holds. |

(6.6) Let G be a non-apex Hadwiger graph, and let (A, B) be a 6-separation with |A—B| >
2 and |B — Al > 2. Let AN B = {vy,...,u6}, and let H be the subgraph of G with
V(H)=A—A{vs,v6} and E(H) = E(G|V(H))— E(G|{v1, ...,v4}). Then there is a cluster

in H traversing {vi, va, v3,vs}.

Proof: We proceed by induction on |A].

(1) We may assume that vy, ...,v4 all have valency > 2 in H.

For suppose that for some v € A — B, v; has no neighbour in A — (B U {v}). Then
(A—{v1}, BU{v}) is a 6-separation of G, and |(A—{v;})—(BU{v})| > 2 since |A—B| > 3
by (6.3). From the inductive hypothesis there is a 4-cluster { X1, Xs, X3, Xy} of H\v; with
ve Xyand vy € X; (i =2,3,4). But then {X; U{v}, Xo, X3, X, } satisfies the theorem.
This proves (1).

(2) We may assume that there is no trisection (Cy,Cy, D) of H of order 2 with
‘(Cl - D) N {’Ul, ...,U4}‘ = |(Cg - D) N {1}1, ...,’U4H =1.
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For suppose that C4,C5, D is such a trisection, with v; € C; — D,vy € Cy — D,
and vs,vy € D say. Let C; N CoN D = {aj,as}. Since (Cy,Cy U D) is a 2-separation
of H, it follows that (Cy U {vs,v},Cy U D U B) is a 5-separation of G. Consequently,
CyUDUB =V(G), and similarly C; U DU B = V(G). Hence D = (A — B) U {vs,v4}.
Since v; € 1 — D and v; has two neighbours in A — B which therefore belong to Cf,
it follows that ay,as € A — B, and aq, ay are both adjacent to v;; and similarly they are

both adjacent to vo. Now (B U {ay,as}, A — {v1,v2}) is a 6-separation of G, and

(A = {v1,0}) — (BU{a1,a})| > 2

since |A—B| > 4 by (6.3). From the inductive hypothesis, there is a 4-cluster { X1, X, X3, X4}
of H\{v1, v} with a1 € Xy,as € Xy, v3 € X3,v4 € Xy; but then

{X1U {1}, Xo U {ua}, X3, Xy}

satisfies the theorem. This proves (2).

(3) There is no (< 3)-separation (C, D) of H with vy,....,v4 € C, |D —C| > 2, and
|{U17 "'7U4} N D| S 2.

For if (C, D) is such a separation, then (C'U B, D U{vs,v4}) is a (< 5)-separation of
G, and yet BUC # V(G) since |D — C| > 1, a contradiction. This proves (3).

(4) n(A,B) > 9.

Let us apply (6.4), taking & = 6. Choose v € B — A arbitrarily; then by the 6-
connectivity of G, the k paths of (6.4) exist. We claim there is no separation (C, D) of
G|B with C N D = {v} and |C N A|,|D N A| > 2. For suppose that (C, D) is such a
separation. Then (C'U A, D) is a separation of G, of order

ICND|+|AND|=|CND|+6—-|ANC| <5
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and so CUA = V(G); and similarly DUA = V(G) . Hence B— A = {v}, a contradiction.
Thus there is no such (C, D), and the claim follows from (6.4).

(5) H cannot be drawn in a disc with vy, vy, v3,v4 on the boundary in some order.

For let us apply (6.5), taking k = 6 and Z = {vy, v, v3,v4}. Certainly (6.5)(i) is false,
by (1), and (6.5)(ii) is false, by (4). Also, (6.5)(iii) is false, for otherwise there would be
a 6-separation (C, D) of G with |C' — D| = 2 and |D — C| > 2, contrary to (6.3). Thus
(6.5)(iv) holds, as required.

From (2.6) (applied to H), (2), (3), and (5), we deduce the theorem. |

(6.7) Let (A, B) be a 6-separation of a non-apex Hadwiger graph G, with |A—B|,|B—A| >
2. Then G|AN B has no circuit of length 4.

Proof: Suppose that AN B = {vy,...,v5}, where vjvg, V903, v304, v4v; are adjacent. By
(6.6), there is a cluster {X;, X3, X5, Xg} of G|(A — {vy,v4}) with v; € X; (i = 1,3,5,6);
and there is a cluster {Y3, Yy, Y5, Y5} of G|(B — {vi,v3}) with v; € Y] (i = 2,4,5,6). But
then

(X1, Ya, X3, Y3, X5 UYs, Xg U Yy}

is a 6-cluster in GG, a contradiction. [ |

(6.8) Let G be a non-apex Hadwiger graph, and let W C V(G) with |W| = 6. Then
G\W has < 2 components.

Proof: Let the vertex sets of the components of G\W be C1,...,C, and suppose that

k > 3. Now |C;| = 1 for at most one value of 7, since if |Cy| = |Cy| = 1 say then the
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separation

(CLUCLUW, C3U...UC,UW)

fails to satisfy (6.3). In particular we may assume that |C| > 1. By (6.6) there is a 4-
cluster { X1, X, X3, Xy} in G|(W U CY) with v; € X; (1 <1 <4), where W = {vq, ..., v}
Then

{X1, Xo, X3, X4, Cs, C5 U {vs}}

is a 6-cluster, a contradiction. [ |

Let G be a graph, let Z C V(G) with |Z] = 6, and let vy, v9,v3 € Z be distinct. An
octopus on Z in G with base v, v, v3 is a set of eight disjoint fragments of GG, that can be

numbered { X7, ..., Xg} so that
) veX,1<i<3)and |[ZNX;|=1(4<i<6)
(i) for 1 <i <3, X,;X; and X;Xg are both adjacent
(iii) for 4 <i < 6, one of X; X7, X; Xy is adjacent

(iv) X7Xjg are adjacent.

(See figure 2, where each X; has been contracted to a single vertex. This shows one of
the two basic types of octopus; in the other type, X4, X5, X are all adjacent to X7 and

not to Xg, or vice versa.)
Figure 2: an octopus.

(6.9) Let (A, B) be a 6-separation of a non-apex Hadwiger graph G, with |A — B| > 2
and |B — A| > 2. Let AN B = {vy,...,u5}. Then there is an octopus in G|A on AN B

with base vq, Vg, V3.
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Proof: We proceed by induction on |A].

(1) We may assume that there is no 6-separation (A', B') of G with A’ C A and BC B’
such that |A" — B'| > 2 and |A’| < |A|.

For if (A’, B') is such a separation, by Menger’s theorem, there are six disjoint paths
Py, ..., Ps of G|(AN B'), where P; has ends v; and v, € A'N B say, for 1 < i < 6.
From the inductive hypothesis, there is an octopus { X7, ..., X{} in G|A" on A’ N B’ with
base v}, v}, v, where v, € X/ (1 < ¢ < 6). Let X; = X/ UV(F,) (1 <7 < 6) and
X, = X[ (i =7,8); then {X1, ..., X3} satisfies the theorem.

From (1) and (6.3) it follows that

(2) wvy,v9,v3 all have > 2 neighbours in A — B.

Moreover,

(3) There is no (< 3)-separation (C, D) of G|(A — {vy,vs,v6}) with vi,v9,v3 € C and
|D—C|>2and D# A — {vg,v5,06}.

For if (C, D) is such a separation, (C'U B, DU{vy, v5,v6}) is a separation of G of order
< 6. By (1), DU{vy,vs,v6} = A, a contradiction.

(4) There are > 4 vertices in A — B with a neighbour in {vy, v, v3}.

For let the set of such vertices be N. Then (A — {vy,v9,v3}, BUN) is a separation of
G, of order |N| + 3. Suppose that |[N| < 3. Then this separation has order < 6, and yet

‘(A - {U17U27U3}) - (B U N)’ Z 2
since |A — B| > 5 by (6.3). This contradicts (1).
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(5) G|(A — {vg,v5,06}) cannot be drawn in a disc with vy, ve,v3 on the boundary.

For let us apply (6.5), taking k = 6 and Z = {v1,v9,v3}, and € = 1 (by (4)). (6.5)(i)
does not hold, by (2); (6.5)(ii) does not hold, since n(A, B) > 9 by (6.4); and (6.5)(iii)
does not hold, by (6.8). Thus (6.5)(iv) holds, and (5) follows.

From (5), (3), (3.4), (3.5) and the 6-connectivity of G, there is a legless tripod in
G|(A —{v4,v5,v6}) with feet vy, v9, v3. Consequently, there are disjoint fragments X, Y C
A — B of G such that X and Y both contain neighbours of v, vy and v3. Choose X and
Y with X UY maximal; then every vertex in V(G) — X UY with a neighbour in X UY
belongs to AN B, from the maximality of X UY, and hence vy, vs5, vg all have a neighbour

in X UY. Moreover, by (6.8), XY are adjacent. Consequently,

{{U1}> {U2}> {U?»}? {U4}> {U5}> {U6}> Xv Y}

is the desired octopus. [ |

7. REDUCTIONS FOR 6-SEPARATIONS

Now we use the results of the last section to eliminate most possibilities for 6-separations.

We begin with the following lemma.

(7.1) Let G be a graph, let Z C V(G) with |Z| = 5, and suppose that X1, Xy is fea-
sible in G for all disjoint X1, Xo C Z with |X1| = |Xa| = 2. Then there is at most one
X C Z with | X| = 2 such that X,Z — X is infeasible in G.

Proof: Let Z = {z, ..., z5} and suppose that {21, 22}, {23, 24, 25} is infeasible.

(1) X,Z — X is feasible for all X C {z3, 24, 25} with | X| = 2.
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For let X = {z3, z4} say. Since {z1, 22}, {23, 24} is feasible, there are disjoint connected
subgraphs Hy, Hy with 21,29 € V(H;) and z3,2z4 € V(Hy). Since {z1, 20}, {24, 25} is
feasible, there is a path from z5 to z4. Hence there is a minimal path ) from z5 to
V(Hy U Hy). If the end of @ is in V(H;) then {21, 22, 25}, {23, 24} is feasible as required;
and if the end of @) is in V(H») then {21, 22}, {23, 24, 25 } is feasible, a contradiction. This

proves (1).

In view of (1), we may suppose for a contradiction that {z1, 23}, {22, 24, 25} is infeasi-

ble. Hence there is symmetry between 2o and zs.

(2) There is a path P between zo and z3, and a path Q) between z4 and zs, with V(PNQ) =
0, and a path R from z to an internal vertex of P, with |V(RNP)| = 1 and V(RNQ) = 0.

For since {z1, 20}, {24, 25} is feasible, there are disjoint paths S, () with ends z1, 2o and
24, 25 respectively. Since {zs3, 24}, {21, 22} is feasible, there is a path from z3 to V(Q) in
G\{z1, z2}. Hence there is a path from z3 to V(QU.S) in G\{z1, z2}. Take a minimal such
path 7', and let its ends be z3,r7. Now r & V(Q) since {21, 22}, {23, 24, 25} is infeasible.
Consequently, 7 € V(5). Let P be the path in SUT between z3 and z3, and let R be the
subpath of S from z; to r; then (2) holds.

Choose P,@Q, R as in (2) with |E(R)| minimum. Let R have ends z;,7. Now since
{72, 24},{23, 25} is feasible, there are two disjoint paths from V' (P) to V(Q), and hence
there is one, S say, with r ¢ V(.S). Choose such a path S, minimal, with ends p € V(P)
and ¢ € V(Q). Since r € V(S), we may assume from the symmetry that p lies in the
component of P\r containing z;. Then S has no vertex in P except p, and none in @

except ¢, by the minimality of S.

Now S N R is null; for otherwise, let s be the vertex of S N R closest to p in S, and
let P’ be the union of the subpath of P from 25 to p, the subpath of S from p to s, the
subpath of R from s to r, and the subpath of P from r to z3; and let R’ be the subpath
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of R from z; to s. Then P’, @, R’ satisfy (2), contrary to the minimality of |E(R)|. This
proves that R and S are disjoint.

Let H; be the union of R and the subpath of P from r to z3, and let Hy be the union
of @), S and the subpath of P from 2, to p. Then Hy, Hy are disjoint and connected, and

so {z1, 23}, {22, 24, 25} is feasible, a contradiction. The result follows. [ |

(7.1) is best possible in the sense that there may be one X as in (7.1) with X, 7 — X
infeasible. For example, let G’ be a graph which can be drawn in the plane, and let
21, 29, 23, 24, 25, 26 be vertices incident with the infinite region, in order. Let zg be 4-
valent, with neighbours a, b, ¢, d in order. Let G be obtained from G’ by deleting zs and
adding edges ac and bd. Then if GG is sufficiently connected, it satisfies the hypotheses of
(7.1) with Z = {21, ..., 25}, and yet {z1, 23, 25}, {22, 24} is infeasible. The existence of this

construction will give us a lot of trouble.

Throughout the remainder of this section, G is a non-apex Hadwiger graph, and (A, B)
is a 6-separation of G with |A — B|,|B — A| > 2. Let ANB ={vy,...,vs}. From (6.6), we

have

(7.2)  For all disjoint X1, Xo C AN B with |X;| = |Xa| = 2, X1, Xy is feasible in
GI((A—-B)UX;UXy) and in G|((B — A) U X; UX>).

Consequently, from (7.1) we have

(7.3) For all Z C AN B with |Z| = 5, there is at most one X C Z with |X| = 2
such that X, Z — X 1is infeasible in G|((B — A)U Z), and at most one such that X, 7 — X
is infeasible in G|((A— B)U Z).

On the other hand, we have
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(7.4) Let Zy,...,Zy be a partition of AN B into stable sets, such that Z;Z; are adja-
cent for 1 <i < j<k. Then Z,..., Zy is infeasible in one of G|A, G|B.

Proof: Suppose that Zi, ..., Z; is feasible in G|A, via Xi,...,X}. By (5.1) there is a
5-colouring ¢o of G|B such that for 1 < i < k, ¢a(u) = ¢o(v) for all u,v € Z;, and for
1<i<j<k, ¢o(u) # ¢pa(v) for u € Z; and v € Z;. Hence we may assume that ¢o(u) = i
foru € Z; (1 <i < k). Similarly if Z1, ..., Z; is feasible in G|B, there is an analogous
5-colouring ¢; of G|A. Let ¢(v) = ¢1(v) if v € A, and ¢(v) = ¢o(v) if v € B; then ¢ is a

5-colouring of G, a contradiction. [

(7.5) AN B is not the union of a clique and a stable set.

Proof: Suppose that AN B = X UY, where X NY = (), G| X is complete, and Y is
stable. Choose Y maximal; then each v € X has a neighbour in Y. But the partition of
AN B into Y and the sets {v}(v € X) is feasible in both G|A and G|B, contrary to (7.4).
|

The following is a generalization of (7.4).

(7.6) Let Zy,...,Zy be a partition of AN B into stable sets, where k > 3 and Z;Z;
are adjacent for all 1, j with 1 < i < j < k except possibly for (i,7) = (1,2), (1,3). Then

either

(i) there do not exist disjoint fragments X, ..., Xy of G|A with Z; C X; (1 <1 <
k) such that X1 Xy are adjacent, or

(ii) there do not exist disjoint fragments Y1, ..., Yy of G|B with Z; CY; (1 <i < k)

such that Y1Y3 are adjacent.
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Proof: Suppose X7, ..., X, exist as in (i). By (5.1) there is a 5-colouring ¢, of G|B such
that for 1 < i < k, ¢a(u) = ¢2(v) for all u,v € Z;; and moreover, if ¢o(Z;) denotes the
common value of ¢o(u) for u € Z;, then ¢o(Z;) # ¢o(Z;) for all 4,7 with 1 <i < j <k
except possibly (z,7) = (1,3). Now suppose also that Yj,..., Y, exist as in (ii); then
similarly there is a 5-colouring ¢; of G|A and values ¢1(Z;) (1 < i < k) such that for
1<i<k,¢1(u) =¢1(Z) forall uw € Z; and for 1 < i < j <k, ¢1(Z;) # ¢1(Z;) except
possibly for (7, 5) = (1, 2).

If $1(Z1) # ¢1(Z2) and ¢2(Z1) # ¢2(Z3), we may assume that ¢1(Z;) = ¢2(Z;) = i
for 1 < i < k; but then setting ¢(v) = ¢1(v) (v € A) and ¢(v) = ¢2(v) (v € B)
defines a 5-colouring of G, a contradiction. We may therefore assume that ¢1(Z;) =
¢1(Z3), and hence Z; U Zy is stable. Now Z; U Z3, Z3, ..., Z} is feasible in G|A, via
X1 U Xo, X3, ..., Xk, since X;X5 are adjacent. By (5.1) there is a 5-colouring ¢3 of G|B
and values ¢3(Z1UZy), ¢3(Z3), ..., p3(Zx) such that ¢5(u) = ¢p3(Z1UZ,) for all u € Z1U Zy,
and ¢3(u) = ¢3(Z;) for all uw € Z; (3 < i < k). Since Zy U Zy, Z3, ..., Zy, are mutually
adjacent, it follows that ¢3(Zy U Zs), ¢3(Z3), ..., ¢3(Zx) are all distinct. Hence we may
assume that ¢(u) = ¢3(u) for all u € AN B. But then setting ¢(u) = ¢1(u) (u € A),
o(u) = ¢3(u) (u € B) defines a 5-colouring of G, a contradiction. |

If 71, ..., Zx C V(G) are disjoint, we say that Z1, ..., Z is strongly feasible (via X1, ..., Xy)
if there are disjoint fragments X1, ..., Xy with Z; C X; (1 <i < k) such that for 1 <i <k,
if |Z;| = 3 then G|X; contains a triad with set of feet Z;.

(7.7) Under the hypothesis of (7.6), if (7.6)(i) holds, then

(i) if Z1Zy are adjacent, then Zy, Zs, ..., Zy is infeasible in G|A
(i) of |Z1] = |Zo| =1, then Zy U Zy, Zs, ..., Zy, is infeasible in G|A
(ili) if |Z1 U Zy| = 3, then Zy U Zy, Zs, ..., Zy is not strongly feasible in G|A.
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In each case the proof is clear.

(7.8) If vivy, v1v3, v1v4 are all adjacent then vsvg are adjacent.

Proof: Suppose not. Since G|AN B has no circuit of length 4 by (6.7), each of v5 and vg
is adjacent to at most one of vy, v3,v4. We may therefore assume that vyvs and vyvg are

not adjacent. Hence by (7.5), vyvs are not adjacent.

(1) {v1}, {ve,vs}, {vs4,vs,06} is infeasible in G|A and in G|B.

For suppose that {v}, {ve, v3}, {v4,vs, v} is feasible in G| A, say. Let Z; = {vy}, Zy =
{vs}, Z5 = {va,vs,v6}, Zy = {v1}. By (7.5), ZyZ3 are adjacent. By (7.7)(ii) there exist
disjoint fragments X7, ..., Xy of G|A with Z; C X; (1 <i < 4) such that X; X, are adja-
cent. Moreover, there exist disjoint fragments Y7y, ..., Y, of G|B with Z; CY; (1 <i < 4)
such that Y;Y3 are adjacent, by the 6-connectivity of G. This contradicts (7.6).

(2) Fori=2,3, v; is not adjacent to both vs and vg.

Suppose that vovs and vevg are both adjacent, say. Then {vs, vs, vg} is stable and so
by (7.5), vevy are not adjacent. By (1) and (7.3), {v1}, {ve,va}, {vs,v5,v6} is feasible in
both G|A and G|B, contrary to (7.4). This proves (2).

Now by (6.7), not both vevy and vzvy are adjacent, and so we may assume that vsvy
are not adjacent. By (2), we may also assume (exchanging vs and vg if necessary) that
v9vg and vsvs are not adjacent. By (1) and (7.3), {v1}, {ve, vs}, {vs, v, v5} is feasible in

both G|A and G|B, and by (7.5) {vs,v¢}, {vs, v4, v5} are adjacent, contrary to (7.5). H
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(7.9) G|AN B has mazimum valency < 3.

Proof: Suppose that vivy, v1v3, V104, V105 are all adjacent. By (7.8), vsvg and vyvg are

adjacent, contrary to (6.7). |

(7.10) If {v1,v2,v3} is a 3-clique then so is {vy,vs, vg}.

Proof: Suppose that vjve, vov3, v1v5 are all adjacent and vyvs are not. By (7.5) we may
assume that vsvg are adjacent. Since G| AN B has no circuits of length 4 and has maximum
valency < 3, we may assume that there are no edges between {vq, vy, v3} and {vy, vs, v}

except possibly vyvy, vovs and v3vg.

(1) We may assume that {vi},{ve,vs}, {v3,v4,v5} and {va}, {v1,v6}, {vs, v4,v5} are in-

feasible in G|A.

For suppose that at least one of them is feasible in G|A, and also at least one is
feasible in G|B. By (7.4) neither of these partitions is feasible in both G|A and G|B,
and so we may assume that {vy }, {ve, vs}, {vs, v4, v5} is feasible in G|A and {vo}, {v1, vs},
{vs, vy, v5} is feasible in G|B. Let Z1 = {vg}, Zo = {va}, Z3 = {v1}, Zy = {vs,v4,v5}; then
by (7.7)(ii), (7.6) is contradicted. This proves (1).

By (6.9), there is an octopus {Xji,..., Xg} in G|A with base vz, vy, vs with v; € X;
(1 <i<6). By exchanging X7 and Xg, we may assume that XgXg are adjacent. By (1),
X1 Xg are not adjacent, and so X; X7 are adjacent; and similarly X, X7 are adjacent. By
(6.6) there is a 4-cluster {Y1,Ys, Yy, Y5} of G|(B — {vs,vs5}) with v; € Y; (i = 1,2,4,6).
But then
{X7UY1, XoUYs, X3U Xg, Xy, UYy, X5 U X7, XU Y}
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is a 6-cluster in GG, a contradiction. [ |

(7.11) G|AN B has no triangle.

Proof: Suppose that {vy, v, v3} is a 3-clique. Then by (7.10), {v4, vs, v} is a 3-clique. By
(7.9) and (6.7), we may assume that there is no edge between {vy, vo, v3} and {vy, vs, v}
except possibly vivs. Now by (7.2), {vi}, {vsa}, {ve,vs},{vs, v} is feasible in both G|A
and G|B, and so by (7.4), vjvy are not adjacent. Hence G|A N B is the disjoint union of

two triangles.

We claim that in G| A there are three disjoint paths from {vy, ve, v3} to {vy, vs, ve}. For
if not, then there is a (< 2)-separation (X, Y) of G|A with vy, ve, v3 € X and vy, vs,v6 € Y.

Then (X, BUY) is a separation of G of order
IXNY|+ | XN(B-Y)|<|XNY|+|(ANB)-Y|<5

and so BUY = V(G); and similarly BU X = V(G). Since | X NY| < 2, it follows
that |[A — B| < 2, contrary to (6.3). This proves that there are three disjoint paths
of G from {vy,ve,v3} to {vyg,vs,v6}; and therefore from the symmetry we may assume
that {vy,vs}, {va,v5}, {vs, v6} is feasible in G|A. But {vi}, {vs}, {vo, v5}, {vs, v6} is fea-
sible in G|B by (7.2), contrary to (7.6) and (7.7)(i),(ii), taking Z; = {vi}, Z2 = {va},
Zy = {wvy,v5}, Zy = {v3,v6}. This completes the proof. [ |

(7.12) G|AN B has no circuit.

Proof: From (7.11), G|AN B has no triangle, and from (6.7), it has no circuit of length 4.
Suppose that {vy,ve, v3,v4,v5} C AN DB is the vertex set of a circuit of length 5, numbered
in order. By (6.7) and (7.11), vg has valency < 1 in G|A N B and G|{vy,...,vs} has no

more edges. Suppose first that vsvs are adjacent. From (7.4), {vs}, {ve, v}, {v1,v3,v6} is
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infeasible in one of G|A, G|B, say G|A.

By (6.9) there is an octopus {X7,..., Xs} in G|A on AN B with base vy, v3, vy with
v; € X; (1 <4 < 6). From the symmetry we may assume that X,X; are adjacent.
Then XsXs are not adjacent since {vs}, {va, v4}, {v1,vs, v6} is infeasible in G|A, and so
XeX7 are adjacent. By (6.6) there is a 4-cluster {Y5, Y3, Yy, Y5} in G|(B — {v1,v6}) with
v; €Y; (i=2,3,4,5). Then

{X71UXs, XoUYs, X5UY5, Xy UYy, X5 U Y5, XU X7}

is a 6-cluster in GG, a contradiction.

This proves that vsvg are not adjacent, and so vg has valency 0 in G|AN B. By a cruz
we mean a partition Zy, Zy, Z3 of {vy,...,u6} such that |Z;| = 1, |Z3| = 2,|Z3| = 3, and
Zy, 4o, Z3 are all stable. Necessarily, vg € Z3. There are ten cruces in total. For 1 <7 < 5,
there are two cruces Zy, Zo, Z3 with Z; = {v;}, and one of them is feasible in G|A, by
(7.3). Thus at least five cruces are feasible in G| A, and at least five in G| B. On the other
hand, no crux is feasible in both G|A and G|B by (7.4), and so for each i (1 < ¢ < 5)
there is exactly one crux Zy, Zs, Zs with |Z| = {v;} feasible in G|A. Moreover, every crux

is feasible in exactly one of G|A, G|B.

If 71, Zy, Z3 is a crux its mate is the unique crux 71, 723, Z4, with Z, = Z3 and Z| # Z;.
This provides an involution among the set of cruces, and since an odd number of cruces
are feasible in G|A, there is one feasible in GG|A such that its mate is infeasible in G|A.
We may therefore assume that {vi}, {va, v4}, {vs, vs5,v6} is feasible in G|A, and its mate
{va}, {v1,v4}, {vs, v5, 06} is infeasible in G|A. Consequently, the latter is feasible in G|B,
contrary to (7.6) and (7.7)(ii), taking Z; = {vs}, Zo = {we}, Z3 = {v1}, Z4 = {v3, v, v6}.

This proves that G|AN B has no circuit of length 5. To complete the proof, we suppose
that G|AN B has a circuit of length 6; and then, by (7.11) and (6.7), it has no more edges.
Let ANB = {vy, ..., v6} numbered in order on the circuit. By (7.4), {v1, v3, vs}, {va, v4, v6}
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is infeasible in one of G|A, G|B, say G|A. By (6.9) there is an octopus {X7, ..., Xg} in
G|A on AN B with base vy, vy, v, with v; € X; (1 <1 <6).

Now not all Xi, X3, X5 are adjacent to X7 since {vy,vs,vs}, {va, v4,v6} is not fea-
sible in G|A, and similarly they are not all adjacent to Xg. Thus we may assume
that X7 X7, X3Xg, X5Xg are adjacent. By (6.6) there is a 4-cluster {Y7,Y5, Y3, Y5} in
G|(B — {v4,v6}) with v; € Y; (1 = 1,2,3,5). But then

{XiUY, XoUY,, X3UYs, Xy U Xy, X5UY5, XeU X}

is a 6-cluster in (G, a contradiction. [ |

(7.13) G|AN B has maximum valency < 2.

Proof: By (7.9), G|A N B has maximum valency < 3. Suppose that v; is adjacent to
v, U3, v4. Then by (7.8), vsvg are adjacent. By (7.3), one of

{Ul}, {Uz, Us}, {03, Vg, UG}

{Ul}v{v3ﬁv5}v{v2av4avﬁ}

{Ul}v{v4ﬁv5}v{v2av3avﬁ}

is feasible in both G|A and G|B, and so by (7.4) one of these sets is not stable. From the
symmetry and (7.12) we may assume that vyvs are adjacent; and then by (7.12) G|AN B

has no more edges. By (7.3), one of

{vi}, {va, vs}, {va, v3, v6}
{Ul}, {Us, Us}, {02, Uy, UG}
{Ul}, {Uz, UG}, {03, Uy, Us}

is feasible in both G|A and G|B, contrary to (7.4). |
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(7.14) G|AN B has > 3 edges.

Proof: By (7.5) no vertex of G|AN B meets all its edges, and so we may assume that v1v,

are adjacent and vsv, are adjacent, and G|A N B has no more edges.

(1) {v1,v3},{ve, vy, vs5,v6} is infeasible in G|A and in G|B.

For let Zy = {v1}, Z = {v3}, Z3 = {va, v4, v5, v }; the claim follows from (7.6), (7.7)(i)
and (7.7)(ii). ((7.6)(ii) does not hold since Z;Z5 are adjacent.)

Now by (7.3), one of

{ve}, {v1,vs}, {va, va, 05}

{ve}, {v2, v}, {v1, 04,05}

{ve}, {vi, va}, {vz, vs, vs}
is feasible in both G|A and G|B. (This does not contradict (7.4).) From the symmetry
we may assume the first. Consequently, there are disjoint fragments X, X, of G|A with
v1,v3 € X7 and vy, vy, v5 € Xo. Choose X7, Xo maximal. Then vg € X; U X5, and by (1)

ve & Xs. Thus vg € X;. We have therefore proved that {vy, vs, v}, {va, v4,v5} is feasible
in G|A. But by symmetry it is also feasible in G|B, contrary to (7.4). |

(7.15) G|AN B has > 4 edges.
Proof: Suppose it has only three. Suppose that it has > 2 vertices of valency 0; then

we may assume its edges are vivy, vov3, v3v4. Then {vq, vy, vs,v6} is stable and vyvs are

adjacent, contrary to (7.5).

Thus G|AN B has at most one vertex of valency 0. Suppose it has one. Then we may
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assume its edges are vyvy, V304, V4U5. By (7.3) one of

{04}, {01, Us}, {02, Us, UG}
{'U4}7 {Ulﬁ 05}7 {U2’ Vg, Uﬁ}

{'U4}7 {U2’ 1)3}7 {Ulﬁ Vs, Uﬁ}

is feasible in both G|A and G|B, contrary to (7.4).

Hence G|A N B has minimum valency > 1; and hence we may assume its edges are

V1V2, U3V4, and VU5Vg.-

(1) If {v1,v3, 05}, {ve,v4, 06} is strongly feasible in G|A, then {vs}, {v1,v3}, {va, v4, v}
is infeasible in G|B.

For take Zy = {vs}, Zo = {v1,v3}, Z5 = {vq, v4, v6}; the claim follows from (7.6) and
(7.7)(iii).

By (6.9) there is an octopus {X7, ..., Xg} in G|A on AN B with base vy, v3, v5, and an

octopus {Y7,..., Yz} in G|B on AN B with base v, v3,v5. From the symmetry we may

assume that X, X7 and Y,Y7 are adjacent.

(2) Not both X4 X7 and X¢X; are adjacent.

For suppose they are. Then {vy, v3,vs}, {vs, v4, v} is strongly feasible in G|A. If Y,Y7
are adjacent, then {vg}, {ve, v4}, {v1,v3,v5} is feasible in G|B contrary to (1). Thus Y,Y3
and similarly YsYs are adjacent. But then {vs}, {v4, v6}, {v1,v3,v5} is feasible in G|B,
contrary to (1).

We may therefore assume that XgX; are not adjacent, and hence XgXg are adja-
cent. Hence there is symmetry between X,; and Xg (exchanging vy, vy with vs, v and

exchanging Y7, Yg if necessary), and so we may assume that X,X; are adjacent. Now
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{v1,v3,v6}, {v2, 04,05} is strongly feasible in G|A, and so Y,Y; are not adjacent, since
{ve}, {v1,v3}, {v2,v4,v5} is infeasible in G|B by (1); and YsYs are not adjacent, since
{v4}, {ve,v5}, {v1,v3,v6} is infeasible in G|B by (1). Hence Y,Ys and Y3Y7 are adjacent.
But then {wvo}, {v4, vs}, {v1, vs, v6} is feasible in G|B contrary to (1). |

(7.16) G|AN B is a 5-edge path.

Proof: If not, then from (7.15), (7.12) and (7.13), G|A N B is the disjoint union of two
paths. There are three cases depending on the lengths of these paths.

First, we assume that v; is adjacent to v;y1 for i = 1,2, 3,4, and vg has valency 0.

(1) {v1,vs,v5, 06}, {va, v4} is infeasible in G|A and in G|B.

For let Z; = {2}, Zo = {ws}, Z35 = {v1,v3,v5,06}; the claim follows from (7.6) and
(7.7)(ii).

By (7.4), {vs},{va, vs},{v1,v4,v6} is infeasible in one of G|A and G|B, say in G|B.
Hence by (7.3), {vs}, {v1, va}, {v2, vs, v6} is feasible in G| B and hence not in G|A, by (7.4).

There is still symmetry between A and B (exchanging v, and v). By (7.4), {vi, vs,v5},
{va,v4,v6} is infeasible in one of G|A and G|B, say in G|A. By (6.9) there is an octopus
{Xi,..., Xg} in G|A on AN B with base vy, vs,vs, with v; € X; (1 <i < 6), and there is
an octopus {Y7,..., Y3} in G|B on AN B with base vy, vs,v5 , with v; € Y; (1 < i <6).
We may assume that X, X; are adjacent. Now either XgX7; or X¢Xg are adjacent, and

yet both

{v1,v3, 5}, {va, va, v6 }
{/U17 U3, Us, UG}? {/U27 U4}
are infeasible in G|A, and so X, X7 are not adjacent. Hence X,;Xg are adjacent. Since
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{vs}, {v1,va}, {v2,v5, 06} is infeasible in G|A, it follows that X¢X7 are not adjacent, and

so X¢Xg are adjacent.

We may assume that Y5Y7 are adjacent. If YgYg are adjacent, then either Y,Y7 are

adjacent or Y,Yy are adjacent, and yet

{/U17 U3, Vs, UG}J {1)27 U4}
{'US}v {U2, 05}7 {Ul, Uy, Uﬁ}

are both infeasible in G| B, which is impossible. Thus Y5Y3 are not adjacent, and so YsY7

are adjacent. But then
{(XiUYTUYs, Xo UY, U X7, Xa UYaU Xy UYy, X5 UYs, XU YUYy, Xg}

is a 6-cluster in G (recall that X7 X are adjacent), a contradiction. This concludes the

first case.

Now we assume that v;v;41 are adjacent for i = 1, 2, 3, 5. By (7.4), we may assume
that {vs}, {ve,vs}, {v1,vs,v6} is infeasible in G|A. By (7.3), {vs}, {ve, vs}, {v1,v4,v5} is
feasible in G|A, and hence not in G|B, by (7.4). By (7.3), {vs}, {ve,vs}, {v1,v4,v6} is
feasible in G|B. Suppose that {va}, {vs, v5}, {v1,vs,v6} is feasible in G|A. Take Z; =
{vs}, Zy = {vs}, Z3 = {va}, Zy = {v1,v4,06}; then (7.6) is contradicted. This proves
that {ve}, {vs,v5}, {v1,v4,v6} is infeasible in G|A, and, by the symmetry, {vs}, {vs, v},

{v1,v4,v5} is infeasible in G|B.

Let { X}, ..., Xg} be an octopus on AN B in G|A with base vy, v3, vg, with v; € X; (1 <
i < 6). We may assume that X, X; are adjacent. Since {wvo}, {vs,vs}, {v1,v4,v6} is

infeasible in G| A, it follows that X5Xjg are not adjacent, and hence X;X; are adjacent.

Suppose that X, X; are adjacent. By (6.6) there is a 4-cluster {Cy,C5, Cy, Cs} in
G|(B — {v3,vs}) with v; € C; (i = 1,2,4,6). But then

{X7UC, Xo Uy, XU Xg, Xy UCy, X5U X7, XU Cg}
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is a 6-cluster in GG, a contradiction. Thus X, X§g are adjacent.

Now, there is a symmetry exchanging A with B, vs with vg,v; with vy and vy with
v3. Consequently, there is an octopus {Y7, ..., Ys} in G|B with base vq, vy, v5, with v; €

Y; (1 <i<6), and with Y1Y7, Y5Y7, Y3Y;5 adjacent. But then
{XlU}/lUX77X2U}/27X3U}/37X4U3/4U}/:77X5UY5U}/;bXGU}/GUXS}

is a 6-cluster, a contradiction. This concludes the second case.

In the third case, we assume that v;v;41 are adjacent for i = 1,2,4,5. By (7.4),
{vs}, {ve, v4}, {v1, v3, v6} is infeasible in one of G| A, G|B, say G|A. By (7.3), {vs}, {va, v6},

{v1,v3,v4} is feasible in G|A, and hence not in G|B.
Let {X1, ..., Xs} be an octopus in G|A on AN B with base vy, vs, vy with v; € X; (1 <
i < 6). We may assume that X, X7 are adjacent. Since

{vs}, {va, va}, {v1, v3, v6}

is infeasible in G|A it follows that X¢Xg are not adjacent, and so X¢X; are adjacent.
Suppose that X5Xg are adjacent; let {Cy, Cs, Cy, C5} be a 4-cluster in G|(B — {v1,v6})
with v; € C; (i = 2,3,4,5), and then

{X7U X3, XoUCy, X3UC3, Xy UCy, X5UCs, XU X7}

is a 6-cluster, a contradiction. Hence X;Xg are not adjacent, and so X5X; are adjacent.

Let {Y3,..., Yz} be an octopus in G|B on AN B with base vy, vy, vg, with v; € Y; (1 <
i < 6). We may assume that Y3Y; are adjacent. Then Y,Y; are not adjacent, since

Vs, 1V2, Ug f, 1V1, U3, U4 1S Infeasible . Hence, Y,Yg are adjacent. But then
{vs},{ J } is infeasible in G|B. H Y, Ys dj B h
{XiUY1, XoUY,, XaUYsU Xg, Xy UY, UYs, X5 UY5U X7, Xg UYsU Y7}

is a 6-cluster in GG, a contradiction. [ |
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The remaining case, when G|A N B is a 5-edge path, unfortunately resists attack by

these methods, and we need another technique, which we develop in the next two sections.

8. THE INFEASIBLE PARTITIONS

Now we use the methods of the last section to learn what we can about the case left

open by (7.16). We need the following lemma.

(8.1) Let X,Y,Z be finite sets of integers, with |X|,|Y|,|Z| > 3. Then either

(i) for one of X,Y,Z, say X, there are two members x1,79 € X and y € Y and

z€ Z withxy <y <z and x1 < 2 < xa, Or

(ii) for some integer n, let I, J be the sets of integers < m and > n respectively;
then both I and J include one of X, Y, Z, and X, Y, Z are all subsets of one
of I, J.

Proof: Let x1 be the smallest member of X, and x5 the largest; and define vy, ys, 21, 22
similarly. We may assume that zo — x7 > 9o — 41,22 — 21. Let A ={n: 21 <n < xs}.
If ANY # () and AN Z # () then (i) holds, and so we may assume that ANY = (. If
y1 < w9 and yy > x7 then it follows that y; < zy (since y; € A) and similarly y, > xo;
and since x9 — 1 > Y2 — y1, we deduce that Y = {y1, 9}, a contradiction since |Y| > 3.
Thus, either x5 < y; or y5 < x1, and from the symmetry we may assume that zo < y;. If
x9 < z1, then (ii) holds, and so we may assume that z; < x, and similarly y; < z5. But

then (i) holds (with z1, z9, y1, 22). |

We use (8.1) to prove the following.

(8.2) Let G be a graph and let vy, ...,v5s € V(G) be distinct. Suppose that
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(i) there is a circuit of G containing vy, v, vs, disjoint from a path of G with ends

V4, Us,
(i) {v1,va,v3} is stable,

(iii) there is no 5-separation (A, B) of G with {vy,...,vs} C A, |A| > 5 and |B —
Al > 2, and

(iv) there is no (< 4)-separation (A, B) of G with {vy,...,v5} C A and |B—A| > 1.

Then {vi,ve,v3}, {v4,v5} is strongly feasible in G.

Proof: Let C be a circuit of G with vy, ve,v3 € V(C), and let P be a path of G with ends
vy, V5, with P N C null. Let the path of C' between v; and vy not containing vs be Cis,
and define C3, Co3 similarly. Since {vy, vo, v3} is stable, it follows that |E(C12)| > 2, and
so there is a unique component Hiy of G\(V(P) U {vy, v2,v3}) containing Ch2\{vy, v2}.
Define H,3, Hoz similarly, and choose P and C so that His U Hi3 U Haz is maximal.

(1) We may assume that vy has no neighbour in V(His), and similarly for vy, V (H;s)
and for vy, V (Has); and in particular Hyo, Hy3, Has are all distinct.

For if V/(Hy2) contains a neighbour of vz, then V(His) U {vy,v9,v3} contains a triad

with feet v, v9, v3, and so the theorem is true.

Let X3 be the set of vertices in V(P) with a neighbour in V(His), and define X5, X7,
similarly for V(Hy3), V(Has).

(2) | X1], | Xal, | X5] > 3.
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For if |X3| S 2 say, let B = V(ng) U {’Ul,’UQ} U X3 and A = V(G) - V(ng), then
AN B ={v1,v2} UXj; and so (A, B) is a (< 4)-separation of G; but {vy,...,v5} C A, and

B—A=V(Hy)#0

contrary to hypothesis (iv).

(3) Let v € V(P), and let Py, Py be the subpaths of P between v and vy, vs respectively.
Then it is not true that X1, Xo C V(Py) and X3 C V(P).

For suppose this is true. We may assume that v € X3. Let

A = V(H12> U {Uh V2, U3, U4} U V(P2>7

= V(ng U H23) U {Ul,'Ug,’Ug} U V(Pl)

Since {vq,...,v5} € A, |A] > 5, |B— A| > 2 and AN B = {v,v1,v9,v3,v4}, it follows
from hypothesis (iii) that there is a path @ of G from A to B with V(Q)N AN B = 0;

choose  minimal, with ends « € A — B and b € B — A say. By the minimality of
Q,V(Q)N(AUB) ={a,b}. If a € V(Hyy) then

V(Q) N (V(P)U{vr,v,03}) € V(Q) N (AU B —{a}) = {b},

and hence Q\b C Hio; but then b € B — A has a neighbour in V(Hjs), and hence
b e X3 C A, a contradiction. Thus a ¢ V(H2), and similarly b ¢ V(Hy3 U Hag). Since
a,b ¢ AN B, it follows that a € V(P) — {v}, and similarly b € V(P;) — {v,v4}. Let P’
be obtained from P U () by deleting the edges and vertices of P strictly between a and
b; then P’ N C is null, and V(His), V(Hi3), V(Has) are all disjoint from V(P'U ('), and
v ¢ V(P'UC) and has a neighbour in V' (Hy) (since v € X3). This contradicts the choice
of P,C. This proves (3).

72



From (2), (3) and (8.1), we may assume that there exist a,b € Xj, such that if
R denotes the subpath of P between a and b, then for i = 1,2 there exists z; €
X;NV(R) — {a,b}. Let P’ be a path of G between v, and vs obtained from P by
replacing R by a path from a to b with vertex set in {a,b} UV (Hyy). Let T be the
union of C3, a minimal path in {22} U V(H;3) between V(Ci3) — {v1,v3} and zs, the
subpath of P between 5 and x7, a minimal path in {x;} UV (Hy3) between x; and some
u € V(Ca3) — {vq,v3}, and the subpath of Cy3 between u and vo; then T is a triad with

feet v1, v9, v3, disjoint from P’. Hence the result is true. [ |

(8.3) Let G be a graph, let vy,...,vs5 be distinct, and let C be a circuit of G\{v4,vs}
with vy, vy € V(C). Let Ry be a path of G\{v1,ve,v4,v5} from vs to hy € V(C), with no
vertex in C except hz. Let C15 be the path of C between v, and vy not containing hsz, and
for 1 = 1,2, let Ci3 be the path of C between v; and hs not containing vs_;. Let H; be
the component of G\V(C U R3) containing v; for i = 4,5, and suppose that for i = 4,5
both V(C13) —{v1, hs} and V(Cas) —{va, hs} contain a vertex with a neighbour in V(H;).
Suppose also that

(i) {v1,vq,v3} is stable,

(ii) there is no 5-separation (A, B) of G with {vy,....,v5} C A |A| > 5 and |B —
Al > 2, and

(ili) there is no (< 4)-separation (A, B) of G with {vy,...,v5} C A and |B—A| > 1.

Then {vy,ve,v3}, {vg, vs} is strongly feasible.

Proof:  For i = 4, 5, choose h; € V(H;) such that there are three paths P;, Q;, R; of

G, mutually disjoint except for h;, where
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(i) P;is from h; to V(Ci3) — {v1, hs}, and has no vertex in C'U R3 except its end
pi € V(Ciz) — {v1, ha}

(i) @, is from h; to V(Ca3) — {v2, hg}, and has no vertex in C'U R3 except its end
¢i € V(Ca3) — {v, hs}

(iii) R; is from h; to v;, and is disjoint from C' U Ryj.

Moreover, choose C, hy, hs etc., so that |E(Rs)| 4+ |E(R4)| + |E(R5)| is minimum.

(1) We may assume that (PyUQ4URy) N (PsUQsU Rs) C C.

For otherwise there is a path from v, to vs disjoint from C'UR3; and hence if F(R3) # ()
this path is disjoint from a triad with feet v, vq, v3 as required, and if F(R3) = () the result
follows from (8.2).

Let

A = V(CisUR3UR,URs)
= V(013U023UP4UQ4UP5UQ5).

Then AN B = {vy,vy, h3, hy,hs} and |B — A| > 2 (since Ci3,Cy3 both have internal
vertices) and |A| > 6 (since |V(C12)| > 3), and so from the hypothesis there is a path @
of G from A to B with V(Q)N AN B = (). Choose () minimal, with ends a € A — B and
b€ B— A, and hence with V(Q)N (AU B) = {a,b}. From the symmetry we may assume
that a € V(C12 U R3 U Ry) — {v1,v9, hg, hy} and b € V(Ci3U Py U Ps) — {vy, hs, hy, hs}.

Suppose first that a € V(Ci2). Then

QU Ci2 U (Py\hg) U (P5s\hs) UCi3U R3
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contains a triad with feet vy, vo, v3, disjoint from the path between v, and vs in R4 U Q4 U
(Ca3\{v2, h3}) U Q5 U Rs, and so the result is true. Now suppose that a € V(Ry) — {h4}.
Then since b € V(Cy3 U Py U Pj), this contradicts the minimality of |E(R3)| + |E(R4)| +
|E(R5)|, as we see by replacing an appropriate subpath of P, by @. Finally, suppose that
a € V(R3) — {hs}. Then we can replace C3 by a path between v; and @ in

((Ci3 U R3)\h3) U QU (Py\h4) U (Ps\hs),
replace hs by a, and change Cs3 and R3 accordingly, again contrary to the minimality of

|E(Rs)| + |E(R4)| + |E(R5)|. The result follows. |

(8.4) Let G be a graph, and let vy, ...,v5 € V(G) be distinct, such that

{U1}7 {U27U3}7 {U47U5}
{U2}7 {U17U3}7 {U47U5}
{vs}, {vr, v2}, {va, v5}

{v1, v, vs}, {va, vs}
are all feasible in G. Suppose also that
(i) {v1,vq,v3} is stable

(i) there is no 5-separation (A, B) of G with vy, ...,vs € A, |A| > 5 and |B—A| >
2, and

(iii) there is no (< 4)-separation (A, B) of G with vy, ...,v5 € A and |B — A| > 1.

Then {vy,ve,v3}, {vy, v5} is strongly feasible.

Proof: Let P be the partition {vy,ve,v3}, {v4,v5}. Since P is feasible, we may assume
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that there is a path H of G with ends vy, ve and with v3 € V(H), and a path J of G with
ends vy, vs, such that H N J is null. Since {v3}, {vy, va}, {vy, v5} is feasible, there is a path
P of G\vs with ends vy, vo and a path @ of G\vs with ends vg4, v5, such that PN @ is null.
Choose H, J, P, () so that H U J U P U () is minimal.

By an arc we mean a subpath of P U @ with distinct ends both in V/(H U J) and with

no edge or internal vertex in H U J.

(1) We may assume that every arc has one end in V(H) and the other in V(J).

For let R be an arc with ends a, b say. If a,b € V(J), let J' be obtained from JU R by
deleting the edges and vertices of J strictly between a and b; then H,.J', P, contradicts
the minimality of H U J U P U Q. Thus not both a,b € V(J). Similarly not both a,b
belong to the subpath of H between v; and vz, or to the subpath between v, and vs.
Consequently, if a,b € V(H) then we may assume that v; and a belong to one component
of H\vs, and vy and b to the other. If v; = a and v = b then P is strongly feasible by
(8.2); and otherwise P is strongly feasible since RU H includes a triad with feet vy, vy, v3.

This proves (1).

(2) Both P and Q include arcs.

For since P has ends vy, vy and vz € V(P), it follows that P Z HUJ and so P includes
an arc. Suppose that () includes no arc; then Q = J, and so the arc in P has both ends
in V(H), contrary to (1).

Let P, and P, be the arcs in P closest in P to v; and to vy respectively; these exist

by (2). Let P; have ends v} and w;, where v} lies in P between u; and v; (i = 1,2). Let
R; be the subpath of P between v; and v,. Then R; C H U J, and so R; C H since
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v; € V(R; N H). By (1), uy,us € V(J).

Let Q4 and Q)5 be the arcs in @) closest to vy and to vs respectively; for i = 4,5 let @Q;
have ends v, and u;, where v} lies in ) between u; and v;. Let R; be the subpath of Q)

between v; and v. Then R; C J (i = 4,5), and by (1), uy,us € V(H).

(3) w4 and us belong to the same component of H\vs.

For suppose that us and v; belong to one component, H; say, and us and vy to the

other, Hy say. For ¢ =1,2,4,5, let v/ be the vertex of H U J which

(i) belongs to the same component of H U J as v;
(ii) belongs to V(P U Q)
(iii) does not belong to V(R;)
(iv) subject to (i)-(iii), is closest in H U J to v;.

Since uy € V(Hy) and ug & V(Ry), it follows that v} lies in H strictly between v{ and vs,
and similarly v4 lies in H strictly between vs and vjy. If vf € V(P), let P’ be obtained
from P by replacing the subpath of P between v| and v{ by the subpath of H between
these vertices; then P’ N () is null, contrary to the minimality of H U J U P U Q. Thus
v] € V(Q) and similarly v} € V(Q), vf € V(P),v? € V(P). Let P’ be the union of the
subpath of H between v; and v{, the subpath of @) between v{ and v4, and the subpath
of H between v and vy. Let @' be the union of the subpath of J between v, and v}, the
subpath of P between v and v?, and the subpath of J between vZ and vs. Then P’ N Q'
is null, contrary to the minimality of H U J U P U Q. This proves (3).

From (3) we may assume that w4, us, vy all belong to the same component of H\vs.
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(4) We may assume that vl = vs.

For let S be the union of Ry, ()4, the subpath of H between uy and us, @5, and R5. If
vy # vy then there is a triad with feet vy, v9, v3 disjoint from S in the union of the subpath
of H between vy and wvs, Ps, the subpath of J between u; and us, P; and Ry, and so P is
strongly feasible as required. This proves (4).

From (3) and (4) we deduce that the hypotheses of (8.3) hold (with v, v3 exchanged),
taking C' to be the union of the subpath of H between v} and v} = vy, P», the subpath of
J between u; and ug, and P;. The result follows from (8.3). [ |

It is convenient to prove a slight strengthening of (8.4). Let vq,...,v5 € V(G) be dis-
tinct. A bat in G on {vy,...,v5} with feet vy, v5 is a set of six disjoint fragments of G,
which can be numbered X, ..., Xg so that X, X5 are adjacent, and for 1 <i < 5,v; € X;

and X; Xg are adjacent.

(8.5) Under the hypothesis of (8.4), there is a bat in G on {vq,...,vs} with feet vy, vs.

Proof: By (8.4), {v1,ve,v3}, {vg, vs5} is strongly feasible, and so there is a path P between
vy and vs and a fragment Xg of G such that Xg, V(P), {v1,ve,v3} are mutually disjoint
and vy, v9, v3 all have neighbours in Xg. Choose X¢ maximal, and let N be the set of all
v € V(G) — X with a neighbour in Xs. Then (V(G) — X6, N U X§) is a separation of
G. Since vy, ...,v5 € V(G) — X¢ # V(G), it follows that this separation has order > 5
(by(8.4)(iii)), and so |[N| > 5. But N — V(P) C {v1,vs,v3} by the maximality of X,
and so |[N N V(P)| > 2. Choose an edge e of P so that N meets both components of
P\e; and let these components have vertex sets Xy, X5 where v; € X; (i = 4,5). Let
X; ={v;} (i =1,2,3); then {X;, ..., Xg} is the desired bat. |
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Let vy, ...,v6 € V(G) be distinct. We denote by Py, ..., P1o the following partitions:

Py {or}, {vs, v}, {va, vg, v}
Py o {va}, {vs, vs}, {v1, v4, v6}
P {vs}, {va, vs}, {v1, v4, v6}
Py {vg}, {va,v5}, {v1,v3, 06}
Ps : {vs}, {va, v4}, {v1, 03,06}
Ps : {vs}, {va, va},{v1,v3,05}
Pr o v, vs),{ve, us}, {vg, v6}
Ps : {vr, 04}, {ve,v5}, {vs, v6}
Py {v1,v4},{ve, 06}, {vs,v5}
Py {vi,vs5}, {va, v4}, {vs, v}
P11 o {vr, v}, {va, va}, {vs, vs}

Pra {U17U37U5}7{U27U47U6}-

(8.6) Let G be a non-apex Hadwiger graph, and let (A, B) be a 6-separation of G with
|A—B|,|B—A| > 2, chosen with A minimal. Let G|ANB be a path with vertices vy, ..., vg
in order. Then Py, ..., P12 are infeasible in G|A.

Proof: 'We show first that

(1) There is an octopus {Y1,...,Ys} in G|B on {vi,...,vs} with base vy,vy,vs such that
YoY., YaY2, YiYs are adjacent.

For by (6.9) there is an octopus {Y7, ..., Ys} in G|B on {vy, ..., v6} with base vy, v4, vg.
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We may assume by exchanging Y7 and Yz that Y5Y7 are adjacent. If Y3Yg and YsY7 are
adjacent, let {C}, Cs3, Cy, C5} be (by (6.6)) a 4-cluster in G|(A—{ve,v6}) with v; € C; (i =
1,3,4,5); then

{}/1UCh}/éUY77}/3UC37}/21UC47Y5UC57}%U}/8}

is a 6-cluster, a contradiction. If Y3Y3 and Y;Yg are adjacent, let {C1,Cy, C5,Cs} be a
4-cluster in G|(A — {vs,v4}) with v; € C; (i = 1,2,5,6); then

{}/1UCh}/éUC27}/3U}/87}/;1U}/:77}/5UC57}/6U06}

is a 6-cluster, a contradiction. Thus Y3Yg are not adjacent, and so Y3Y7 are adjacent. If
Y5Y7 are adjacent, let {C4, C3, Cs, Cs} be a 4-cluster in G|(A — {ve,v4}) with v; € C; (i =
1,3,5,6); then

{}/1UCh}/éUY77}/3UC37}/;1U}@7}/5UC57}/6U06}

is a 6-cluster, a contradiction. Thus Y5Y3 are adjacent. This proves (1).

(2) P, ..., Ps are infeasible in G|A.

For let Yi,...,Ys be as in (1). Now {wvy, vy, v} is stable. Moreover, if (A’ B’) is a
separation of G|(A— {v1}) with {vs,...,v6} C A" and B’ — A’ # (), then (A'UB, B'U{v1})
is a separation of G of order |[A' N B’| 4+ 1, and so |A' N B’| > 5, and by the minimality
of A, either B’ U {v;} = A (that is, |A'| = 5) or |B’ — A’| = 1. Hence the hypotheses
of (8.5) applied to G|(A — {v;}) are satisfied. Suppose that P; is feasible. By (6.6) and
(8.5) applied to G|(A — {v1}), there is a bat {Xs, X3, X4, X5, X¢, X7} in G|(A — {v1}) on
{vg, ..., v6} with v; € X; (2 <14 < 6) and with feet vz, v5. Then

{}/IU}/QUXQU}/87X3U}/37X4Um7X5UY57X6U}%U}/T77X7}

80



is a 6-cluster, a contradiction. Thus P; is infeasible, and so is Pg, by symmetry.

Suppose that Ps is feasible. By (6.6) and (8.5) there is a bat { X3, X3, X4, X5, X6, X7}
in G|(A — {vy}) on {vy,v3,v4,v5, 06} with v; € X; (i = 1,3,4,5,6) and with feet vs, vs.
Then

{X1UY1UYoUYs, X3U Y3, X, UYy, X5UYs, XgUYsUYs, X7}

is a 6-cluster, a contradiction. Hence Ps is infeasible, and by symmetry so is Ps.

Finally, suppose that Pj is feasible. By (6.6) and (8.5) there is a bat { X, Xo, X4, X5, X¢, X7}
in G|(A — {v3}) on {vy,v9, 04,05, 06} with v; € X; (i = 1,2,4,5,6) and with feet vy, vs.
Then

{XiUY1UYs, Xo UYe, YU X, UY,, X5UYs, XeUYsUYr X7}

is a 6-cluster, a contradiction. Hence P3 and similarly P, are infeasible. This proves (2).

(3) Py is infeasible in G|A.

For suppose that Py, P, P are three disjoint paths of G|A, where P; has ends vjvs, Py
has ends wvyvg, and P3 has ends vyvs. We claim that there are two disjoint paths of
G|(A —{v1,v3,v4,06}) from (V(Py) — {v1,v3}) U{va} to (V(FP2) — {vs, v6}) U{vs}. For if
not, there is a (< 1)-separation (X, Y') of G|(A—{v1,vs3,v4,v6}) with V(P)—{vy,v3} C X,
vy € X, V(Py)—{vy,v6} CY and vs € Y. Then (XUB,Y U{vy,vs,v4,v6}) has order < 6,
and so from the minimality of A, either X U B = B or |V(G) — (X U B)| < 1. The first
is impossible since V(P;) C X and P; has an internal vertex (for vjvs are not adjacent).
Thus the second holds, and so |Y — (X U B)| < 1. Similarly | X — (Y U B)| < 1; but also
| XNY —B| <1,and so |V(G)—B| < 3, contrary to (6.3). This proves our claim that there
exist two disjoint paths @1, Q2 of G|(A — {v1,v3,v4,v6}) from (V(Py) — {v1,v3}) U{va}
to (V(Py) — {vy,v6}) U{vs}; and because of the existence of P3, we may choose ()1, Q2 so
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that v, is an end of one of them, and so is vs, and @1, Q2 have no vertex in V(P;) except
for py, say, and no vertex in V(P;) except for po, say. Now if one of @1, Q2 has ends vyv;
and the other has ends pips, then P, is feasible in G|A, contrary to (2); while if one of
@1, Q2 has ends veps and the other has ends pyvs then P; is feasible contrary to (2). This
proves (3).

(4) Ps, Py, P1o are infeasible in G|A.

Now P is infeasible by (7.6) and (6.6), taking Z; = {va}, Zo = {vs}, Z35 = {v1, 04}, Z4 =
{vs,vs}. Py isinfeasible by (7.6) and (6.6), taking Z; = {vs}, Zo = {vs}, Z3 = {v1, 04}, Z4 =

{vg,v6}. Pio is infeasible by symmetry.

(5) Py1 is infeasible in G|A.

For suppose that there are disjoint paths P,@ and R of G|A with ends vjvg, vovy
and vsvs respectively. Let S be a minimal path of G|(A — {ve,v5}) between V(P) and
V(Q U R); let S have ends p € V(P) and ¢ € V(Q) say. (This exists since there is a
path of G|A between v; and vs with no vertex in {vq,vs}, because any component of
G\ B contains neighbours of all of vy, ...,vs.) Since g # vy it follows that Py is feasible, a

contradiction. This proves (5).

(6) P1o is infeasible in G|A.

For suppose it is feasible. Since P; and Pg are infeasible, it follows that there are four
paths Pi3, Pi5, Pag, Py of G| A, mutually disjoint except for their ends, where each P;; has
ends v;v;. But by (1), {vs}, {v1,vs}, {ve, v4, v} is feasible in G|B. This contradicts (7.6)
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Wlth Zl = {’03}, Z2 = {Ul,U5}, Z3 = {’02,1)4,1)6}.
The result follows. [ |

In addition to (8.6) we need to prove that one further structure does not appear in
G|A. Let vy,...,v5 be distinct vertices of a graph G. A turkey in G on (vy, ...,v5) (note
that here vy, ..., v5 are ordered, unlike the octopus and bat) is a set {Xo, X7, Xo, X3, X5}

of disjoint fragments of GG, such that

(i) v1,v4 € Xy, and v; € X; for i = 2,3,5, and

(11) X()Xl, XQXQ, XQXg, X2X5 and X3X5 are adjacent.

If (vy, ..., v6) is a 6-term sequence, and 1 < k < 6, the 5-term sequence obtained by omit-

ting the kth term vy of (vy,...,v6) is denoted by (vy, ..., U, ..., Vg)-

(8.7) Let G,A,B,vq,...,u5 be as in (8.6). Let 1 < k < 6; then there is no turkey

in G|A on (v, ..., Uk, ..., Ug).

Proof: ~ Suppose that for some k there exists such a turkey. Let (vy,...,0k,...,v6) =
(aq,...,as). Then there are five paths R; of G|A with ends a;,b; (1 < i < 5), mutually
disjoint except that b; = by; and two paths @; of G|A between b; and b5 (i = 2,3); a
vertex ¢ € A — V(Ry U...U R5 U@y UQ>), and three paths P; from ¢ to b; (i = 1,2,3),
so that all these paths are disjoint except for their ends. (Note that it is possible that

a; = b; for some values of i.) See figure 3.

Figure 3: a turkey skeleton on (aq, ..., as).

Let H=R i U..UR;UQ1UQ2U P, UP, UPs; we call H a skeleton.
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Now since G is 6-connected, there are six paths Ly, ..., Lg of G| A between ¢ and vy, ..., vg

respectively, mutually disjoint except for ¢. Choose k, H and L, ..., Lg so that

(1) HU Ly U ...U Lg is minimal.

Let R be the minimal subpath of Ly between v, and V(H), and let R have ends vy, h.
Thus, if v, € V(H) then h = vy.

(2) Forl <i <25, ifa; and vy are consecutive in the sequence (vy, ..., vs), then h & V(R;).

For suppose that a; and vy are consecutive in (vy, ...,v¢) and h € V(R;). We obtain a

new skeleton H' by replacing the subpath R’ of R; between a; and h by R. But
HULU..ULgC HUL U...U Lg,

and so by (1) equality holds; and hence R" C L; U ... U Lg, which is impossible since
R C Ly, R C L;; RN R is non-null (since h € V(RN R')), and Ly, ..., Lg are disjoint
except for c. This proves (2).

(3) For1<i<5,h&V(R;).

Suppose that h € V(R;). By (2), a; and v, are not consecutive in (vy, ...,vg). There

are several cases.

Suppose that £ = 1, and hence i > 2 and a; = v;y1. Then i # 2 (for otherwise P,
is feasible, contrary to (8.6); in the remaining cases we abbreviate this to “(P4)”), and
i # 3 (P3). Now h # by since h & V(Ry), and so i # 4 (Pi), and ¢ # 5 (P4). Hence
k#1.
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Suppose that &k = 2, and hence ¢ # 1,2. Then i # 3 (Ps), i # 4 (Ps) since h # by, and
i # 5 (Pig). Thus, k # 2.

Suppose that k = 3. Then i # 1 or 4 (Pg), and i # 5 (Pyg). Hence k # 3.

Suppose that k = 4. Then i # 1 (Pg) since h # by, and i # 2 (Pg) and i # 5 (Pi2).
Thus, k # 4.

Suppose that k = 5. Then i # 1 (Pyg) since h # by, and i # 2 (Pg), and i # 3 (Py).
Hence, k # 5.

Suppose that k = 6. Then i # 1 or 4 (P3), i # 2 (Py) and i # 3 (Ps). Hence, k # 6.

In each case we therefore obtain a contradiction, and (3) follows.

(4) h g V(Q2U Q3).

For suppose first that h € V(Q2). Since h & V(Ry U Rs5) by (3), h # by and h # bs.
Then k # 1 (Py),k # 2 (P12), k # 3 (P1w), k # 4 (Ps),k # 5 (Ps), and k # 6 (Py), a
contradiction. Hence h & V(Q)2). Suppose now that h € V(Q3). By (3), h # bs, bs. Hence
k#1(Ps),k#2(Ps), k#3 (Puo),k#4 (Pia), k#5 (Py), and k # 6 (Ps). This proves
(4).

From (3) and (4), we deduce that h € V(P, U Py U Ps). By (3), h # by, be, bs. Hence
k#1(Ps), k#2(Puw), k#3 (Pi2), k#4 (Piw), k#5 (Ps), and k # 6 (P3). This is a

contradiction, and so there is no such turkey, as required. |

9. CHASING A TURKEY

Let aq, ..., a5 be distinct vertices of a graph G, fixed throughout this section. P denotes

the partition {ay, as, as}, {az, a4}, and we assume the following three hypotheses:
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(9.1) (Hypothesis) P is infeasible in G.

(9.2) (Hypothesis) There is no turkey in G on (ay,..,as) or on (as, ..., ay).

(9.3) (Hypothesis) G is simple, and there is no separation (X,Y) of G of order < 3 with
ai,...,as € X and |V(G) — X| > 2, and none of order < 2 with ay,...,a5 € X # V(G).

A frame on (ay,...,as) (see figure 4) is a subgraph H of G with ay,...,a5 € V(H),

consisting of the union of:

(i) five paths P; with ends w;a; (1 < i < 5), mutually vertex-disjoint, where

Uy §£ ay and Us % as

(ii) two disjoint paths Rj7, Rss, with ends uju; and usug respectively, meeting

V(P U...UP;) in {u} and {us} respectively

(iii) six paths Qi2, Q26, @36, @37, Qu7, Q45, mutually disjoint except for their ends,
where each @);; has ends w;u;, and each @);; is disjoint from P,..., P5 and

Ry7, Rsg except for its ends.

Figure 4: a frame.

This definition implies that the paths Pi, Ps, Q12, Qos, @36, @37, Qa7, Q45 each have at
least one edge, but the paths P, P3, Py, Ry7, Rs¢ may have no edges. In particular, we
permit us = ug and u; = uy. We call P, P, P5, Py, Ps, Q12, Q26, @36, @37, Qu7, Qa5 the
sides of the frame, and denote their union by I(H). We define the cost of H to be
|E(R17)| + |E(Rs6)|- A frame in G on (ay, ..., a5) is minimal if its cost is minimum over

all frames in G on (ay, ..., as).
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The objective of this section is to analyze the structure of G implied by (9.1)-(9.3),
assuming there is a frame. Roughly, we shall show that G' can be drawn in a disc with
ai, ..., as on the boundary in order, except for one part of G (associated with Ry7 U Rjss)

which is separated from the remainder of G by a (< 4)-separation.

If H is a subgraph of G, let us say an H-path in GG is a path of G with distinct ends
both in V(H), and with no other vertex or edge in H. We begin with the following.

(9.4)  Assuming (9.1) — (9.3), let H be a minimal frame on (ay, ...,a5) with notation
as above. There is no path in G\{uy,us,ug, ur} between V(Ry7 U Rsg) — {u1, us, ug, ur}

and V(I(H)) — {uy, us, ug, ur}.

Proof: ~ Suppose there is such a path; then there is an H-path P in G with ends
x € V(Ri7 URsg) and y € V(I(H)), with =,y & {uy,us, ug,u7}. From the symmetry

we may assume that x € V(Ry7).

(1) y g V(PLUQ12U Py U Qo).

For if y € V(P> U Q) we replace Q12 by P to obtain a new frame with smaller cost,
a contradiction. If y € V(P;) or y € V(Q12) we replace the subpath of P; or Q15 respec-

tively between y and uy by P, again obtaining a frame with smaller cost. This proves (1).

(2) y € V(Qs6 UP3 UQ37) and y & V(Qar U Py U Qus).

For if y € V(Q36 U P3 U Q37) we replace (37 (or a part of it) by P, obtaining a frame

with smaller cost. If y € V(Q47 U Py U Qy5), we similarly replace Q47 (or a part of it) by
P.
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From (1) and (2) we deduce that y € V(Ps) — {us}. But then P is feasible, contrary
to (9.1). |

Given a frame H and F;’s and @);;’s as before, we define

Ry = PAUQ1UP,

Ry = Q12UQ

Ry = PaUQ2UQs3U s
Ry = Q36 UQs7

Ry = PaUQsrUQuUP,
Rs = QarUQus

R; = PyUQ4 U Ps.

Then Ry, ..., R; are all paths of I(H).
(9.5) Assuming (9.1) — (9.3), let H be a minimal frame on (ay,...,as). Let P be an

H-path of G with ends x,y € V(H). Then either x,y € V(R;) for somei (1 <1i<T7), or
T,y < V(Rw U R56).

Proof:  First, suppose that = € V(P;) — {u;}. We must show that y € V(R;). Now
since P is not feasible, ay, as, a5 do not belong to the same component of G\V (P, U Q12 U

R17 U Q47 U P4), and so

Y& V(QauUQssUPsUQsrURseUQys U Ps) — {ug, ug, ur}.

We deduce by (9.4) that y € V(Py U Q7)) UV (Ry). Now if y € V(P U Qy7) — {ur}, then
taking

X1 = V(P1UPUP4UQ47>—{U1,U7}
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X2 - V(Pg)

X3 = V(P)

X5 = V(PsURs6U QU Qs6) — {uz, us}
(

Xo = V(Q12U Ri7UQ37) — {ua,us}

defines a turkey on (ay, ..., as) contrary to (9.2). If y = ur; # uy, then replacing the sub-
path of P; between x and u; by P yields a frame with smaller cost, a contradiction. It
follows that if y € V(Py U Q47) then y = uy = uy and so y € V(R;). Hence the result

holds if x € V(P;) — {u1}. We may therefore assume by symmetry that

(1) 2,y € V(P1) —{us} and 2,y ¢ V(P5) — {us}.

Next, we claim we may assume that

(2) r,y 7£ Uy, Us.

For if not then by symmetry we may assume that x = uy. If

Yy € V(Qs36 U PsUQ3r UQur UPyUQus) — {us, ug, ur}

then from the minimality of H, it follows (by replacing all or a part of one of Q37, Q47)
that u; = uy, and hence z,y € V(R;) for i = 4,5 or 6 and the result is true. By (1),
y & V(Ps) — {us}. Thus either y = us or u; (in which case z,y € V(Ri7; U Rsg)) or
y € V(R) UV (Ry), and then z,y € V(R;) for i =1 or 2. This proves (2).

Next, we claim we may assume that

(3) z,y € V(Qr2) — {uz} and z,y & V(Qus5) — {ua}.
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For otherwise, by (2) we may assume that z € V(Q12) — {u1,u2}. Now by (9.1),

y € V(P UQyur UQys)— {us,ur}, since otherwise ay, as, as belong to the same component

of
G\(V(Pg U ng U P U P4 U Q47 U Q45) — {ul,u5, u7})

By the minimality of H,y # u; (for if y = u; then u; # u; by (2), and so replacing part
of Q12 by P produces a frame with smaller cost). If y € V(Q3 U P3 U Qs7) — {ug, ur},

then taking

X1 — VP1UR17UQ47UP4)
Py UQq6) — {us}

(

Xy = V(

Xy = V(QsUPsUQy) — {us, ur}
(
(

Xs = V(PsU Rs)
Xo = V(Q12UP) —{uy,us,y}

defines a turkey on (aq,...,as) contrary to (9.2). By (1) and (2), y ¢ V(Ps); and so
y € V(Ry) UV/(Ry) as required. This proves (3).

Next, we claim we may assume that
(4) 2,y € V(P2U Q) —{ue} and z,y € V(P2 U Qur) — {ur}.

For suppose that € V(P U Qq6) — {ug} say. By (1)-(3),
y € V(PyUQur UQsr U Rg).

Now y & V(P,UQ47)—{ur} since P is not feasible. Also, y # uy, for if y = uy then ur # uy
by (2), and replacing Q)12 by P contradicts the minimality of H. If y € V(Q37) — {us, ur},
then taking

X; = V(PLURi7UQqr UPy)
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defines a turkey on (ay, ..., as), a contradiction. Hence y € V(R3) as required. This proves
(4).

From (1)-(4), z,y € V(P3 U Q3 U Q37), and so z,y € V(R;) for i = 3, 4 or b, as
required. |

If C C V(G), we denote by N(C') the set of all v € V(G)—C with a neighbour in C. We
recall that if H is a subgraph of G, an H-flap is the vertex set of a component of G\V (H).

(9.6) Assuming (9.1) — (9.3), let H be a minimal frame on (ai,...,as). If C is an
H-flap and N(C) meets each of V(Qi2) — {us}, V(FP2) — {ua}, V(Qas) — {uz}, then
N(C) Q V(ng U P2 U QQ(;). An CLTLCLZOQOUS result holds fOT’ Qgﬁ, P3, Q37.

Proof. Since N(C) N (V(Py) — {us}) # 0, it follows from (9.5) that N(C) C V(R; U R3).
Similarly N(C) C V(R; U Ry), and N(C) C V(Ry U R3). Hence

N(C) C V(R URs)NV(RyURy) NV (RyURs) = V(Qi2U Py U Q).

The proof is analogous for Q)sg, P3, Q37. |

(9.7)  Assuming (9.1) — (9.3), let H be a minimal frame on (ay,...,as). There is no
triad in G with feet in V(Q12) — {u2}, V(Ps) — {ua} and V(Qas) — {ua} respectively and
with no other vertex in V(H).

Proof: Suppose that T is such a triad with feet x1, o, 23 say, where x; € V(Q12) — {us},

91



o € V(Py) — {ug} and z3 € V(Qas) — {us} respectively. Then T'U P, U Q12 U Qg is a

tripod with feet w1, as, ug and with no other vertex in
Z=V(H)— (V(PUQi12U Q) — {u1,a2,us}).

By (3.3) and (9.3), we may assume (by the symmetry between the two triads in the tripod)
that there is a path of G from V(T')—{x1, 22, 23} to Z disjoint from P,UQ12UQ9, contrary
to (9.6). |

A virtually identical proof yields:

(9.8)  Assuming (9.1) — (9.3), let H be a minimal frame on (ay,...,as). There is no
triad in G with feet in V(Qss) — {us}, V(Ps) — {us} and V(Qs7) — {us} respectively and
with no other vertex in V(H).

(9.9) Assuming (9.1) —(9.3), let H be a minimal frame on (ay, ..., as). For any H-flap C,
either N(C) C V(R17; U Rsg) or N(C) C V(R;) for somei (1 <i<T7).

Proof: 'We may assume that there exists x € N(C) — V(R17 U Rs6). By (9.4), N(C) C
V(I(H)). If x can be chosen with x € V(P;) — {u1} then by (9.5), N(C) C V(R;) as re-
quired, and we may therefore assume that N(C)NV (P;) C {u;} and N(C)NV(P5) C {us}
similarly. If N(C) C V(Qss U P3UQs7), then by (9.8), N(C) C V(R;) for i = 3,4 or 5, as

required. From the symmetry, we may therefore assume that

N(C)NV(Qi2 U Py U Qo) Z {us}.

From (9.5),
N(C) CV(Qi12U P U Qo UQs6 U Ps).

We may assume that N(C) Z V(R3), and so N(C) NV (Q12) € {uz}. By (9.5), N(C) C
V(Q12 U Py UQg). Then the result follows from (9.7). |
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(9.10) Assuming (9.1) —(9.3), let H be a minimal frame on (ay, ..., as5). There do not ezist
disjoint H-paths P, Q with ends p1py and q,qs respectively, such that py,q1 € V(Py)—{u},

D2, @2 € V(Q12) — {w1}, and a1, p1, q1, p2, @2, a2 are in order on R;.

Proof: ~ Suppose that such P and @ exist. Let P’ be the subpath of P; between u,
and p;. Now PLUQ12 UPUQ is a tripod with feet aq, uq, us and with no other vertex in

7 = V(H) — (V(Pl U ng) — {al,ul,u2}).

By (3.3) we may therefore assume that there is a path R from a € V(P'UQ) —{u1,p1, ¢}
to b € Z with no vertex in H U P U @ except a and b, and with ay,uy,us # a,b. (We
use here that every leg of the tripod “output” by (3.3) is a subpath of the corresponding
leg of the “input” tripod, so that the leg incident with w; remains null, and we use the

symmetry between ¢; and py.) By (9.5), b € V(R;), and so
b c V(Rl) N 7 — {al,ul,u2} = V(Pg) — {UQ}

But then P is feasible, a contradiction. [ |

(9.11) Assuming (9.1) —(9.3), let H be a minimal frame on (ay, ..., as). There do not exist
disjoint H-paths P, Q with ends p1ps and q1qs respectively, such that p1, ¢ € V(Qa)—{us},

P2, @2 € V(Q36) — {ug}, and as, p1,qu, pa, g2, as are in order in Rs.

Proof: ~ Suppose such P, () exist. Let P’ be the subpath of (25 between p; and wug.
As in (9.10), we may assume by (3.3) that there is a path R with ends a € V(P'UQ) and
be V(H)—V(Qap UQss), with no other vertex in V(H U P U Q) and with no vertex in
{p1,q2,ue}. By (9.5), b € V(RyUR3), and so either b € V/(Py)—{uz}, or b € V(P3)—{us},
or b e V(Q2) — {us}.
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Suppose first that b € V(P2) — {uz}. Let H' be obtained from H by deleting the
edges and internal vertices of the subpath of P, between b and us, and adding R (if
a € V(Qq)) or adding R and the subpath of ) between a and ¢ (if a € V(Q)). Then H’
is a minimal frame on (aq, ..., as), and yet it does not satisfy (9.5), because of the H'-path

P, a contradiction. Thus b &€ V(Py) — {us}.
Now suppose that b € V/(P3) — {us}. Then taking
X, = V(PIUR;;UQ4r U Py)
Py UQa) — (V(P') = {p1})

(
X, = V(
(Ps) — {us}
(
(

la
|
<

X5 = V(PEURss UP'UQUR) —{p1,b,q2}
Xo = V(PUQ3UQs7) — {p1,us, ur}
defines a turkey on (ay, ..., as) contrary to (9.2). Thus b & V(P5) — {us}.
Consequently, b € V(Q12) — {uz}. Let Q" be the subpath of Q3¢ between ug and ps.
Then taking
X1 = V(PLUR;7UQ47 U P U Q) — {us}
Xo = V(P)U(V(Qx) — V(P)) U (V(P) — {p2})
Xz = V() U (V(Qs) —V(Q))
X; = (PEURsUQ)
Xo = V(RUP'UQ)—{b,p1,us,q}
defines a turkey on (aq, ..., as) contrary to (9.2). (The reader may see what seems to be a

simpler way to dispose of this case, but there is a difficulty with it if b = uy = w7.) The

result follows. [ |

We recall that Py, ..., P5 and the );;’s are called the sides of H.
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(9.12)  Assuming (9.1) — (9.3), let H be a minimal frame on (ai,...,a5). Let P, Q) be
disjoint H-paths of G, with ends pips and qiqe respectively, and let k with 1 < k < 7 be
such that p1, qu, pa, o all lie in Ry, in order. Then one of {p1,p2}, {q1, ¢} is a subset of

the vertex set of some side of H.

Proof: ~ Suppose first that k£ = 1; then we may assume that aq,p1,q1, p2, @2, a2 are in
order in Ry. If o & V(Py) — {us}, then the result holds by (9.10), and so we assume that
¢2 € V(P2) — {us}. Suppose that p; & V(P;) — {u1}. Then either the result holds, or
p1,q1 € V(Q12) — {uz} and pa, g2 € V(P,) — {us}; but in the latter case by replacing the
subpath of P, between ¢ and us by @), we obtain a minimal frame in which (9.7) is not
satisfied, a contradiction. Hence we may assume p; € V(P;) — {u1}. Consequently, if the
result does not hold, there are disjoint paths in Ri\{p1,q2} with ends ¢1,u; and po, us

respectively, and hence P is feasible, a contradiction. Thus if £ = 1 the result holds.

If £ = 2 the result holds, for otherwise there is a minimal frame violating (9.7), and
similarly (using (9.8)) the result holds if £ = 4. By the symmetry we may therefore
assume that k = 3 and as, p1, 1, P2, ¢2, a3 are in order in R3. By (9.7), the result holds
if g € V(Py U Qg), and by (9.8) it holds if p; € V(Q36 U P3). We assume therefore
that py € V(P U Q) — {us}, and g2 € V(@36 U P3) — {ue}. If pp € V(2 U Qy), then
p1 € V(Py) —{us} and ps € V(Q26) — {u2} (unless the result holds), and by replacing the
subpath of Qo6 between uy and ps by P we obtain a minimal frame violating (9.5). Thus
we may assume that py € V(Qs6 U P3) — {ug}. Similarly if ¢; € V(Q36 U Ps3), we may
assume that go € V(P3)—{us} and ¢; € V(Q36) —{us}, and then by replacing the subpath
of Q36 between ¢ and uz by @), we obtain a minimal frame violating (9.5). We therefore
assume that ¢ € V(PyUQas) —{ug}. If p1 € V(Py) —{us} and ¢ € V(Ps) — {uz} then P
is feasible, a contradiction. Thus if p; € V(Py) — {us}, then g2 € V(Q36); but then there
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is a turkey on (aq, ...

X4
X
X3
X5
Xo

as), taking

V(PLUR17UQyr U Py)

<

(

(P)
(PUQ)
(

(@Q

<

V(P5s U Rs6 U Q36 U P) — (V(Q')U{p1})

V 2UP2UQ26UQ) — (V(P/)U{Ul,UG,QQ})

where P’ is the subpath of P between as and p;, and )" is the subpath of Q35 between

q2 and uz. Consequently, p; € V(Qa6) — {ue}-

By (9.11), g2 & V(Q36) (since ga # ug), and so g2 € V(P5) — {us}. But then there is a

turkey on (ay, ..., as

), taking

V(PyU Rz UQar UPy),

V(P U P')

V(@)

V(P5 U Rss UQz UQ) — (V(P') U{g)}

V(P U Q36 UQsr UP) = (V(Q) U {p1, ug, ur})

where P’ is the subpath of Qo6 between us and pq, and @’ is the subpath of P; between

az and ¢o. This completes the proof. [ |

(9.13)  Assuming (9.1) —

(9.3), let H be a minimal frame on (ay,...,as), and let S be

a side of H. There do not exist disjoint H-paths P, ) with ends p1ps and qqo respectively,

such that

(i) p1,q1,p2 lie in V(S) in order on S, and g2 € V(Ry) — V(S) for some k with
SCRL(1<k<T7), and
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(i) there is a path R in G from V(P) — {p1,p2} to V(Rr U Q) — V(S) with no
internal vertex in V(H U P UQ).

Proof: First we prove that

(1) There do not exist such P, @, R with Q@ N R null.

For suppose such P, Q, R exist with @ N R null. Let R have ends a € V/(P) — {p1, p2}
and b € V(Ry)—V(S). Let us examine the order of occurrence of py, ps, q1, g2, b in Rx. We
may assume that pi, g1, pa, g2 occur in Ry in order, and since b ¢ V(.S) and py, ps € V(.9),

it follows that the order of the five vertices is one of

P1,4q1, P2, 42, b
p1>q1>p2>ba q2

bap1>Q1>P2>Q2~

In the first and third cases let j = 2, and in the second case let 7 = 1. Then the vertices

¢1, G2, pj, b occur in the orders

qlvpj7q27b
pjaq1a b> q2

b> Q1apj>Q2

in the three cases. But there are disjoint H-paths with ends ¢;¢2 and p;b respectively,
and so from (9.12), there is a side S’ containing > 3 of ¢, g2, p;,b. Now S" # S since
b,qo & V(S5); and so ¢ &€ V(S') since S is the only side containing ¢;. Consequently,
{q2,p;, b} CV(5'), and so V(SNS") = {p;}. Thus j = 2 since py, ¢1, p2, ¢ are in order in

Ry, and so p1, q1, p2, ¢2, b are in order in Rj. Let H' be the minimal frame obtained from
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H by deleting the edges and internal vertices of the subpath of S between p; and p,, and
adding P; then R is an H'-path and so is the union of () and the subpath of S between

p1 and ¢q, and they are disjoint, contrary to (9.12) applied to H’. This proves (1).

From (1) it follows that if P,Q, R, .S exist then PUQ U RU S is a tripod with feet
$1, S2,¢2 and with no other vertex in Z = V(H) — (V(S) — {s1, s2}), where S has ends
s1, s2. Consequently, by (3.3) we may choose P, @, R, S and H so that there is a path R’
from V(P) — V(S) to V(H) — V(S) disjoint from V(Q U S). But by (9.9), R’ has both
ends in V(Ry), contrary to (1). |

A frame H on (ay,...,as5) in G is secure if, with the usual notation,

(a) it is minimal

(b) each side is induced (that is, every edge of G with both ends in the side is an
edge of the side), and

(c) for each H-flap C, there is no side S of H with N(C) C V(.5).

(9.14) Assuming (9.1)-(9.3), if there is a frame on (ay, ..., as) then there is a secure frame

on ((1,1, ...,CL5).

Proof: Let H be a minimal frame on (ay,...,a5). An H-flap C is good (with respect
to H) if N(C) € V() for each side S of H; and bad otherwise. Let C1, ..., C, be the good
H-flaps, ordered with

V(C) = V(G| = ... = [V(Cy),

and let Dy, ..., D, be the bad H-flaps, ordered with
V(D) = [V(D2)| = ... = [V(Ds)].
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The sequence

(VDL -, [VIC)L VD)), oo, V(D)

is called the signature of H. Among all minimal frames, choose H so that its signature
is maximum, using the lexicographic order of signatures; that is, if H has signature

(a1, ..., ), then no frame has signature ((, ..., 5,,) where for some j < min(n,m — 1),

(i) oy = fB; for 1 <i < j, and

(ii) either n = j or a;+1 < Bjt1.

We shall show that H is secure.

Let S be a side of H, and suppose that a,b € V(S) are adjacent in G but not in S.
Let H' be obtained from H by replacing the subpath of S between a and b by the edge
ab; then H' is a minimal frame. Each H-flap is a subset of an H’'-flap, and each good
H-flap is a subset of a good H’'-flap. Consequently, the signature of H' is greater than

that of H, a contradiction. This proves that each side is induced.

Suppose that there is a bad H-flap, and choose a bad H-flap C' with [V (C)| minimum.
Thus |V(C)| is the last term of the signature of H. Choose a side S with N(C) C V(5).
Let a,b € V(S) N N(C) be the first and last members of N(C') in S. From (9.3), there
is an H-flap C" # C such that some member of N(C’) lies in S strictly between a and
b. Let H' be obtained from H by replacing the subpath of S between a and b by a path
between a and b with all its internal vertices in C'. Then H' is minimal. Moreover, every
H-flap except C' is a subset of an H'-flap, and every good H-flap is a subset of a good
H'-flap. Since C" is a proper subset of an H'-flap, it follows that the signature of H’ is
greater than that of H, a contradiction. Thus there is no bad H-flap, and so H is secure.
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Assuming (9.1)-(9.3), let H be a secure frame on (ay, ..., as). It follows from (9.9) and
the definition of “secure” that for every H-flap C, either N(C) C V(R17 U Rsg), or there
is a unique i (1 < i < 7) such that N(C') C V(R;). We define Gq to be the subgraph of

G induced on
V(R17 U Rse) UJ(C : Cis an H-flap with N(C) C V(Ri17 U Rsg))
and for 1 <17 < 7 we define GG; to be the subgraph of GG induced on
V(R)UJ(C : Cis an H-flap with N(C) C V(R;) and N(C) Z V(Ri7 U Rs)).
Then every edge of G not in H belongs to exactly one of Gy, Gy, ..., G7, and

G=GyUGU...UGy.

(9.15) Assuming (9.1) — (9.3), let H be a secure frame on (ay, ...,as), and let 1 <i < 7.

Then G; (defined as above ) can be drawn in a disc with R; drawn on the boundary.
Proof:  There is no (< 3)-separation (X,Y) of G; with V(R;) C X and |Y — X| > 2, for
otherwise (X', Y’) would violate (9.3), where

X' =XUlV(Gy):0<j<T7,j#1).

Consequently, by (2.4) it suffices to show that there do not exist disjoint R;-paths P, @ in
G; with ends p1ps and g1qs respectively, so that pi, q1, p2, g2 occur in R; in order. Suppose
then that there exist such P, Q. By (9.12) there is a side S containing > 3 of p1, q1, p2, 2,
and S is a subpath of R;. We may assume that pq, g1, p2 lie in S in order.

(1) g2 € V(95).
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For suppose not; then ¢ € V(R;) — V(S). Since P C G; and H is secure and
V(P) # {p1,p2} (because S is induced) there is a path R of G from V(P) — {p1, pa} to
V(R; U Q) — V(S), with no internal vertex in V(H U P U @), contrary to (9.13). This

proves (1).

By (1) we may assume that p1, g1, p2, ¢2 are in V' (S) in order. Since P, @ belong to G;
and H is secure there is a minimal path R from V(PUQ)—{p1,p2, q1, ¢} to V(R;) =V (5)
with no internal vertex in V(H). We may assume that R has one end a € V(Q) —{q1, ¢=}
and the other b € V(R;) — V(S). Let @' be the path in Q U R from ¢; to b; then P, Q’

violate (1), a contradiction. The result follows. |

Let 21, ..., 29 be distinct vertices of a graph J which can be drawn in a disc with 21, ..., 29
on the boundary in order. Let .J; be obtained from J by identifying zg with zg; let J5 be
obtained from J by identifying z; with zg; and let J3 be obtained from J by identifying
zg with zg and z7 with zg. If K € {J, J1, Jo, J3}, we call (K, 21, ..., z5) a twisted graph with
twist the set of at most four vertices corresponding to zg, 27, 23, 29. Finally, we deduce the

main result of this section, the following.

(9.16) Assuming (9.1) — (9.3), if there is a frame on (ai,...,as) then there is a (< 4)-
separation (X,Y) of G with ay,...,a5 € X, such that (G|X)\E(G|X NY),ay,...,a5) is a
twisted graph with twist X NY .

Proof: Let H be a secure frame; this exists by (9.14). Let X = U(V(G;) : 1 <i < 7)
and Y = V(Gy). By (94), (X,Y) is a (< 4)-separation of G and the result follows from
(9.15). |

10. 7-CONNECTIVITY OF HADWIGER GRAPHS

In this section we combine the results of sections 8 and 9 to close the gap left by (7.16).
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We need the following lemma. (P, ..., P12 were defined in section 8.)

(10.1) Let G be a graph, let vy, ...,vs € V(G) be distinct, so that P, ..., P12 are infeasible
in G, and for 1 < k < 6 there is no turkey in G on (v1,..., 0, ..., vs). For 1 <i <5 let
vivi11 be adjacent. Let H be obtained from G by adding five new vertices ay, ..., a5, where
a; has neighbours v; and vy (1 <1 <5). Then {ay,as,as}, {as,as} is infeasible in H

and there is no turkey on (ay,...,as) in H.

Proof: ~ We denote the partition {ai,as,as}, {as,as} by P. Suppose first that P is
strongly feasible in H. Thus, there is a triad 7" on H with feet ai,asz, a5 and a path
S with ends ag, a4 such that SN T is null. Choose S,T" with V(S UT) minimal. For
1 <1 <5,a; has valency 1 in SUT let its neighbour in SUT be b;. Then b; € {v;, vi41},
and by, ..., b5 are all distinct. Either b3 = v3 or by = vy, so from the symmetry we may

assume that by = v3, and hence by = vy and by = vs.

Suppose first that by = vy. Then vz & V(S) by the minimality of V(S UT), and
vg & V(S) since Pio is not feasible in G. Hence vz € V(T') since P5 is not feasible, and
ve € V(T') since Pg is not feasible. By the minimality of V(S UT), vs and vg both belong
to the path of T between v; and v3, and hence one of Pyg, Pi; is feasible, a contradiction.
Thus by # vy, and so by = vs and bs = vg. Then vy € V(S) by the minimality of
V(SUT), and vy € V(T) since Py is not feasible. By the minimality of V(S UT), vz and
v4 both belong to the path of T" between v, and vg, and hence one of P;, Pg is feasible, a

contradiction. This proves that P is not strongly feasible in H.

Now suppose that P is feasible in H. Since it is not strongly feasible, we may write
{a1,as3,a5} = {c1, co,d} in such a way that there are three paths Py, P», Q) of H, disjoint
except for their ends, where ) has ends asay, and P; has ends ¢;d (i = 1,2). Suppose

first that d = a;; then we may assume that ¢; = a3 and ¢, = a5. Consequently, vy, v9 €
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V(PLUDP,), and so vz € V(Q), vy € V(P1), v5 € V(Q) and vg € V(P). But then Py
is feasible in G if v; € V(P;) and Py is feasible in G if vy € V(P;), in either case a
contradiction. Thus d # a;, and by symmetry d # as; hence d = a3z, and we may assume
that ¢; = a; and ¢o = as. Hence vz, vy € V(PLUP;), and so vy, v5 € V(Q), v1 € V(P;) and
vg € V(P2). Then P; is feasible in G if vz € V() and Py is feasible in G if vy € V(P),

in either case a contradiction. This proves that P is not feasible in H.

Now suppose that {X7, X5, X3, X5, Xo} is a turkey in H on (ay,...,a5), with a;,a4 €
X1, a9 € X9,a3 € X3,a5 € Xs.

(1) |X;| > 2 fori=1,2,3,5.

This is trivial for ¢ = 1 since aj,a4 € X;. Suppose first that |X5| = 1, and hence
Xy = {az}. Since XXy and X3 X5 are adjacent, it follows that one of vy, v3 is in X
and the other is in X5. Consequently v; € X;. Since v3 ¢ X3 and Xy X3, X3X5 are both
adjacent, it follows that vy € XoUX3UX5, and hence v5 € X; and vg € X5. If vs € X, then
v3 € X5 and vy € XoU X3, and so Py is feasible, via X7, XqU X3, X5. On the other hand,
if vo € X, then vy € X5,v3 € X, v4 € X3U X5 and Py is feasible, via Xy U Xq, X3 U X5.
This shows that | Xs| > 2. Now suppose that | X3| = 1; then vy, v5 € X1, v9 € X5, vg € X5,
and one of v3, v, is in Xy, and the other is in X5. If v3 € X, then P is feasible, via
X7 UXyp, XoUX5; and if vg € X5 then Py is feasible, via X, XoU Xg, X5. Thus | X;3| > 2.
Finally, suppose that |X5| = 1. Then vy,v4 € X1,v9 € X5, v3 € X3, and one of vs, vg is in
X5 and the other is in X3. If v5 € X5 then Py is feasible, via X;, X5, X3; and if vy € X3
then Py is feasible via Xi, X, X3. This proves (1).

From (1), it follows that there exist 1 <y < iy <13 < iy <45 < 6 such that v;; € Xj
for j=1,2,3,5and v;, € Xj. Let Y; = X; —{ay,...,a5} (j =1,2,3,5,0). We claim that
{Y1,Y5, Y5, Y5, Y0} is a turkey in G on (vy,, iy, Uiy, Uiy, Vis ).
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Let {7, 7} be one of {0,1},{0,2},{0,3},{2,5}, {3,5}; we claim that Y;Y; are adjacent
in G. For X;X; are adjacent in H, and so we may assume that there exist u € X;,v € X;
which are adjacent in H with {u,v} Z V(G). By exchanging i and j if necessary we may
assume that u € V(G), and so u = a;, for some h with 1 < h < 5. But u € X;, and so
h=1iifi#1,and h € {1,4} if i = 1. Now a;, has only two neighbours in H, namely vy,
and vy, 1, and so one of these is v, and the other, w say, is in X; by (1). Hence, v, w are

adjacent, since vpv,+1 are adjacent, and so Y;Y; are adjacent as required.

To complete the proof that {Y7,Ys,Ys, Vs, Yo} is a turkey, we must show that each Y;
is a fragment of G. Let ¢ € {1,2,3,5,0} and let C' be a component of G|Y;; and suppose
that C' # G|Y;. Let G|(Y; — V(C)) = D. Since X; is a fragment of H, there exists h with
1 < h <5 such that a;, € X; and a;, has neighbours in both V' (C') and V(D). But the two
neighbours of a;, are adjacent, contradicting that C' is a component of G|Y;. Thus each
Y; is a fragment of G, and so {Y1,Y5, Y3, Y5, Yy} is a turkey in G on (vy,, viy, Vig, Uiy, Vis ),
contrary to the hypothesis. |

Now let us apply (10.1) and the results of sections 8 and 9 to our problem.

(10.2) Let G be a non-apex Hadwiger graph. Then there is no (< 6)-separation (A, B) of
G with |A — B|,|B — A| > 2.

Proof:  Suppose that there is a (< 6)-separation (A, B) with |[A — B|,|B — A| > 2.
Choose it with |A| minimum. By (7.16), G|AN B is a 5-edge path, with vertices vy, ..., vg,

say, in order.

Let G* be obtained from G|A by adding five new vertices ay, ..., a5, where q; is adjacent

to v; and to v;41 (1 <i <5). By (10.1), (8.6) and (8.7), we deduce

(1) {a1,as,as},{as, a4} is infeasible in G*, and there is no turkey in G* on (ay,...,as) or
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on ((1,5, ey CLl).

Moreover,

(2) G* is simple, and there is no (< 3)-separation (X,Y) of G* with ay,...,a5 € X #
V(GY).

For suppose that (X, Y") is such a separation, and choose it with X maximal. Suppose
that 1 < ¢ < 6 and v; ¢ X. From the symmetry, we may assume that ¢ < 6 and that
vi+1 € X, since one of vy, ..., vg belongs to X. Now a; € X, and since v; € Y — X it follows
that a; € X NY. Let X' = X U{v;}, Y =Y —{a;}. Then (X', Y”) is a separation of G*,
since v;, v;41 € X', and (X', Y”) has the same order as (X,Y). From the maximality of
X, it follows that X’ = V(G*), and so X = V(G*) — {v;}. But v; has > 2 neighbours in
A — B (from (6.3) and the minimality of A) and > 2 neighbours in (AN B) U {ay,...,as}
(actually, > 4 neighbours unless i = 1 or 6), and hence v; has valency > 4 in G*, a
contradiction since (X,Y’) has order < 3. This proves that v; € X for 1 < i < 6. But

then (Y N A, (X NA)UB) is a (< 3)-separation of GG, a contradiction. This proves (2).

(3) There is a frame in G* on (ay, ..., as).

Define u; = vy, uy = ag,ug = v3, U3 = a3, Uy = Vg, Uy = A4, U5 = Vg. Let Ri7, Rss be
disjoint paths of G|(A — {vy, v5}), where Ry; has ends v;vs and Ry has ends vzvg; these
exist by (7.2). Let Py, P3, Py be 1-vertex paths, with vertex a; (i = 2,3,4); and let Py, Ps
be 1-edge paths, formed by the edges a;v; and asvg respectively. Let Q12 consist of the
edges v1vy and veas; let Q45 consist of the edges asvs and vsvg; and let every remaining

Qij needed for the frame be the 1-edge path formed by the edge w;u;. This proves (3).
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We deduce from (1), (2), (3) and (9.16) that

(4) There is a (< 4)-separation (X,Y) of G* with ay,...,as € X, such that
((G*|X)\E(G*‘X N Y), Aty ..., CL5)

1s a twisted graph with twist X NY.

From the definition of a twist, it follows that aq,...,a5 € X NY, and so vy, ...,vs € X.
Hence (AN X, ANY) is a (< 4)-separation of G|A with ANB C AN X, and so A C X;
and hence V(G*) = X.

Let |A— B| = n, and let e be the number of edges of G with both ends in A — B, and
f the number with one end in A — B and the other in AN B. By (5.6), 2¢ + f > Tn — 2.
Since f > 12 by (6.3) and the minimality of A, it follows that 2e + 2f > 7n + 10; and so
|E(G|A)| > Tn/2 + 10, since G|(A N B) has five edges. Thus |E(G*)| > Tn/2 + 20. But

(G"|X)\E(G*|XNY),a,...,a5)

is a twisted graph with twist X NY; let J, 21, ..., 29 be as in the definition of twisted graph.
Let [Y]=Fk; then [XNY| =k, and k =2,3 or 4, and |E(G|Y)| < 3k(k —1). Now

V()| =|X|+4—k=n-+15—k

and J can be drawn in a disc with 21, ..., z9g on the boundary in order. Since zg, 27, 23, 29

are mutually non-adjacent in J and so are z1, 29, 23, 24, 25, it follows that
|E(J)| <3|V(J)|-6—-13 = 3(n+15—k)—19=3n — 3k + 26.
But |E(G*)| < |E(J)| + 3k(k — 1), since X = V(G*), and so
|E(G")| < 3n + 26 — 3k + %k(k —1).
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Since k = 2,3 or 4, and so —3k + 3k(k — 1) < —5, it follows that
|E(G*)| < 3n + 21.

Yet |E(G*)| > ™n/2 4 20, and so 7Tn/2 + 20 < 3n + 21, that is, n < 2, contrary to (6.3).
The result follows. |

11. FORBIDDEN SUBGRAPHS

With the aid of (10.2) we now prove the absence of several kinds of subgraph in a
non-apex Hadwiger graph. We begin with the following.

(11.1) Let G be a non-apex Hadwiger graph, and let X C V(G), with |[E(G|X)| = g
and |V(G) — X| =n. Then |E(G\X)|>3n—4]X|+8+g.

Proof: Let |E(G\X)| = e, and let f be the number of edges with one end in X and the
other in V/(G)—X. Then by (5.6), 2e+ f > Tn—2. But by (6.1), e+ f+¢g < 4(n+|X|)—10.
Hence, subtracting, e — g > 3n — 4| X| + 8, as required. [ |

(11.2) Let G be a non-apex Hadwiger graph, and let X C V(G) with |X| = 3. Let
v1, U2, 03,04 € V(G) — X be distinct. Then there is a 4-cluster {X1, ..., X4} of G\X with
v; € X; (’L =1, ,4)

Proof:  Let |V(G) — X| = n. By (11.1), |[E(G\X)| > 3n —4 > 3n — 6 and hence
G\X is non-planar. But G\X is 3-connected and has no 3-separation (A, B) with
|A — B|,|B — A| > 2, by (10.2), and the result follows from (2.6). |

(11.3) Let G be a non-apex Hadwiger graph, let v € V(G) have valency 6, and let N
be the set of neighbours of v. If GIN has two disjoint triangles then it has no more edges.
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Proof: Let N = {vy,...,vs}, where vy, vs3,v5 are mutually adjacent, and so are vq, v4, vg;
and suppose vs, vg are adjacent. By (11.2) there is a 4-cluster { X7, ..., Xy} in G\{v, vs, v }
with v; € X; (1 < i < 4); but then {X1, Xo, X3, X4, {v}, {vs,v6}} is a 6-cluster in G, a

contradiction. [ |

Figure 5: forbidden subgraphs.

Let Fi,..., Fip be the graphs shown in figure 5. By an Fj-subgraph of G we mean a
subgraph of G isomorphic to Fj.

(11.4) Let G be a non-apex Hadwiger graph. Then for 1 <i <5 G has no F;-subgraph.

Proof: G has no Fj-subgraph by (2.7). Suppose it has an Fy-, F3-, Fy- or Fs-subgraph.
In each case there are seven distinct vertices x,y, z, v1, vg, v3, v4 of G such that xy, yz are
adjacent and for 1 < i < 4, xv; are adjacent and either yv; are adjacent or zv; are adja-
cent. By (11.2) there is a 4-cluster {Xy,..., X4} in G\{z,y, 2z} with v; € X; (1 <i < 4).
But then {Xi, ..., Xy, {z}, {y,2}} is a 6-cluster in G, a contradiction. |

If v is a vertex of a graph G, we denote the set of neighbours of v in G by N(v).

(11.5) Let G be a non-apex Hadwiger graph. Then |(N(u) U N(v)) — {u,v}| > 8 for

any two distinct vertices u,v of G, with equality only if both u and v are 6-valent.

Proof:  Since G has no Fs-subgraph by (11.4), |[N(u) N N(v)| < 4. Consequently, if

uv are not adjacent,

[(N(u) UN(v)) = {u, v} = [N(u) UN(v)| = [N(u)| + [N(v)] -4 =8,
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and the result holds. We assume then that uv are adjacent, and so
[(N(u) UN (@) = {u, v} = [N(u)| + [N(0)] = [N(u) O N(v)| - 2.

If [N(u)NN(v)| < 2 the result therefore holds. If |[N(u)NN(v)| > 3, then |N(u)NN(v)| = 3
by (2.7), and |N(u)| + |N(v)| > 14 by (5.4), and again the result holds. |

(11.6) Let G be a non-apex Hadwiger graph, and let (A, B) be a T-separation of G with
|A— B|>2. Then |A— B| > 4.

Proof:  For all distinct u,v € A — B we have
[(N(w) UN(v)) —{u,v}| < A =2=[A—B|+5.

Hence by (11.5), |A — B| > 3. Moreover, if |A — B| = 3 then all vertices in A — B are
6-valent by (11.5), contrary to (5.6). |

We recall that n(A, B) was defined just before (6.4).

(11.7) Let G be a non-apex Hadwiger graph, and let (A, B) be a T-separation with
|A— B|,|B—A| > 2. Let AN B = {vy,...,v7}. Suppose that either n(A,B) > 12
or every verter in A — B has valency > 7. Then there is a 4-cluster {X1,..., X4} in
G|(A — {vs,v6,v7}) with v; € X; (1 <i<4).

Proof: 'We suppose, for a contradiction, that for some (A, B) there is no such 4-cluster,

and choose |A| as small as possible.

(1) There is no T-separation (A',B’) of G with A C A, B C B',|A' — B'| > 2 and
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AT < [A].

For suppose that (A’, B’) is such a separation. Let Pi,..., P; be disjoint paths of
G|(AN B'), where P, has ends v; and v; € AN B’ (1 < ¢ < 7). (These exist by (10.2).)
If n(A, B) > 12 then n(A’, B’) > 12, while if every vertex in A — B has valency > 7
then every vertex in A’ — B’ has valency > 7. Consequently, from the minimality of |A|,
there is a 4-cluster {X7,..., X}} in G|(A" — {vl, v, v7}) with v € X[ (1 < ¢ < 4). Let
X, = X]UV(P) (1 <i <4); then {Xy,..., X4} satisfies the theorem, a contradiction.
This proves (1).

We deduce from (1) and (11.6) that

(2) FEvery vertex in AN B has > 2 neighbours in A — B.

Let H = G|(A — {vs, vs, v7}).

(3) There is no trisection (Cy, Cy, D) of H of order 2 with |(C; — D)N {vy, ve, v3, 04} = 1
fori=1,2.

For suppose that (Cy,Cy, D) is such a trisection, with v; € C; — D (i = 1,2) say.
Let C;NCyN D = {a,b}, and let C = C; U Cy. Since (D U {vs,vq,v7},C U B) is a
(< 7)-separation of G, and vy, vy & D, it follows from (1) that |V (G) — (BUC)| < 1, that
is,

|D — {a,b,vs,v4} < 1.
Also, (CU{wvs,vg,v7}, DUB) is a (< 7)-separation of G, and so either C'U{vs, v, v7} = A
or |[V(G)— (DUB)| <1.
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Suppose that C' U {vs, vg,v7} = A. Then D = {v3,v4}, since |C' N D| = 2; and hence
CiNCy = D. Since |A— B| > 4 by (11.6), we may assume that |C; — B| > 2, and so
(C1 UA{ws, v, v7}, DU BUCy) is a 6-separation of G violating (10.2).

Hence C'U{vs, v, v7} # A, and so |V(G)—(DUB)| < 1, that is, |C —{a, b, vy, v} < 1.
But |[D—{a, b, vs,v4}| <1, and by (11.6), |A—B| > 4, and so |A—B| = 4, and a,b € A—B,
and C' = {a, b, v, v9,c} and D = {a, b, v3,vy,d}, where A — B = {a, b, c,d}; and we may
assume that C7; = {vy,a,b,c}, Co = {vy,a,b}. It follows that ¢ is not adjacent to vs,
and hence ¢ is 6-valent, with neighbours vs, vg, v7,a, b, and v;. If d is adjacent to all of
vs, Vg, U7, a,b then G has an Fj-subgraph, contrary to (11.4). Thus d is also 6-valent,

adjacent to vs3,v4 and to four of vy, vg, v7, a, b.

Suppose that ab are not adjacent. Since c,d are 6-valent, it follows that a, b have va-
lency > 7, and hence have > 5 common neighbours in {v, ..., vz, ¢, d} contrary to (11.4).
Thus ab are adjacent. Since the edge ab is in < 3 triangles, and a, b have valency > 7, it
follows that a,b have valency 7, that there are exactly three vertices adjacent to both a
and b, and that each of vy, ...,v7, ¢, d is adjacent to at least one of @ and b. In particular
we may assume that > 2 of vs, v, v7 are adjacent to a. But then the edge ac is in > 3

triangles, contrary to (5.4). This proves (3).

(4) There is no (< 3)-separation (C, D) of H with vy, ...,v4 € C and |D — C| > 2.

For if (C, D) is such a separation then (B U C, D U {vs, vg,v7}) is a (< 6)-separation
of G, and
‘DU {U57U67U7} - (B UC)’ = |D o C’| > 2,

contrary to (10.2).

From (2), (3), (4) and (2.6), we deduce
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(5) H can be drawn in a plane with vy,vse,vs,v4 all incident with the infinite region.

Moreover, we have

(6) n(A, B) > 11.

For suppose not. Choose v € B — A with valency > 7; this is possible by (5.6) and
(11.6). Then v is joined to AN B by seven paths, disjoint except for v, by (10.2); and so by
(6.4) there is a separation (C, D) of G|B with CND = {v} and |CNA|,|DNA| > 2. From
the symmetry, we may assume that |D N A| > 4 and hence |C N A| < 3. Thus (C, DU A)
is a (< 4)-separation of G, and so DUA = V(G). But (D,CUA) is a (< 6)-separation of
G, since ANCND =0; and so |[D—(CUA)| <1. Hence |D—A| <2,and so |[B—A| <2
contrary to (11.6). This proves (6).

(7) There are < 4 vertices in A — B with a neighbour in {vy,...,v4}, and vy, ...,v4 each

have ezactly two neighbours in A — B.

For suppose not; let us apply (6.5), with & = 7 and Z = {vy, va,v3,v4}. With 0, € as
in (6.5), e =1 by (2); and either 6 =1 or n(A, B) > 12, and so by (6), d + n(A, B) > 12.
Then (6.5)(i) is false, by (2); (6.5)(ii) is false, since +n(A, B) > 12; (6.5)(iii) is false since
G has no F3-subgraph, by (11.4); and (6.5)(iv) is false, by (5). This is a contradiction,
and so (7) holds.

Let J be the subgraph of G with V' (J) = (A — B)U {v1, v, v3,v4} and edges the edges
of G with at least one end in A — B and with both ends in V' (J).
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(8) J is 2-connected.

For suppose that (C, D) is a (< 1)-separation of J with C, D # V(J). Then
(DU B,C U{vs,vs,v7})

is a separation of G of order

|ICND|+7—|BnND|.

If DUB = V(G), choose v € V(H) — D; then v € {v,vs,v3,04}. By (2), v has > 2
neighbours in A — B, and both are in C since v € V(H) — D; and so |C N D| > 2, a
contradiction. Hence DUB # V(G). Consequently, (DUB, CU{vs, vg, v7}) has order > 6,
and so |[BND| < 1+|CNDJ| < 2. Similarly |[BNC| <2, and so |[BND| = |BNC| =2 and
|CND| = 1. Consequently, (DUB, CU{vs, vg, v7}) has order 6, and so |V (G)—(DUB)| = 1,
that is, |C — (DU B)| = 1. Similarly |D — (C' U B)| =1, and so |A — B| < 3, contrary to
(11.6). This proves (8).

Let N be the set of vertices in A — B with a neighbour in {vy, ...,v4}. Take a drawing
of H as in (5); since J is a subgraph of H, this yields a drawing of J. By (8) there is a
circuit C' bounding the infinite region of the latter. By (5), {vy,...,v4} € V(C), and by
(7), V(C) = NU{vq,...,u4} and |N| = 4, since {v1, ..., v4} is stable in J. Let the vertices

of C' be vy, aq, vy, as,vs,as, vy, ay in order.

(9) |A— B| > 6.
By (5.6), we may assume without loss of generality that a; is not 6-valent. If A— B =
{(11, asz, ag, 0,4} then by (7)7
(N(a1) U N(az)) — {ar, a2} C {as, as, v1, va, v3, v5, V6, U7},
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contrary to (11.5). Thus |[A — B| > 5. If A — B = {ay, as, as, as,a} then by (7)
(N(a1) UN(a)) —A{ar, a} C {ag, a3, as, v1,v2, 05,06, v7},
contrary to (11.5). This proves (9).

Now (A — {vy,v9,v3,v4}, BU N) is a 7-separation of G, and [(A — {vy,ve,v3,v4}) —
(BUN)| >2by (9). This contradicts (1), and the result follows. |

(11.8) Let G be a non-apex Hadwiger graph, and let (A, B) be a T-separation with
|A— B|,|B— A| > 2. Then G|AN B has no circuit of length 4 or 5.

Proof: Suppose that G|A N B has a circuit of length 4 or 5.

(1) n(A, B) > 12 and n(B, A) > 12.

For by (11.6), there exists v € A — B with valency 7, and hence there exist seven
paths Py, ..., P; of G|A from v to AN B, disjoint except for v. Suppose that (C, D) is a
separation of G|A with C N D = {v} and |C N B|,|DN B| > 2. Since (C,BUD) is a
separation of GG of order

ICND|+7—|DNB|<6
it follows that |C' — (B U D)| < 1 and similarly |D — (BUC)| < 1. Hence |A — B| < 3,
contrary to (11.6). Thus there is no such (C, D), and so the claim follows from (6.4).

Let AN B ={vy,...,v7}. From (11.7) and (1), there is a 4-cluster {X;, X3, X¢, X7} in
G|(A—{vq,v4,v5}) withv; € X; (i = 1,3,6,7). Similarly there is a 4-cluster {Ys, Yy, Y5, Y7}
in G|(B — {vy,vs3,v5}) with v; € Y; (1 =2,4,6,7).

It follows that not all of vivy, vovs, vsvy, v4v; are adjacent; for if they are then

{Xh}/%X&naXﬁ U }/67X7 U }/:7}
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is a 6-cluster in G, a contradiction. Similarly not all of vivs, vovs, vV3vy, V4Vs, VsV, are

adjacent; for if they are then
{X17 }/27 X37 }/;l U {1}5}7 X6 U }/67 X7 U }/:7}
is a 6-cluster in GG, a contradiction. The result follows. [ |

We need the following lemma.

(11.9) Let ey, ...,ex be mutually non-adjacent edges of a simple graph G. Let T be the
number of triangles of G containing one of ey, ..., ex, and let S be the number of induced
circuits of length 4 containing two of ey, ...,e,. Let H be obtained from G by contracting

€1, ..., e and deleting any multiple edges. Then
|[E(H)| > |E(G)|—k—-S-T.

Proof: Let J be the graph obtained from G by contracting eq, ..., ex; then J is loopless.
For each v € V(J) let Z, be the set of one or two vertices of G corresponding to v. Let

u,v € V(J) be distinct; we claim

(1) The number of edges of J with ends u, v is at most one more than the number

of induced circuits C of G with V(C) C Z, U Z,.

For let the number of edges of J with ends u, v be r, and let there be s induced circuits
of G of length 4 and t of length 3 with vertex set in Z, U Z,. If r <1 then s =t = 0; if
r=2then s+t=1;ifr=3thens=0and ¢t =2; and if r =4 then s =0 and t =4. In

each case r < s+t + 1, as required.

Now, by summing the inequality of (1) over all adjacent pairs u, v of vertices of J, we
deduce that
|[E(J)| <|E(H)|+S+T.
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But |E(J)| = |E(G)| — k, and the result follows. |

(11.10) Let G be a non-apex Hadwiger graph. Then G has no Fg-, Fr- or Fy-subgraph.

Proof: Suppose that G has such a subgraph K say. We refer to the three cases when K
is an Fg-, F7- or Fg-subgraph, as cases (i), (ii) and (iii) respectively. Let K have vertex set
{1, T2, v1, Vo, V3, V4, Vs, Vg, U7, Vg }, Where in case (i) vs = vg and v; = vg, in case (ii) v; = vg,
and otherwise these vertices are all distinct, and x; has neighbours xs, vy, v3, v5, v7, and
Zo has neighbours x1, vy, v4, v, Vg, and vyvy are adjacent, and wvsv, are adjacent, and vsvg
are adjacent (except in case (i), when vs = vg) and v;vg are adjacent (except in cases (i)

and (ii), when v; = vg).

Let H be obtained from G\{z1,x2} by contracting the edges vyvy, v3v4, v5U6 (except
in case (i)) and vyvg (except in cases (i) and (ii)), forming vertices wy, wg, w3, wy. (In case

(i) we take w3 = vs and wy = v7, and in case (ii) we take wy = v7.)

(1) There is no 4-cluster { Xy, ..., X4} in H with w; € X; (1 <i <4).

For suppose that { X1, ..., X4} is such a 4-cluster. For 1 <1i <4, let X| = (X; —{w; })U
{vai—1,va: }; then { X1, X5, X}, X}, {z1}, {z2}} is a 6-cluster in G, a contradiction.

(2) There is no trisection (A1, As, B) of H of order 2 with |(A; — B)N{w;, we, w3, ws}| =1
(i=1,2).

For suppose that (A, Ay, B) is such a trisection. Let A; N As N B = {a,b}. Let

Al = (A — {w, wo, w3, wa}) U J{wvaimr, v} 1 1 < i < 4wy € Ay)
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and define A}, B’ similarly. Then (A}, A}, B’) is a trisection of G\{x1, 22} of order < 4.
In particular,

(All U {ZL‘l, ZL’Q}, AIQ U B/ U {$1,l’2})

is a (< 6)-separation of G. Since A; — {a,b} and Ay — {a,b} both contain mem-
bers of {wy,...,ws} and hence are non-empty, it follows that A} U {z1,22} # V(G)
and A, U B" U {1,292} # V(G). Hence this separation has order exactly 6, and so
a,b € {wy,wy, w3, wy}, and a,b # wy in cases (i) and (ii) and a,b # ws in case (i). Thus
we may assume that a = wy,b = we. Let Z = {vq, vy, v3,v4, 21, x2}. Since (A} U {x1, z2},
AL U B"U{xy,29}) has order 6 it follows that either |[A] — Z| <1 or [(AL,UB') —Z| < 1.
Similarly either |4, — Z| < 1 or [(A] U B') — Z| < 1. We may therefore assume that
|A} —Z| < 1. Since A; —{a, b} contains one of ws, wy, it follows that we may assume that
wy € Ay —{a,b} and v; = vg, and in case (iii), this is a contradiction. It follows therefore
that we are in case (i) or (ii), and so v; = vg = wy. Since A} — Z = {v;}, every neighbour
of v7 in G is in Z, and so v; is 6-valent in GG, and v7 is adjacent to every vertex in Z. But

G|Z has > 2 circuits of length 4, contrary to (11.3) and (5.3). This proves (2).

(3) There is no (< 3)-separation (A, B) of H with wy,...,wy € A, |B — Al > 2, and
|{w17 ...,’UJ4} N B| S 2.

For suppose that (A, B) is such a separation. Define

A/ = (A — {wl, ...,w4}) U {Ul, ...,Ug}
B/ = (B - {U)l, ...,’UJ4}) U U({UQZ'_l’UQZ'} 01 S 1 S 4,U}i c B)

Then |[A'NB’| < 5, since |[ANB| < 3 and [{wy, ..., ws} N B| < 2. Thus (A'U{x, 22}, B'U
{1, 29}) isa (< 7)-separation of G. Now |B'—A’| = |B—A| > 2,and |A'—B'| > |A—B| >

2 since at least two of wy, ..., w4 are in A — B. Therefore (A" U {z1, 22}, B’ U {z1,22}) is
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a T-separation of G, and AN B contains two of wy, ..., wy. This contradicts (11.8). Hence

(3) holds.

From (1), (2), (3) and (2.6), we deduce that H can be drawn in a disc with wy, ..., w4
on the boundary in some order. Let H' be obtained from H by deleting all parallel edges;
it follows that |E(H')| < 3n—7 where n = |V(H)| = |V(H')|. For 1 <1i <4, define T; =0
if v9;_1 = wy;, and otherwise let T; be the number of triangles of G\{x1, 22} containing
the edge vg;_1vy;. For 1 < i < j <4, define S;; = 1 if G|{vai_1, V2, Voj_1,09;} is a circuit
of length 4, and otherwise let S;; = 0. Let k be 2, 3, 4 in cases (i), (ii), (iii), respectively.
By (11.9)

|E(H)| > |[E(G\ oy, 22)| =k = > Ti= > Sy

1<i<4 1<i<j<4

Hence

1<i<4 1<i<j<4

On the other hand, |V(G\{z1,22})| = n + k, and so by (11.1),
|E(G\{z1,22})| >3(n+ k) —8+8+1=3n+3k+ 1.

Consequently,
Yo+ Y. S;>2k+8.

1<i<4 1<i<j<4
Now T3, 15,73, T, < 2, since by (11.4) G has no Fy-subgraph, and so 1<, <4 Si; > 2k.
Since Y1<icj<s Sij < 3 in cases (i) and (ii), it follows that we are in case (iii), and k = 4;

but then >°; ;<4 Si; <6 < 2k, a contradiction. |

(11.11) Let G be a non-apex Hadwiger graph. Then G has no Fy-subgraph.

Proof: Suppose that K is such a subgraph, with vertex set x,y, z, w, vy, v9, v3, v4, Where

x has neighbours y, z, vy, v9, v3, v4, and y has neighbours x, v{, vo, w, and z has neighbours
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x,v3,v4,w. Let H =G\{x,y, z, w}.

(1) There is no 4-cluster {Xy, ..., X4} in H with v; € X; (1 <1< 4).

For if {X7,..., X4} is such a 4-cluster then
{Xh X27 X37 X47 {ZI}'}, {% <, U)}}

is a 6-cluster in GG, a contradiction.

(2) There is no trisection (A1, As, B) of H of order 2 with [(A; — B) N {v1,va, v3,04}| =
1(i=1,2).

For suppose that (A, As, B) is such a trisection. Then (A; U {z,y,z,w}, Ay U B U
{z,y,z,w}) is a 6-separation of G, and so either |A; —(AyUB)| < 1or |[(A,UB)—A;| < 1.
Similarly either [As — (A; U B)| <1 or |[(A; U B) — Ay| < 1. We may therefore assume
that |[A; — (A2 U B)| < 1. If also |4y — (A; U B)| < 1 then [(A; U Ay) — B| = 2, and
then (A; UAsU{x,y,z,w}, BU{x,y, z,w}) is a 6-separation of G contrary to (10.2), for
|B — (A1 U As)| > 2 by (6.2). Thus |4y — (A; UB)| > 2, and so |(A; U B) — As| < 1.
Hence |B| =2 and A; U Ay =V (H).

Now |A; — A, U B| < 1, and so we may assume that A; — (A U B) = {v;}. Since v,
has valency > 6 in G, it follows that viz are adjacent. But then G|{z,y, z, w,v1,vs,v4}

has an Fy-subgraph, a contradiction. This proves (2).

(3) There is no (< 3)-separation (A, B) of H with vy,...,u4 € A and |B — A| > 2
and [{vy,...,us} N B] < 2.
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For if (A, B) is such a separation, then |A — B| > 2 since [{v1,...,v4} N B| < 2, and
(AU{z,y,z,w}, BU{x,y,z,w}) is a (< 7)-separation of G, violating (11.8).

From (1), (2), (3) and (2.6), we deduce that H can be drawn in a disc with vy, ..., v4 on
the boundary in some order. Hence |E(H)| < 3n — 7 where |V(H)| = n. But by (11.1),
|E(H)| > 3n — 16 + 8 + 4, a contradiction. |

(11.12) Let G be a non-apex Hadwiger graph, and suppose that K is an Fig-subgraph
of G. Then there exists v € V(K) such that v has valency 2 in K, both its neighbours in
K have valency > 3 in K, and no vertex in V(G) — V(K) is adjacent to v in G.

Proof:  Let V(K) = {1, 22, x3, T4, 5,01, 02,03}, where x1 is 5-valent, xo is 4-valent,
xr3 is 3-valent, x4x5 are adjacent, x; has neighbours xj3, vy, v9,v3, x5, and x5 has neigh-
bours x3, vy, v9, x4. Let H be obtained from G\{x1, 22, x3} by contracting the edge z4zs,

forming a vertex w say.

(1) There is no 4-cluster {X1,..., X4} in H with v; € X; (1 < i < 3) and w € Xy.

For otherwise
{ X4, Xo, X3, (X — {w}) U{zy, w5}, {71}, {72, 13} }

is a 6-cluster in GG, a contradiction.

(2) H cannot be drawn in the plane with vy, ve,v3,w all incident with the infinite re-

gion.
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For suppose it can. Let H’ be obtained from H by deleting any parallel edges; then
|E(H')| < 3n — 7 where |V(H)| = n. Since z4x5 is in < 3 triangles by (2.7), it follows
that |E(H)| < 3n — 4, and so |E(G\{z1, %2, 23})| < 3n — 3. But by (11.1)

|E(G\{x1,z2,23})| > 3(n+1)—124+8+2=3n+1

since |V(G) — {x1, z2, 23} = n + 1, a contradiction. This proves (2).

(3) There is no (< 3)-separation (X,Y') of H with vy,vs,v3,w € X and |Y — X| > 2 and
|Y N {Ul,Ug,Ug,'UJ}| S 2.

For suppose that (X,Y) is such a separation. Let

X/ = (X—{W})U{$1,LE2,SL’3,LE4,LE5},

YU {1‘1,1’2,1’3} if w € Y
(Y —{w}) U{xy, 29, 23,24, 25} if w €Y.

Y =

Then (X',Y’) is a (< 7)-separation of G, with |Y' — X’| > 2 and | X' — Y’| > 2 since
Y N {vy, v9,v3,w}| < 2. By (10.2), (X', Y’) has order 7, and so w € X N'Y; but then
G| X' NY’ has a circuit of length 5 (with vertex set {x1,...,25}) contrary to (11.8). This
proves (3).

From (1), (2), (3) and (2.6), there is a trisection (X, X3,Y) of H of order 2 such that

X1 —Y and X, — Y both contain exactly one member of {vq, vy, v3, w}. We may assume
that | X;| < |X3|. Define

X{{ X, UA{zy, 9, x5} if w ¢ X,

(X7 — {w}) U{zy, 29, 23, 24, x5} if w e Xy

and define X/ Y’ similarly. Then (XU X7}, Y’) is a (< 6)-separation of G. But |(X] U
X)) —Y'| > 2since X; —Y and Xy — Y both contain one of vy, vq,v3, w; and so by
(10.2), |Y" — (X7 U X})| < 1. Consequently, |Y| < 3. From (6.2) |V(H)| > 14, and so
| X1| + | X2| 4+ [Y| > 18. Hence | X3| > 8, since | X1| < | Xl
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Now (X}, X] UY’) is a (< 6)-separation of G, and it has order 6 only if w € Xy, N
(X;UY). But | X, — (X{UY’)| > 2 since | X3| > 8, and |(XjUY') — X}| > 1 since X; —Y
contains one of vy, v9, vz, w. By (10.2), (X UY') — X}| =1, and w € XoN(X; UY).
It follows that |Y| = 2,|Xy| = 3, and X; — Y = {uv;} for some i with 1 < i < 3.
Since [(Xa —Y) N {vy,v9,v5,w}| = 1, it follows that |Y N {vy,ve,v3,w}| = 2, and so
Y C {v,v9,v3,w}. Since (X7, X)) is a 6-separation of G (because Y’ C XI) it follows
that every neighbour of v; in G belongs to

X1 NX, =Y U{zy,x0, 23} C V(K),

and the result holds. [ |

12. FINDING A PERFECT MATCHING

In this section we prove that every non-apex Hadwiger graph G has a matching of

cardinality [$|V(G)|]. For that, we need the following.

(12.1) Let G be a non-apex Hadwiger graph, and let (A, B) be a T-separation of G
with |A — B|,|B — A| > 2, such that every vertex in A — B has valency > 7. Let
AN B ={vy,...,u7}, and let Y1, ..., Y7 C B be disjoint fragments with v; € Y; (1 <i <7).
Then there are disjoint fragments X1, ..., X7 C A with v; € X; (1 <i <7), such that for

at least four pairs i, jwith 1 <i <j <7, X;X, are adjacent and Y;Y; are not adjacent.

Proof:  Let H be the graph with V(H) = {v1,...,07} in which v;v; are adjacent if

Y;Y; are adjacent. We may assume that

(1) H has minimum valency > 3.

For suppose that v; is not adjacent in H to vy, vs, vg, v7 say. Choose v € A — B; then
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by hypothesis, v has valency > 7. Take seven paths Py, ..., P; in G|A disjoint except for
v, where P; has ends vv;. Let X; = V(P) and X; = V(P) — {v} (2 <i < 7); since X, X;
are adjacent for i = 4, 5, 6, 7, the result holds.

(2) For all Z C AN B with |Z| = 4 there is a cluster in G|(A — B) U Z traversing
Z.

This follows from (11.7), since every vertex in A — B has valency > 7.

Let J be the complement of H; that is, V(J) = AN B, and v;v; are adjacent in J if

Y;Y; are not adjacent in G. We may assume that

(3) If Z C AN B with |Z| =4 then J|Z has < 3 edges.

Let Z = {vy,...,u4} say. By (2) there is a cluster { Xy, ..., X4} in G|(A — {vs, vs, v7})
with v; € X; (1 <7 <4). Let X; = {v;} (1 =5,6,7); then Xy, ..., X; satisfy the theorem,
unless J|Z has < 3 edges. This proves (3).

In particular from (3) we deduce

(4) J has no circuit of length 4.

Next, we claim

(5) If (C,D) is a (< 3)-separation of H with C — D, D — C # () then (C, D) has or-
der 3 and one of |C — D|,|D — C| = 1.
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For suppose that |C' — D|,|D — C| > 2, and choose distinct a,b € C — D and
¢,d € D — C. Then a,b are adjacent in J to ¢,d, contrary to (4). Hence we may as-
sume that |C'— D| =1,C — D = {a}, say. But by (1), a has valency > 3 in H, and so
|C'N D| > 3, as required.

(6) H is planar.

For if not, then by (5) and [16], H has a 5-cluster {Z, ..., Z5} say. Let W; = U(Y; : 1 <
Jj<Tv;€Z)forl<i<D5h;then {W,..., W5} is a 5-cluster in G|B, and W;NANB # ()
for 1 < i < 5. Choose v € A — B; then since v has valency > 7, there are by (10.2)
seven paths of G|A between v and AN B, disjoint except for v. Hence there is a fragment
Ws C A — B such that vy, ...,v7 all have neighbours in Wg; but then {W,..., W} is a

6-cluster in G, a contradiction. This proves (6).

(7) J has no circuit of length 3.

For suppose that vy, ve, v3 € V(J) are pairwise adjacent in J. By (6) not all of vy, vg, v3
are adjacent in H to all of vy, v5,v6 and so we may assume that v,v4 are adjacent in J.

But then Z = {vy, vy, v3,v4} contradicts (3).

(8) J has no circuit of length 7.

For if it has such a circuit, then by (3), J is a circuit of length 7; but then its

complement H is non-planar contrary to (6).

Our next objective is to show that J has no circuit of length 5. The proof requires

two steps. Suppose therefore that vivs, vov3, U3V, V45, V5V, are non-adjacent in H. Let
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K = G|(A — {vg,v7}). We may assume, by permuting vy, ..., vs, that

(9) There is a path P of K with ends vive, and a vertex v € V(K) — {vy,v9,v3,v5},
and three paths Ps, Py, Ps of K from v to vs, vy, vs respectively, such that Ps, Py, Ps are

mutually disjoint except for v, and each of them is disjoint from P.

For by (2) there are disjoint paths P, Q) of K\{v5} with ends v,vs and v3vy, respectively.
Suppose that there is a separation (X,Y) of K with vs € X, V(PUQ) C Y, and
XNY = {v,vg,v3,v4}. Then (X U B,Y U {vg,v7}) is a 6-separation of G, and so
Y — X| <1 by (10.2), and hence one of P, has no internal vertices, a contradiction
since v1vo and v3vy are non-adjacent in H and hence in G. This proves that there is no
such (X,Y), and hence there is a path R of K from vs to V(P U Q) — {v1,vq,v3, 04}
with no vertex in {vy, v9, v3,v4}. Choose a minimal such path R, with ends vs, v say. By
exchanging vy, vy with vy, v3, we may assume that v € V(Q) —{vs, v4 }; but then (9) holds.

Choose v, P, Py, Py, Ps as in (9) with |E(P,)| minimum. (Note that possibly v = v4 in
(9), and so possibly E(P;) = 0.)

(10) There is a path of K from V(PsUPs) to V(P)—{vy,ve} with no vertez in {v, vy, va}.
For if not, there is a separation (C, D) of K with C' N D = {v,v1,v}, V(P) C C and
V(P;U Ps) € D. Then (C U {vg,v7}, D U{vg,v7}) is a separation of G|A, and so
(C U {Uﬁ, ’U7}, DU {UG, 'U7} U B)
is a separation of GG. Its order is

24+ |CND|+|(C—D)n{v}| <6
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and so |C — (DU B)| < 1. But C — (DU B) # 0 since V(P) — {v1,v2} # 0, and so
|C' — (DU B)| = 1, and there exists u € C' — (D U B) C A — B with valency 6 in G,
contrary to the hypothesis. This proves (10).

Let @ be a minimal path of K from V(P3 U Ps) to V(P) — {vy,v2} with no vertex in
{v,v1,v2}. Let @ have ends x € V(P;UP;) and y € V(P)—{v1,v2}. From the symmetry,
we may assume that x € V(Ps), and hence = € V(P;) — {v}. Suppose that @ N Py is
non-null, and let the minimal subpath of @) from x to V(P;) be @'; let @)’ have ends x,v'.
Let P; be the union of " and the subpath of P; between vs and x; let P; be the subpath
of P, between vy and v'; and let P; be the union of Ps and the subpath of P, between
v and v'. Then P, v, Pj, P;, P} satisfy (9), contrary to the minimality of |E(Py)|. This
proves that () N Py is null. Let

X = {Ul}

X5 = V(P5)— {v}
XG = {UG}
X7 = {1)7}

Then X;X5, X5X3, X3X,, X4 X5 are adjacent in G, and the theorem holds. This proves

that we may assume (for a contradiction) that

(11) J has no circuit of length 5.

It follows that
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(12) J has no circuit of length 6.

For suppose that vjvs, v9v3, U304, V4vs5, UsUg, Vev1 are adjacent in J. By (4), (7) and
(11), v7 has valency < 1 in J, and J|{vy,...,v} is a circuit. But then H is non-planar,

contrary to (6). This proves (12).

(13) |E(J)| =6 and J is a tree.

For from (4), (7), (8), (11), (12), J has no circuits and hence has < 6 edges. But by
(6), |[E(H)| <15, and yet |E(J)|+ |E(H)| = 21. Hence |E(J)| =6 and so J is a tree.

Since J is a tree with maximum valency < 3 by (1) and (13), it has a 4-edge path
starting from some 1-valent vertex. Thus we may assume that vivs, vov3, v3v4, V4v5 are all
adjacent in J, and v, is 1-valent in J. Consequently, v,v; are adjacent in H for 3 <i < 7;
and since J has no circuits, vovs are adjacent in H, and for ¢ = 3,4, 6,7 v; is adjacent in H
to at least one of vy, v5. By (2) there is a 4-cluster { X35, X4, X, X7} in G|(A—{vy, v2,v5})
with v; € X; (i =3,4,6,7). But then

{}/1,}/2U}/{),X3U}/3,X4U}/ZL,X6U}/6,X7U}/T7}

is a 6-cluster in GG, a contradiction. [ |

We use (12.1) to prove the following.

(12.2) Let G be a non-apex Hadwiger graph. Then G has a matching of cardinality
> 3(IV(G)-1).

Proof: ~ Suppose that G has no such matching. By Tutte’s theorem [15], there exists
Z C V(G) such that G\Z has > n + 2 components (actually, “odd” components, but
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that will not matter here), where n = |Z|. Since G\ Z has > 2 components it follows that
n > 6 since G is 6-connected, and so G\ Z has > n+2 > 8 components. Choose n distinct
components of G\Z, with vertex sets (1, ..., C,,, such that for 1 <1i < n every vertex in

C; has valency > 7 in G. (This is possible by (5.6).)

For 1 <7 < nlet N; be the set of vertices in Z with a neighbour in C;. Let us number
Ci,...,C, so that

N,/ <7 and |Cy] >1forh+1<i<m

IN;| >8 for m+1<i<n.

Let ZUC,U...UCy = {v1,..., Unsn}. We shall prove the following for h < k < m by

induction on k:

(%) There exist disjoint fragments Y1,....Ypn € Z U Cy U ... U Cy with v; € Y; for
1 <i < h+n, such that there are at least 4(h + k) pairs i, j with 1 <1i < j < h+mn for

which Y;Y; are adjacent.

(1) (x) is true when k = h.

For each v € Cy U ... U (Y, let T, be the number of triangles containing v. Now v is
7T-valent, by the choice of (', ...,C}, and C,..,C,; let N be the set of neighbours of v. By
(5.2), G|N has no stable set of cardinality 4, and so G|N has > 3 edges (in fact more).
Hence T, > 3. By summing over all such v, we deduce that |T'| > 3h, where T is the set of
triangles containing a vertex in C; U ... U C},. Since each member of T' contains an edge of
G|Z, and each such edge is in < 3 triangles by (2.7), it follows that |E(G|Z)| > §|T| > h.

Since each vertex in C7 U ... U (Y, is 7-valent, there are > 8h edges with both ends in
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ZUC1U...UCh, and so (*) holds with Y; = {v;} (1 <i < h+n). This proves (1).

Now let us prove (*) for h < k < m. We assume inductively that h +1 < k < m, and
Y1, ..., Yhin exist as in (*) with & replaced by k — 1; and we shall show that they also exist
for k. Let B =V(G) — Ck, and A = Cy U N. Then (A, B) is a 7T-separation of G, and
|A— B| = |Ck| > 2, and |B — A| > 2 since n > 3. Since N, C Z, we may assume that
Ny = {v1, ...,v7}. By (12.1) there exist disjoint fragments X1, ..., X; C A such that v; € X
for 1 <4 <7, and there are > 4 pairs ¢, j with 1 <17 < j <7 for which X; X are adjacent
and Y;Y; are not adjacent. Let ¥/ = X; UY, (1 <i<T7)and Y/ =Y, (8 <i < h+n);
then v; € Y/ (1 <i < h+mn), and Y/, ..., Y] are disjoint fragments in Z U Cy U ... U C,
since Y7, ..., Y4, are disjoint fragments in Z U C, U ... U Cy_y. Since Y;Y; are adjacent for
> 4(h+k—1) pairs 4, j with 1 <i < j < h+n, and since Y/Y] are adjacent for > 4 more

pairs, it follows that VY] are adjacent for > 4(h + k) pairs 4, j and so (*) holds.

This completes the inductive proof of (*), and so in particular (*) holds when k = m.
Forh+n+1<i:<h+2n—mlet Y, = Cirpy_p_pn. It follows that Y, ..., Y, 10, ., are
disjoint fragments. Since for all j with m + 1 < j < n there are > 8 values of ¢ with
1 <1 < h+nsuch that v; € N, it follows that for all j with h+n+1<j<h+2n—-—m
there are > 8 values of ¢ with 1 < ¢ < h+n such that Y;Y; are adjacent. In total therefore
there are at least

4(h+m)+8(n—m) =4h+ 8n —4m

pairs ¢,j with 1 < i < j < h+ 2n —m such that Y;Y; are adjacent. By (6.1) applied to
the graph obtained from G by contracting all edges with both ends in Y; for some i and

deleting parallel edges, since h + 2n —m > h +n > n > 4, it follows that
4h +8n —4m < 4(h + 2n —m) — 10,

a contradiction. Thus there is no such Z, as required. [ |
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13. REDUCIBLE CONFIGURATIONS

We use (12.2) for the following.

(13.1) Let G be a non-apex Hadwiger graph. Then either

(i) there are adjacent vertices a, b of valency 7 and 8 respectively, so that the edge

ab is in 3 triangles, and neither a nor b is in a 4-clique, or

(ii) there are adjacent vertices a,b, both of valency 7, such that the edge ab is in 3

triangles, and at most one of a,b is in a 4-clique, or

(iii) there are distinct vertices a, b, ¢, d of G, such that ab, bd, ac, cd are adjacent
and ad, bc are not, the edges ab and ac are both in 2 triangles, and a, b, c all
have valency 7 and are in no 4-clique, and either d has valency 7, or d has

valency 8 and is in no 4-clique.

Proof: We denote the valency of a vertex v by §(v). Let M be the set of all edges uv of
G that are in exactly two triangles and such that §(u) = d(v) = 7 and u, v belong to no
4-clique. Let t = [3|V(G)|], and let |V (G)| = 2t+¢; thus, e = 0 or 1. By (12.2) there exist
edges ey, ..., e; of G, pairwise with no common end; choose ey, ..., e, with |[{eq,...,e;} N M|
minimum. For 1 < i <t, let T; be the number of triangles containing e;. For 1 <1,5 <'t,
let S;; = 1if i # j and the subgraph of G induced on the four ends of e;, e; is a circuit,
and S;; = 0 otherwise. Let d; be the sum of the valencies of the ends of e; for 1 <17 <¢,
and let dy be the number of edges with an end not incident with any of ey, ...,e;. (Thus
if e =0, then dy = 0.) Now
2|E(G)| =do + Z d;.

1<i<t

Let H be obtained from G by contracting ey, ...,e; and deleting any resulting parallel
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edges. By (11.9)
B2 BG) -t~ Y 38— ¥ Th

1<i,j<t 1<i<t

Consequently,
20E(H)| > dy—2t+ Y (d; = 2T;) = > Sy

1<i<t 1<i,j<t

But ¢t > 4 by (6.2), and |V(H)| =2t + € —t =t +¢, and so from (6.1),
|E(H)| < 4(t+¢€) — 10.
Consequently,
8(t+e)—20>dy—2t+ > (d;—2T;)— > Sy,
1<i<t 1<i j<t

that is,
> (di—2T;—10)— > S;; <8 —20—dy < —18

1<i<t 1<i,j<t

since either ¢ = 0 or dy > 6. For v € V(G), define a(v) = 2 if v has valency 6, and
otherwise a(v) = 0; and B(v) = 1 if v belongs to a 4-clique, and otherwise 3(v) = 0. It
follows that

> (a(v) +B(v) < 14

veV(Q)
since there are < 10 vertices in 4-cliques by (4.5), and < 2 6-valent vertices by (5.6). For
1<i<t, let
fi = a(u) + Bu) + a(v) + B(v)

where e; has ends uv. Hence 37, fi < 14, and so

do(di+ fi =27, —10) — Y S < —4.

1<i<t 1<i,j<t

For 1 <1 <t let S; = 301 <<t Sij, and let R; = d; + f; — 27; — 10. Then

1<i<t 1<i,j<t 1<i<t:5;=0 1<i<t:8;>0 1<i,j<t
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Suppose first that 3(R; : 1 <1i <t,5; =0) < 0. Choose ¢ with S; =0 and R; < 0;i=1

say. Let e; have ends ab. Since R; < 0,
di+ f1 <217+ 9.

But dy + f; > 14, because 6(v) + a(v) > 7 for every vertex v, and so 277 > 5. Hence
Ty > 3, and so 77 = 3 by (2.7). Consequently, d; + f; < 15. If a is 6-valent, then
a(a) + f(a) > 3, and so dy + f; > 16, a contradiction. Thus d(a) > 7, and similarly
d(b) > 7. But §(a) +0(b) + S(a) + B(b) < 15, and so (i) or (ii) holds.

We may therefore assume that L(R; : 1 <i <t,5; =0) > 0. Consequently,

4= Y R-Y s,

1<i<t:S;>0 1<i,5<t
R;

= Z<(§_1>Sz’j:1§i7j§t75ij:1>
= _Z<<R ? 2>5ij31§i7j§tvsij:1>'
j

We may therefore choose 7, j with S;; = 1 such that % + g—; — 2 < 0; and by exchanging
,J we may assume that i?’ —1<0. Let i =1, 7 =2 say, and let e; have ends ab and e,
have ends cd. Since S;; = 1, we may assume that a is adjacent to ¢ and b to d, and ad, bc

are not adjacent.

Now # —1 <0, and so dy + f; =271 — S1 < 9. By (11.4), Ty < 2, since Sy > 1.
Suppose that T} < 1. Since d; + f; > 14, we deduce that S; >3 if T3 =1, and S; > 5 if
T} = 0, and hence G has an F;- or Fg-subgraph, contrary to (11.10). Thus 77 = 2. By
(11.10), G has no Fg-subgraph, and so S; = 1.

Thus dy + f1 < 14. But 6(a) + a(a) + f(a) > 7, with equality only if §(a) = 7, and
similarly for b. Hence a and b are both 7-valent, and consequently G(a) = 3(b) = 0, and
e1 € M.
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If we replace e; and ey in the matching eq,...,e; by the edges ac and bd, we ob-
tain another matching of the same cardinality; and therefore from the minimality of
l{e1, ...,e. } N M|, we may assume that the edge ac belongs to M. Consequently, ac is in

two triangles, and c is 7-valent, and ((c) = 0.

Nowg—ll+g—22—2<0. We have shown that S; =1 and Ry =d; + f; — 277 — 10 = 0.

Consequently, 2—22 < 2, and so
74+ 6(d) + a(d) + B(d) — 2T, — 10 < 2.5,

that is, So + 75 > 5(0(d)+ a(d) 4+ 3(d) — 2). Suppose that §(d) + a(d) + 5(d) > 9; then
Sy + Ty > 4, contrary to (11.4) and (11.10). Thus 6(d) + a(d) + G(d) < 8. Hence d has
valency 7 or 8, and if it is 8-valent then 3(d) = 0. Thus (iii) holds. |

(13.2) Let G be a non-apex Hadwiger graph; then (13.1)(i) does not hold.

Proof: Suppose that a,b € V(G) are adjacent, and a has valency 7, and b has valency 8,
and ab is in three triangles, and neither a nor b is in a 4-clique. Let a have neighbours
b, x1, 9, T3, a1, as, az and let b have neighbours a, x1, x2, x3, by, ba, b3, by. Since a is not in a
4-clique, {x1,zo,x3} is a stable set, and some two of ay, as, ag are not adjacent, say ajas.
For 1 <4 < 3, at most one of by, ..., by is adjacent to x;; for if by, by say are both adjacent to
x; then G|{a, b, x1, z2, x3, b, by} has an Fs-subgraph, contrary to (11.4). We may therefore
assume that b; is not adjacent to any of 1, x9, 3, and so {b1, x1, z2, x3} is stable. By (5.1)
taking X7 = {a1,a,a2} and Xy = {b, b1, 21, x9, 23}, there is a 5-colouring ¢ of G\{a, b}
such that ¢(a1) = ¢(az) and ¢(by) = ¢(x1) = ¢(z2) = ¢(x3). Choose § € {1,...,5} with
B # ¢(by), p(ba), d(bs), ¢(bs); and choose o € {1,...,5} with a # 3, ¢(ay), P(asz), p(xy).
Then setting ¢(b) = 3, ¢(a) = « defines a 5-colouring of G, a contradiction. |

(13.3) Let G be a non-apex Hadwiger graph; then (13.1)(ii) does not hold.
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Proof: Suppose that a,b € V(G) are adjacent, both of valency 7, and ab is in three
triangles, and a is not in a 4-clique. Let a have neighbours b, x1, 22, 3, a1, as, az, and let
b have neighbours a, 21, s, T3, by, be, b. Since a is not in a 4-clique, {x1, x9, 23} is stable,
and some two of aj,as, az are not adjacent, say aq,as. By (5.1) taking Xy = {a1,a,as}
and Xy = {b,x1,xo,x3}, there is a 5-colouring ¢ of G\{a,b} such that ¢(a;) = ¢(as)
and ¢(z1) = ¢(xe) = ¢(x3). Choose [ € {1,...,5} with 8 # ¢(b1), d(b2), d(b3), ¢(x1);
and choose a € {1,...,5} with a # (3, ¢(a1), p(a3), d(x1). Setting ¢(a) = o and ¢(b) =

defines a 5-colouring of G, a contradiction. [

(13.4) Let G be a non-apex Hadwiger graph, and let a,b € V(G) be distinct and both
T-valent, such that a is in no 4-clique. Then there are < 3 vertices adjacent to both a and

b.

Proof: ~ Suppose that zy,xq,23,24 € V(G) — {a,b} are distinct and all adjacent to
both a and b. By (11.4) no other vertex is adjacent to both a and b, and by (2.7) ab
are not adjacent. Let a have neighbours x1, xo, 3, 24, a1, as, as, and let b have neighbours

X1,T2,X3, T4, b17 b27 b3’

(1) None of ay, as, as, by, by, by is adjacent to any of x1,xa, T3, 4.

For if a;x; are adjacent, say, then G|{a,b, a, z1,xs, x3, 24} has an Fy-subgraph, con-

trary to (11.4).

Since a is in no 4-clique, no three of x1, x9, x3, x4 are mutually adjacent, and so we may
express {1, T2, T3, x4} = Y1UY3 where Y1 NY, = () and Y7, Y5 are stable. By (1) and (5.1),
taking X; = Y1 U{a, a1}, Xo = Yo U {b, b1}, there is a 5-colouring ¢ of G\{a, b} such that
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d(y) = ¢(ay) for all y € Y7, and ¢(y) = ¢(by) for all y € Y. Choose o € {1,...,5} with
o % ¢(a1)7 ¢(a2)7 ¢(a3)7 ¢(bl)7 and choose ﬁ < {17 ) 5} with 6 % (b(bl)u (b(b?)u ¢(b3)7 (b(al)'
Setting ¢(a) = «, ¢(b) = [ defines a 5-colouring of G, a contradiction. [

We need the following

(13.5) Let Iy, I5, I3, Iy be four sets, each of cardinality > 2. Then there exists o; €
I; (1 <i < 4) such that oy # s # ag # g # oy.

Proof: It1, =1, =13 =14, let a,b € I be distinct and let a; = a3 = a and ay = a4 = b.
Thus we may assume that Iy € I;. Choose ay € I} — I;. Choose as € o — {ay},

as € I3 —{an}, ay € Iy — {az}; then ay # aq, since oy & 1. [ |

Finally, we complete the proof, by showing

(13.6) Every Hadwiger graph is apez.

Proof: Suppose G is a non-apex Hadwiger graph. By (13.1), (13.2) and (13.3), (13.1)(ii)
holds; let a, b, c,d € V(G) be distinct, such that ab, bd, ac, cd are adjacent, ad, bc are not
adjacent, ab, ac are both in two triangles, a, b, c are 7-valent and are in no 4-clique, and

either d has valency 7, or d has valency 8 and is in no 4-clique.

(1) There is a vertex p adjacent to a, b and c, and no vertexr except a, d and p is

adjacent to both b and c.

For if there is no such vertex p, then since ab is in 2 triangles and so is ac, there are
u,v,w,xr € V(G) such that u,v,w, x,a,b, c,d are distinct and ua, ub, va, vb, wa, we, ra, rc

are edges, forming an Fy-subgraph contrary to (11.11). Thus, there is such a vertex p.
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The second claim follows from (13.4).

(2) There are vertices q, r so that a,b,c,d,p,q,r are distinct, and q is adjacent to a

and b, and r is adjacent to a and c.

For ab is in two triangles, and so there exists a vertex g # p adjacent to both a and b.
Then q # ¢, d since ad, bc are not adjacent. Similarly there exists r # a, b, ¢, d, p adjacent

to a and c¢. By (1), ¢ # .

(3) ¢ and r are not adjacent to p or d.

For if dq are adjacent, then G has an Fjs-subgraph with vertex set {a,b,c,d,p,q,r}
(delete the edges bp and bq). So dgq and similarly dr are non-adjacent. Clearly pq are not

adjacent, since a is in no 4-clique, and similarly pr are not adjacent.

From (1), (2) and (3), the only pairs among a, b, ¢, d, p, g, 7 whose adjacency is so far

undecided are gr and dp.

(4) gr are not adjacent.

For suppose that they are. Since b has valency 7 and is not in a 4-clique, there are
neighbours x,y of b with x,y # a,d, p, q such that xy are not adjacent. Then x,y # ¢, r
since ¢,r are not adjacent to b. By (5.2), {z,y,a,d} is not stable. But azx are not
adjacent since the edge ab is in < 2 triangles by (13.3), and similarly ay are not adja-
cent, and so we may assume that dx are adjacent. But then G|{a,b,c,d,p,q,r z} has
an Fijp-subgraph (delete ap, aq,ar). By (11.12), some v € {a,p, z} has no neighbour in
V(G) —{a,b,c,d,p,q,r,x}. Now v # a since a is 7-valent and ad are not adjacent; v # p
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since pq and pr are not adjacent, by (3); and v # x since za are not adjacent as we already

saw, and zc are not adjacent by (1). This is a contradiction, and (4) follows.

(5) dp are adjacent.

For suppose they are not. Then {d,p,q,r} is stable. Let a have neighbours b, ¢, p, ¢,
r, a1, ag; then ay, as # d. Let b have neighbours a, d, p, q, b1, b, bs; then by, by, by # 7, c. Let
¢ have neighbours a, d, p, 7, ¢y, ¢a, c3; then ¢y, c9, c3 # b, q. Since b is in no 4-clique we may
assume that b1by are non-adjacent. By (5.1) with Xy = {b, by, b2} and X, = {a, ¢, p, q,7,d},
there is a 5-colouring ¢ of G'\{a, b, ¢} such that ¢(by) = ¢(bs) and ¢(p) = ¢(q) = o(r) =
¢(d). Choose ay € {1,....,5} with ay # &(c1), d(ca), ¢(c3), ¢(p); choose ay € {1,...,5}

with ag # a1, ¢(aq), ¢(az),d(p); and choose az € {1,...,5} with ag # g, ¢(by), P(b3),
o(p). Setting ¢(c) = oy, ¢(a) = g, ¢(b) = ag defines a 5-colouring of G, a contradiction.

This proves (5).

(6) There is a vertex s & {a,b,c,d,p,q,r} adjacent to b and d; and a vertex t &
{a,b,c,d,p,q,7} adjacent to ¢ and d. Moreover, s # t.

For let by, by be two non-adjacent neighbours of b with by,by # a,b,c,d,p,q,r. By
(5.2), {a, by, be,d} is not stable, and yet ab; and aby are not adjacent, because the edge
ab is in < 2 triangles, by (13.3). Thus one of by, by is adjacent to d, and so there is such

a vertex s, and similarly ¢; and s # ¢ by (1). This proves (6).

(7) s is not adjacent to any of a, ¢, p, q, 7, t; and t is not adjacent to any of a, b,

b, q TS
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For sa are not adjacent since by (13.3) the edge ab is in < 2 triangles; sc are not
adjacent by (1); sp are not adjacent since b is in no 4-clique; and sr are not adjacent
for otherwise G would have an Fg-subgraph with vertex set {a,b,c,d,p,q,r, s} (delete
cp, dp, re, sd). It remains to check sq and st. Suppose that sq are adjacent; then G has an
Fio-subgraph with vertex set {a,b,c,d,p,q,r, s} (delete bp, bq,bs,cp) and so by (11.12),
some v € {b,p,r} has no neighbour in V(G) — {a,b,c,d,p,q,r,s}. But v # b since b
is 7-valent and bc are not adjacent; v # p since pg and pr are not adjacent; and v # r
since pr and qr are not adjacent. This shows that sq are not adjacent. Similarly, ¢ is not

adjacent to any of a, b, p,q,r.

Now suppose that st are adjacent. Then G has an Fjg-subgraph with vertex set
{a,b,¢,d,p,q,s,t} (delete ap, dp,ds,dt). By (11.12) some v € {p, q,d} has no neighbour
in V(G) —{a,b,c,d,p,q,s,t}. Now v # p since pq, ps are not adjacent; v # ¢ since qc, qd
are not adjacent; and v # d since da, dq are not adjacent, a contradiction. Thus st are

not adjacent. This proves (7).

Let a1, ay be the two neighbours of a not in {a, b, c,d, p,q,r, s, t} and define by, by for
b and cy, co for ¢ similarly. Now d may have valency 7 or 8. Let N be the set of two or
three neighbours of d not in {a,b,c,d, p,q,r,s,t}. If |[N| = 3 then d is 8-valent and so not
in a 4-clique; and therefore, whether |N| = 2 or 3, there is a stable subset Y C N with
IN—-Y| =1 Let N—Y = {d;} and let dy € Y. By (5.1) with X; = {a,b,¢,p,q,1,s,t}
and Xy, =Y U {d}, there is a 5-colouring ¢ of G\{a,b, ¢, d} such that

I(a) = {1,...5} —{o(a1), ¢(a2), d(p)}
I(b) = {1,...,5} —{o(b1), ¢(b2), o(p)}
I(C> = {17'“75}_{¢(Cl)7¢(c2)7¢(p>}
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I(d) = {1,..,5} = {o(dr), d(d2), &(p)}-

By (13.5) there exists ay € I(a), s € I(b), az € I(d), ay € I(c) such that oy # ag # ag #
ay # ai. Then setting ¢(a) = ag, ¢(b) = s, ¢(d) = as, ¢(c) = ay defines a 5-colouring of
G, a contradiction. This completes the proof. |
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