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Abstract. An orientation of a graph G is Pfaffian if every even cycle C such that G\V (C)

has a perfect matching has an odd number of edges directed in either direction of the cycle.
The significance of Pfaffian orientations is that if a graph has one, then the number of perfect
matchings (a.k.a. the dimer problem) can be computed in polynomial time.

The question of which bipartite graphs have Pfaffian orientations is equivalent to many other
problems of interest, such as a permanent problem of Pólya, the even directed cycle problem, or
the sign-nonsingular matrix problem for square matrices. These problems are now reasonably
well-understood. On the other hand, it is not known how to efficiently test if a general graph is
Pfaffian, but there are some interesting connections with crossing numbers and signs of edge-
colorings of regular graphs.
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1. Introduction

All graphs in this paper are finite, do not have loops or multiple edges and are undi-
rected. Directed graphs, or digraphs, do not have loops or multiple edges, but may
have two edges between the same pair of vertices, one in each direction. Most of our
terminology is standard and can be found in many textbooks, such as [4], [10], [65].
In particular, cycles and paths have no repeated vertices. A subgraph H of a graph G

is called central if G\V (H) has a perfect matching (we use \ for deletion). An even
cycle C in a directed graph D is called oddly oriented if for either choice of direction
of traversal around C, the number of edges of C directed in the direction of traversal
is odd. Since C is even, this is clearly independent of the initial choice of direction
of traversal. Finally, an orientation D of (the edges of) a graph G is Pfaffian if every
even central cycle of G is oddly oriented in D. We say that a graph G is Pfaffian if it
has a Pfaffian orientation.

The significance of Pfaffian orientations stems from the fact that if a graph G has
one, then the number of perfect matchings of G (as well as other related problems)
can be computed in polynomial time. We survey this in Section 2. The following
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is a classical theorem of Kasteleyn [23]. A special case is implicit in the work of
Fisher [16] and Temperley and Fisher [55]. Different proofs may be found in [25],
[26], [32], [38].

Theorem 1.1. Every planar graph is Pfaffian.

The smallest non-Pfaffian graph is the complete bipartite graph K3,3. This paper
is centered around the question of which graphs are Pfaffian. For bipartite graphs
this is equivalent to many other problems of interest, and is by now reasonably well-
understood. We list several such problems in Section 3, including a question of Pólya
from 1913 whether the permanent of a square matrix can be calculated by a reduction
to a determinant of a related matrix, the even directed cycle problem for digraphs, and
the sign-nonsingular matrix problem. In Section 4 we discuss two characterizations
of bipartite Pfaffian graphs. The first is in terms of excluded obstructions; it turns out
that for bipartite graphs K3,3 is the only obstruction with respect to the “matching
minor” partial order, defined later. This is an analogue of the graph minor relation and
is well-suited for problems involving perfect matchings. Unfortunately, it no longer
has many of the nice properties of the usual minor order. The second characterization
is structural and describes the structure of all bipartite Pfaffian graphs. It turns out
those graphs and only those graphs can be built from planar graphs and one sporadic
nonplanar graph by certain composition operations. This characterization implies a
polynomial-time algorithm to decide whether a bipartite graph is Pfaffian, and hence
solves all the problems listed in Section 3. Applications of the structure theorem are
discussed in Section 5.

We then turn to general graphs. In Section 6 we review a matching decomposition
procedure of Lovász and Plummer that decomposes every graph into “bricks” and
“braces”. The decomposition has the property that a graph is Pfaffian if and only if all
its constituent bricks and braces are Pfaffian. Furthermore, braces are bipartite, and
hence whether they are Pfaffian can be decided using the algorithm of Section 4. Thus
in order to test whether an input graph is Pfaffian it suffices to design an algorithm for
bricks. Motivated by this we present a recent theorem that describes how to construct
an arbitrary brick, and later we discuss various examples and results that were obtained
using this theorem.

In the next section we talk about results of Norine that relate Pfaffian graphs
and crossing numbers. The starting point here is Theorem 7.1 that characterizes
Pfaffian graphs in terms of drawings in the plane. Norine then generalized it to T -
joins, whereby the generalization implies several well-known results about crossing
numbers, and in a different direction proved an analogue for 4-Pfaffian graphs and
drawings in the torus. The latter suggests a general conjecture that is still open.

In Section 8 we discuss the relationship between signs of edge-colorings (in the
sense of Penrose [46]) and Pfaffian orientations. We mention a proof of a conjecture
of Goddyn that in a k-regular Pfaffian graph all k-edge-colorings have the same sign,
which holds more generally for graphs that admit a “Pfaffian labeling.” We present a
partial converse of this, and then describe two characterizations of graphs that admit a
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Pfaffian labeling. The above research led Norine and the author to make the following
conjecture [44].

Conjecture 1.2. Every 2-connected 3-regular Pfaffian graph is 3-edge-colorable.

Let us recall that by Tait’s result [54] (see also [65]) the Four-Color Theorem is
equivalent to the statement that every 2-connected 3-regular planar graph is 3-edge-
colorable. Thus, if true, Conjecture 1.2 would imply the Four-Color Theorem by
Theorem 1.1.

In the last section we discuss the prospects for characterizing general Pfaffian
graphs, either structurally or by means of excluded matching minors.

2. Pfaffian orientations and counting perfect matchings

Pfaffian orientations were invented by the physicists M. E. Fisher, P. W. Kasteleyn,
and H. N. V. Temperley as a tool for enumerating the number of perfect matchings
in a graph (or, in physics terminology, to solve the dimer problem). Let us start
by explaining their approach. Let A = (aij ) be a skew symmetric n × n matrix;
that is aij = −aji . For each partition π = {{i1, j1}, {i2, j2}, . . . , {ik, jk}} of the set
{1, 2, . . . , n} into unordered pairs (“partition into pairs”) we define the quantity

σπ = sgn

(
1 2 3 4 . . . 2k − 1 2k

i1 j1 i2 j2 . . . ik jk

)
ai1j1ai2j2 . . . aikjk

, (1)

where sgn denotes the sign of the indicated permutation. Clearly, there is no partition
into pairs if n is odd. The Pfaffian of A is defined by Pf(A) = ∑

σπ , where the
summation is over all partitions of {1, 2, . . . , n} into pairs. Since A is skew symmetric
the value of σπ does not depend on the order of blocks of π or on the order in which
the members of a block are listed, and hence Pf(A) is well-defined. We will need the
following lemma from linear algebra [23], [37].

Lemma 2.1. If A is a skew symmetric matrix, then det A = (Pf(A))2.

Now let G be a graph with vertex-set {1, 2, . . . , n}, and let D be an orientation
of (the edges of) G. To the orientation D there corresponds a skew adjacency matrix
A = (aij ) of G defined by saying that aij = 0 if i is not adjacent to j , and otherwise
aij = 1 if the edge ij is directed in D from i to j and aij = −1 if the edge ij is
directed in D from j to i. If π is a partition of {1, 2, . . . , n} into pairs, then σπ �= 0 if
and only if each pair in π is an edge of G, or, in other words, π is a perfect matching
of G. Thus the summation in the definition of Pf(A) might as well be restricted to
perfect matchings of G. We define sgnD(M), the sign of a perfect matching M of D,
as σM , or, equivalently, by

sgnD(M) = sgn

(
1 2 3 4 . . . 2k − 1 2k

i1 j1 i2 j2 . . . ik jk

)
, (2)
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where the edges of M are listed as i1j1, i2j2, . . . , ikjk in such a way that it jt is directed
from it to jt in D. It is not hard to see that D is a Pfaffian orientation of G if and
only if sgnD(M) does not depend on M . If that is the case, then |Pf(A)| is equal
to the number of perfect matchings of G, and by Lemma 2.1 the number of perfect
matchings of G can be computed efficiently.

This is significant, because Valiant [63] proved that counting the number of perfect
matchings in general graphs (even in bipartite graphs) is #P-complete, and therefore
is unlikely to be polynomial-time solvable. Furthermore, Theorem 1.1 guarantees
that there is an interesting and useful class of graphs for which this technique can be
applied.

The dimer problem of statistical mechanics is concerned with the properties of a
system of diatomic molecules, or dimers, adsorbed on the surface of a crystal. Usually
it is assumed that the adsorption points form the vertices of a lattice graph, such as
the 2-dimensional grid. A crucial problem in the calculation of the thermodynamic
properties of such a system of dimers is that of enumerating all ways in which a
given number of dimers can be arranged on the lattice without overlapping each
other. In the related monomer-dimer model some sites may be left unoccupied, but
in the dimer model it is assumed that the dimers cover all the vertices of the graph;
in other words, they form a perfect matching. Kasteleyn [21], [22], [23], Fisher [16]
and Temperley and Fisher [55] used the method described in this section to solve the
2-dimensional dimer problem. The method is more general in the sense that it allows
the computation of the dimer partition function, and that, in turn, can be used to solve
the 2-dimensional Ising problem [23]. Let us remark that the 3-dimensional dimer
problem remains open.

3. Some equivalent problems

Vazirani andYannakakis [64] used a deep theorem of Lovász [31] to show the follow-
ing.

Theorem 3.1. The decision problems “Is a given orientation of a graph Pfaffian”
and “Is an input graph Pfaffian” are polynomial-time equivalent.

This is reasonably easy for bipartite graphs. There does not seem to be an elemen-
tary proof for general graphs, but the theorem can be easily deduced from the results
discussed in Section 6.

Computing the permanent of a matrix seems to be of a different computational
complexity from computing the determinant. While the determinant can be calculated
using Gaussian elimination, no efficient algorithm for computing the permanent is
known, and, in fact, none is believed to exist. More precisely, Valiant [63] has shown
that computing the permanent is #P-complete even when restricted to 0-1 matrices.

It is therefore reasonable to ask if perhaps computing the permanent can be some-
how reduced to computing the determinant of a related matrix. In particular, the
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following question was asked by Pólya [47] in 1913. If A is a 0-1 square matrix, does
there exist a matrix B obtained from A by changing some of the 1’s to −1’s in such
a way that the permanent of A equals the determinant of B? For the purpose of this
paper let us say that B (when it exists) is a Pólya matrix for A.

Let G be a bipartite graph with bipartition (X, Y ). The bipartite adjacency matrix
of G has rows indexed by X, columns indexed by Y , and the entry in row x and
column y is 1 or 0 depending on whether x is adjacent to y or not. Vazirani and
Yannakakis [64] proved the following.

Theorem 3.2. Let G be a bipartite graph, and let A be its bipartite adjacency matrix.
Then A has a Pólya matrix if and only if G has a Pfaffian orientation.

Let us turn to directed graphs now. A digraph D is even if for every weight function
w : E(D) → {0, 1} there exists a cycle in D of even total weight. It was shown in [53]
and is not difficult to see that testing evenness is polynomial-time equivalent to testing
whether a digraph has an even directed cycle. (This is equivalent to Theorem 3.1 for
bipartite graphs.) Let G be a bipartite graph with bipartition (A, B), and let M be a
perfect matching in G. Let D = D(G, M) be obtained from G by directing every edge
from A to B, and contracting every edge of M . Little [27] has shown the following.

Lemma 3.3. Let G be a bipartite graph, and let M be a perfect matching in G. Then
G has a Pfaffian orientation if and only if D(G, M) is not even.

We say that two n × m matrices A = (aij ) and B = (bij ) have the same sign-
pattern if for all pairs of indices i, j the entries aij and bij have the same sign; that
is, they are both strictly positive, or they are both strictly negative, or they are both
zero. A square matrix A is sign-nonsingular if every real matrix with the same sign
pattern is nonsingular.

In economic analysis one may not know the exact quantitative relationships be-
tween different variables, but there may be some qualitative information such as that
one quantity rises if and only if another does. For instance, it is generally agreed that
the supply of a particular commodity increases as the price increases, even though
the exact dependence may vary. Thus we may want to deduce qualitative information
about the solution to a linear system Ax = b from the knowledge of the sign-patterns
of the matrix A and vector b. That motivates the following definition. We say that the
linear system Ax = b is sign-solvable if for every real matrix B with the same sign-
pattern as A and every vector c with the same sign-pattern as b the system By = c

has a unique solution y, and its sign-pattern does not depend on the choice of B and c.
The study of sign-solvability was first proposed by Samuelson [51].

It follows from standard linear algebra that sign-solvability can be decided effi-
ciently if and only if sign-nonsingularity can. But for square matrices the latter is
equivalent to testing whether a given orientation of a bipartite graph is Pfaffian. To
state the result, let D be a bipartite digraph with bipartition (X, Y ). The directed
bipartite adjacency matrix of D has rows indexed by X, columns indexed by Y , and
the entry in row x and column y is 1, −1 or 0 depending on whether D has an edge
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directed from x to y, or D has an edge directed from y to x, or x and y are not adja-
cent in D. By Theorem 3.1 the following result implies that testing sign-solvability
is polynomial-time equivalent to testing whether a bipartite graph is Pfaffian.

Theorem 3.4. Let D be a directed bipartite graph with a perfect matching, and let A

be its directed bipartite adjacency matrix. Then A is sign-nonsingular if and only
if D is a Pfaffian orientation of its underlying undirected graph.

The next problem is about hypergraph coloring. A hypergraph H is a pair
(V (H), E(H)), where V (H) is a finite set and E(H) is a collection of distinct
nonempty subsets of V (H). We say that H is 2-colorable if V (H) can be col-
ored using two colors in such a way that every edge includes vertices of both colors.
We say that H is minimally non-2-colorable if H is not 2-colorable, has no isolated
vertices, and the deletion of any member of E(H) results in a 2-colorable hypergraph.
Seymour [52] proved the following.

Theorem 3.5. Let H be a hypergraph with no isolated vertices and |E(H)| = |V (H)|,
let D be the digraph with bipartition (V (H), E(H)) defined by saying that D has an
edge directed from v ∈ V (H) to E ∈ E(H) if and only if v ∈ E, and let G be the
underlying undirected graph of D. Then H is minimally non-2-colorable if and only
if G is connected, every edge of G belongs to a perfect matching of G and D is a
Pfaffian orientation of G.

Our last problem is about the polytope of even permutation matrices. The convex
hull of permutation matrices has been characterized by Birkhoff [3] as precisely the
set of doubly stochastic matrices. It is an open problem to characterize the convex
hull of even permutation matrices. More precisely, it is not known if there exists a
polynomial-time algorithm to test whether a given n × n matrix belongs to this poly-
tope. By a fundamental result of Grötschel, Lovász and Schrijver [19] this problem
is solvable in polynomial time if there exists a polynomial-time algorithm for the
optimization problem: Given a fixed n × n matrix M , find the maximum of M · X

over all even permutation matrices X, where “·” denotes the dot product in R
n2

and
both matrices are regarded as vectors of length n2.

A special case of the above optimization problem when A is a 0-1 matrix and we
want to determine if the maximum is n can be reformulated as follows. Let G be
a bipartite graph with bipartition (A, B), and let D be the orientation of G defined
by orienting every edge from A to B. The problem is: “Decide if G has a perfect
matching M such that sgnD(M) = 1.” By Theorem 3.1 this is polynomial-time
equivalent to deciding whether a bipartite graph has a Pfaffian orientation.

4. Characterizing bipartite Pfaffian graphs

We have seen in the previous section that characterizing bipartite Pfaffian graphs is
of interest. In this section we discuss two such characterizations and a recognition
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algorithm. We begin with an elegant theorem of Little [27]. Let H be a graph, and
let v be a vertex of H of degree two. By bicontracting v we mean contracting both
edges incident with v and deleting the resulting loops and parallel edges. A graph G is
a matching minor of a graph H if G can be obtained from a central subgraph of H by
repeatedly bicontracting vertices of degree two. It is fairly easy to see that a matching
minor of a Pfaffian graph is Pfaffian.

Theorem 4.1. A bipartite graph admits a Pfaffian orientation if and only if it has no
matching minor isomorphic to K3,3.

By Lemma 3.3 the above implies a characterization of even digraphs. Seymour and
Thomassen obtained such characterization from first principles in [53]. Interestingly,
the latter involves infinitely many excluded minors, rather than one.

Unfortunately, Theorem 4.1 does not seem to imply a polynomial-time algorithm
to test whether a bipartite graph is Pfaffian, the difficulty being that it is not clear how
to efficiently test for the presence of a matching minor isomorphic to K3,3. The next
result gives a structural description of bipartite Pfaffian graphs, and can be used to
derive a polynomial-time recognition algorithm. We need some definitions first.

Let G0 be a graph, let C be a central cycle of G0 of length four, and let G1, G2, G3
be three subgraphs of G0 such that G1 ∪ G2 ∪ G3 = G0, and for distinct integers
i, j ∈ {1, 2, 3}, Gi ∩ Gj = C and V (Gi) − V (C) �= ∅. Let G be obtained from G0
by deleting some (possibly none) of the edges of C. In these circumstances we say
that G is a trisum of G1, G2 and G3. The Heawood graph is the bipartite graph
associated with the incidence matrix of the Fano plane (see Figure 1).

Figure 1. The Heawood graph.

A graph G is k-extendable, where k ≥ 0 is an integer, if every matching of size
at most k can be extended to a perfect matching. A connected 2-extendable bipartite
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graph is called a brace. It is easy to see (and will be outlined in Section 6) that the
problem of finding Pfaffian orientations of bipartite graphs can be reduced to braces.
The following was shown in [35] and, independently, in [50].

Theorem 4.2. A brace has a Pfaffian orientation if and only if either it is isomorphic to
the Heawood graph, or it can be obtained from planar braces by repeated application
of the trisum operation.

Let us turn to testing whether a bipartite graph is Pfaffian. We wish to apply
Theorem 4.2, and for that the following result [50, Theorem 8.3] is very helpful.

Theorem 4.3. Let G be a brace that has a Pfaffian orientation, and let G be a trisum
of G1, G2 and G3. Then G1, G2 and G3 have a Pfaffian orientation.

A polynomial-time algorithm now follows easily. Given a bipartite graph G we
first decompose it into braces (more on that in Section 6), and apply the algorithm
recursively to each brace in the decomposition. Thus we may assume that G is a
brace. Now we test if G has a set X ⊆ V (G) of size four such that G\X has at
least three components. If it does, then G can be expressed as a trisum of three
smaller graphs, and by Theorem 4.3 we may apply the algorithm recursively to each
of the three smaller graphs. On the other hand, if G has no set X as above, then by
Theorem 4.2 G is Pfaffian if and only if it is planar or isomorphic to the Heawood
graph. It is clear that this is a polynomial-time algorithm. In [50] it is shown how to
implement it to run in time O(|V (G)|3). By using more modern algorithmic results
the running time can be reduced to O(|V (G)|2).

5. Applications of the characterization of bipartite Pfaffian graphs

As a corollary of Theorem 4.2 we get the following extremal result.

Corollary 5.1. No brace with n ≥ 3 vertices and more than 2n − 4 edges has a
Pfaffian orientation.

Proof. Every planar bipartite graph on n ≥ 3 vertices has at most 2n − 4 edges. The
result follows from Theorem 4.2 by induction. �

Since every digraph is isomorphic to D(G, M) for some G and M , Theorem 4.2
gives a characterization of even directed graphs, using Lemma 3.3. Let us state the
characterization explicitly, but first let us point out a relation between extendability
and strong connectivity. A digraph D is strongly connected if for every two vertices u

and v it has a directed path from u to v. It is strongly k-connected, where k ≥ 1 is an
integer, if for every set X ⊆ V (D) of size less than k, the digraph D\X is strongly
connected. The following is straightforward.
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Lemma 5.2. Let G be a connected bipartite graph, let M be a perfect matching in G,
and let k ≥ 1 be an integer. Then G is k-extendable if and only if D(G, M) is strongly
k-connected.

Let D be a digraph, and let (X, Y ) be a partition of V (G) into two nonempty
sets in such a way that no edge of G has tail in X and head in Y . Let D1 = D\Y
and D2 = D\X. We say that D is a 0-sum of D1 and D2. Now let v ∈ V (D),
and let (X, Y ) be a partition of V (D) − {v} into two nonempty sets such that no
edge of D has tail in X and head in Y . Let D1 be obtained from D by deleting
all edges with both ends in Y ∪ {v} and identifying all vertices of Y ∪ {v}, and
let D2 be obtained by deleting all edges with both ends in X ∪ {v} and identifying all
vertices of X ∪ {v}. We say that D is a 1-sum of D1 and D2. Let D0 be a directed
graph, let u, v ∈ V (D0), and let uv, vu ∈ E(D0). Let D1 and D2 be such that
D1 ∪D2 = D0, V (D1)∩V (D2) = {u, v}, V (D1)−V (D2) �= ∅ �= V (D2)−V (D1)

and E(D1) ∩ E(D2) = {uv, vu}. Let D be obtained from D0 by deleting some
(possibly neither) of the edges uv, vu. We say that D is a 2-sum of D1 and D2. Now
let D0 be a directed graph, let u, v, w ∈ V (D0), let uv, wv, wu ∈ E(D0), and assume
that D0 has a directed cycle containing the edge wv, but not the vertex u. Let D1 and
D′

2 be such that D1∪D′
2 = D0, V (D1)∩V (D′

2) = {u, v, w}, V (D1)−V (D′
2) �= ∅ �=

V (D′
2)−V (D1) and E(D1)∩E(D′

2) = {uv, wv, wu}, let D′
2 have no edge with tail v,

and no edge with head w. Let D be obtained from D0 by deleting some (possibly
none) of the edges uv, wv, wu, and let D2 be obtained from D′

2 by contracting the
edge wv. We say that D is a 3-sum of D1 and D2. Finally let D0 be a directed
graph, let x, y, u, v ∈ V (D0), let xy, xv, uy, uv ∈ E(D0), and assume that D0 has a
directed cycle containing precisely two of the edges xy, xv, uy, uv. Let D1 and D′

2
be such that D1 ∪D′

2 = D0, V (D1)∩V (D′
2) = {x, y, u, v}, V (D1)−V (D′

2) �= ∅ �=
V (D′

2) − V (D1) and E(D1) ∩ E(D′
2) = {xy, xv, uy, uv}, let D′

2 have no edge with
tail y or v, and no edge with head x or u. Let D be obtained from D0 by deleting
some (possibly none) of the edges xy, xv, uy, uv, and let D2 be obtained from D′

2
by contracting the edges xy and uv. We say that D is a 4-sum of D1 and D2. We say
that a digraph is strongly planar if it has a planar drawing such that for every vertex
v ∈ V (D), the edges of D with head v form an interval in the cyclic ordering of
edges incident with v determined by the planar drawing. Let F7 be the directed graph
D(H, M), where H is the Heawood graph, and M is a perfect matching of H . This
defines F7 uniquely up to isomorphism, irrespective of the choice of the bipartition
of H or the choice of M . Lemma 3.3 and Theorem 4.2 imply the following.

Theorem 5.3. A digraph D is not even if and only if it can be obtained from strongly
planar digraphs and F7 by means of 0-, 1-, 2-, 3- and 4-sums.

From Corollary 5.1 and Lemmas 3.3 and 5.2 we deduce the following extremal
result.

Corollary 5.4. Let D be a strongly 2-connected directed graph on n ≥ 2 vertices.
If D has more than 3n − 4 edges, then D is even.
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Corollary 5.4 does not hold for strongly connected digraphs. However, Thomas-
sen [59] has shown that every strongly connected directed graph with minimum in-
and out-degree at least three is even. This is equivalent to the following by Lemma 3.3.

Corollary 5.5. Let G be a 1-extendable bipartite graph such that every vertex has
degree at least four. Then G does not have Pfaffian orientation.

If G is a brace, then the corollary follows from Corollary 5.1; otherwise the
corollary follows by induction using the matching decomposition explained in the
next section. The details may be found in [50, Corollary 7.8].

In [33] McCuaig used Theorem 4.2 to answer a question of Thomassen [58] by
proving the following.

Theorem 5.6. The digraph F7 is the unique strongly 2-connected digraph with no
even cycle.

6. Matching decomposition

We have seen in the preceding sections that the problem of understanding which bi-
partite graphs are Pfaffian is reasonably well-understood and has applications outside
of this subfield. We now turn our attention to the same question for general graphs.
This problem seems much harder, but there are some interesting and unexpected
connections.

The brick decomposition procedure of Lovász and Plummer [32] can be used to
reduce the question of characterizing Pfaffian graphs to “bricks”. The purpose of this
section is to give an overview of this decomposition technique and to discuss recent
additions to it.

A graph is matching covered if it is connected and every edge belongs to a perfect
matching. Clearly, when deciding whether a graph G is Pfaffian we may assume
that G is matching covered, for edges that belong to no perfect matching may be
deleted without affecting the outcome.

Let G be a graph, and let X ⊆ V (G). We use δ(X) to denote the set of edges
with one end in X and the other in V (G) − X. A cut in G is any set of the form δ(X)

for some X ⊆ V (G). A cut C is tight if |C ∩ M| = 1 for every perfect matching M

in G. Every cut of the form δ({v}) in a graph with a perfect matching is tight; those
are called trivial, and all other tight cuts are called nontrivial.

Here are three important examples of tight cuts. Let G be a matching covered
graph. Assume first that G is bipartite with bipartition (A, B), and that G is not a
brace. Then by Hall’s theorem there is a set X ⊆ A such that |N(X)| = |X| + 1 and
N(X) �= B, where N(X) denotes the set of all vertices v ∈ V (G)−X with a neighbor
in X. Then δ(X ∪N(X)) is a nontrivial tight cut. Now assume that G is not bipartite.
If there exist distinct vertices u, v ∈ V (G) such that G\u\v has no perfect matching,
then by Tutte’s 1-factor theorem [61] there exists a nonempty set X ⊆ V (G) such


