PFAFFIAN GRAPHS, T-JOINS AND CROSSING
NUMBERS

SERGUEI NORINE

ABSTRACT. We prove a technical theorem about the numbers of
crossings in T-joins in different drawings of a fixed graph. As a
corollary we characterize Pfaffian graphs in terms of their drawings
in the plane and give a new proof of a theorem of Kleitman on the
parity of crossings in drawings of Ko;41 and Koj 1 2k+1. This gives
a new proof of the Hanani-Tutte theorem.

1. INTRODUCTION

All graphs considered in this paper are finite and have no loops or
multiple edges. For a graph G we denote its vertex set by V(G) and
its edge set by F(G). If u and v are vertices in a graph G, then uw
denotes the edge joining u and v. A perfect matching is a set of edges
in a graph that covers each vertex exactly once. For sets X and Y we
denote their symmetric difference by X AY".

A pair (G, T) consisting of a graph G and a set T' C V(G) of even
cardinality is called a graft. A T-join is a subset J C E(G) such that
every vertex v € V(G) is incident with an odd number of edges in J if
and only if v € T

T-joins were first introduced in relation to the Chinese Postman
problem, which can be reformulated as follows: find the minimum set
of edges in a graph whose doubling results in an Eulerian graph. Note
that such set of edges is a T-join, where T is the set of all vertices
of odd degree. Perfect matching are other example of a T-join, where
T = V(G). Since their introduction 7T-joins have been extensively
studied (see for example [15], sections 6.5 and 6.6 of [10], [3], section 2
of [2]).

By a drawing T of a graph G’ we mean an immersion of GG in the plane
such that edges are represented by homeomorphic images of [0, 1], not
containing vertices in their interiors. Edges are permitted to intersect,
but there are only finitely many intersections and each intersection is
a crossing. For edges e, f of a graph G drawn in the plane let cr(e, f)
denote the number of times the edges e and f cross. For aset J C E(G)
let er(J,T), or er(J) if the drawing is understood from context, denote
> cr(e, f), where the sum is taken over all unordered pairs of distinct
edges e, f € J.
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We say that an unordered pair {e, f} of adjacent edges in G is an
angle. We denote the set of all edges and angles in a graph G by A(G).
If J C E(G) we say that e € E(G) lies in J if e € J, and we say that
an angle {e, f} liesin J if e, f € J. For J C E(G) and S C A(G) we
denote by J M S the set of elements of S which lie in J.

The following theorem is the main result of this paper. While the
theorem itself is rather technical, it has a number of interesting appli-
cations.

Theorem 1.1. Let (G,T) be a graft and let I'y and I'y be two drawings
of G in the plane. Then there exists S = S(T,1'1,I'y) C HA(G) such
that for every T-join J C E(G) the following identity holds modulo 2

(1) er(J,Iy) =er(J, o)+ [J M S|.

We prove Theorem 1.1 in Section 2. In Section 3 Theorem 1.1 is
used to characterize Pfaffian graphs in terms of their drawings in the
plane. In Section 4 we apply Theorem 1.1 to give a new proof of a
result of Kleitman on the parity of the number of crossings in a graph.
A well-known theorem of Hanani and Tutte follows as a corollary.

2. PROOF OF THE MAIN THEOREM

Throughout this section all integer identities are modulo 2.

For any n and any two sequences (ay,as,..,a,) and (by,bs,..,b,) of
pairwise distinct points in the plane, there clearly exists a homeomor-
phic transformation of the plane that takes a; to b; for all 1 <17 < n.
Therefore without loss of generality we assume that the vertices of G
are represented by the same points in the plane in both I'; and I's.

We say that the drawings ['; and I'y are adjacent if they differ only in
the position of a single edge e = ujus. We start by proving Theorem 1.1
for adjacent drawings.

Let e; and ey denote the images of e in I'; and I'y correspondingly.
By changing these images within the regions of I'; \ e; we can assume
that e; and e, have finitely many intersections and each intersection
is a crossing. Define C' = e; U e5. The closed curve C' separates its
complement into two sets P; and P, with the property that every simple
curve with ends a € P, and b € P; crosses C' an even number of times
if and only if i = j.

For z € (V(G) U E(G)) \ {e} we will not distinguish between x and
its representation in I'y and I's. Define F; to be the set of all edges
f € E(G) \ {e} such that f is adjacent to u; for some j € {1,2} and
fNU C P, U{u;} for every some neighborhood U of u; in the plane.
Define

S={{e, f}f e Fi}
if |7'N Py] is even, and

S={e fif € i} U{e}
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if |7°N Py is odd.

If e & J then cr(J,T'1) = er(J,T'2) and (1) trivially holds, so we
assume e € J. We have
cr(J, 1) +er(J,Tg) =2 Z cr(f,g) + Z (er(f,ex) +er(f,e2))

{£.93CI\{e} fe\{e}
= Z cr(f,C)
fes\{e}
Therefore it suffices to prove that
Insl= > er(f.0),
fe\{e}
or equivalently that

(2) JNRI+|TNP|= Y er(f.0).
feq\{e}
From the definition of T-join we can deduce that for any X C V(G)
TNX|=|{uv e Jlue X,v g X}
In particular
T NP =|{uv e Jue P,v¢g P} =|{uw € Ju e P,v e P}|+
(3) +{uv € J|u € Pi,v € {uy,us}}|
Let J; = {uv € JNFy|lu € Py} and Jo = {uv € JNFi|u € Py}. Note

that
(JNF)ANuw € Jlu € Pryv € {uy,ust} = J1 U Ja,

and therefore
(4) |JﬂF1]+|{uv€J]uEPl,UE{ul,UQ}}\:|J1UJ2\.

Let J3 = {uv € J|u € P;,v € Py}. The sets Jy, Jo and J; are pairwise
disjoint. From (3) and (4) we have

(5) [JNF|+|TNP|=]|J1UJyUJs.

But J; U Jy U J3 is exactly the set of those edges f € J\ {e} which
cross C' an odd number of times. Therefore (2) follows from (5) and
the proof of Theorem 1.1 for adjacent drawings is complete.

For two arbitrary drawings I'y and I'y of G there always exist an
integer n and a sequence of drawings I'y = I, T%,..., [V, = 'y of G
such that I" is adjacent to I}, for all i € {1,2,...,n — 1}. We have
proved that there exist sets S; C A(G) for alli € {1,2,...,n—1} such
that

(6) cr(J,15) = er(J T ) + [T NS

for all T-joins J. Let S = S1AS;A ... AS,_;. Summing up (6) over
all i € {1,2,...,n — 1} we get (1), thereby completing the proof of
Theorem 1.1 for arbitrary drawings.
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3. PFAFFIAN GRAPHS

We say that a cycle C'in a graph G is central if G\ V (C) has a perfect
matching. In a directed graph D we say that an even cycle C' is oddly
oriented if C' has an odd number of edges oriented in the direction of
each orientation of C'. We say that a graph G is Pfaffian if there exists
an orientation D of G such that every central cycle is oddly oriented
in D, in which case we say that D is a Pfaffian orientation of G.

Pfaffian orientations have been introduced by Kasteleyn [4, 5, 6]. He
demonstrated that one can enumerate perfect matchings in a Pfaffian
graph in polynomial time.

Pfaffian bipartite graphs were characterized in terms of forbidden
subgraphs by Little [9]. A structural characterization of Pfaffian bi-
partite graphs was given by Robertson, Seymour and Thomas [14] and
independently by McCuaig [11]. They also provided a polynomial time
algorithm for recognition of Pfaffian bipartite graphs. The problem of
recognition of Pfaffian bipartite graphs is equivalent to many interest-
ing problems, e.g. the Pélya permanent problem [13], the even cycle
problem for directed graphs [18] and the problem of determining which
real square matrices are sign non-singular [7].

No satisfactory characterization is known for general Pfaffian graphs.
While attempting to find such a characterization I was able to obtain
the following result. A self-contained proof of it will also appear in [12].

Theorem 3.1. A graph G is Pfaffian if and only if there exists a
drawing of G in the plane such that cr(M) is even for every perfect
matching M of G.

The “if” part of this theorem was known to Kasteleyn [6] and was
proved by Tesler [16]; however our proof of this part is different. We
derive Theorem 3.1 from a more general result. To state it we need a
definition.

Let I" be a drawing of a graph G in the plane. We say that S C F(G)
is a marking of " if cr(M) and |M N S| have the same parity for every
perfect matching M of G.

Theorem 3.2. For a graph G the following are equivalent:

(a) G is Pfaffian;

(b) some drawing of G in the plane has a marking;

(c) every drawing of G in the plane has a marking,

(d) there exists a drawing of G in the plane such that cr(M) is even
for every perfect matching M of G.

We say that I' is a standard drawing of a labeled graph G if the
vertices of I' are arranged on a circle in order and every edge of I' is
drawn as a straight line.

The equivalence of conditions (a), (b) and (c) of Theorem 3.2 imme-
diately follows from the next two lemmas.
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Lemma 3.3. Let I' be a standard drawing of a labeled graph G. Then
G is Pfaffian if and only if I has a marking.

Proof. Let D be an orientation of G. Let M = {uyvy, ugvs, ..., ugvy} be
a perfect matching of D. The sign of M is the sign of the permutation

p_( 1 2 3 4 ... 2%-1 2%
- Uy Vi Uy Vg ... U Vi ’

Let i(P) denote the number of inversions in P. We have

sgn(M) = sgn(P) = (=1 = T] sgn(P(j) - P(i)) =

1<i<j<2k

=TT sonlla; w0, = w)(u; — v (v; = vi))

1<i<j<k
(7) X H sgn(v; — u;).
1<i<k

In I" edges w;v; and u;v; cross if and only if, in the circle containing
the vertices of I', each of the two arcs with ends u; and v; contains one
of the vertices u; and v;, in other words if and only if

sgn((uj — i) (vj — i) (u; —vi)(v; — vi)) = —1.
Define Sp = {uv € E(D)|u > v}. From (7) we deduce that
sgn(M) = (~1)70 x (10l

Therefore M has a positive sign if and only if ¢r(M) and |M NSp| have
the same parity. It follows that D is a Pfaffian orientation of G if and
only if Sp is a marking of the standard drawing of G. OJ

Notice that we have in fact shown that there exists a one-to-one
correspondence between Pfaffian orientations of a labeled graph and
markings of its standard drawing.

Lemma 3.4. Let 'y and 'y be two drawings of a labeled graph G in
the plane. Then I'y has a marking if and only if I'y has one.

Proof. The integer identities throughout the proof are modulo 2. Per-
fect matchings are T-joins in the graft (G, V(G)). Therefore by The-
orem 1.1 there exists S C A(G) such that for every perfect matching
M of G we have

er(M,I'y) =cer(M,T9) + |M TS|
Let 8" = SN E(G). As no perfect matching contains an angle we have
cr(M,Ty) = er(M,Ts) + |[M NS
for every perfect matching M of G. Let S; be a marking of I'y. Then
cr(M,Tg) = er(M,T1)—|MNS'| = | MNS;|—|MNS'| = |MN(S'ASY)|

for every perfect matching M of G. Therefore S’AS; is a marking of
Is. O
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Since clearly (d) implies (b), to finish the proof of Theorem 3.2 it
remains to show that (b) implies (d). Suppose G satisfies (b) and
consider a drawing of G in the plane with a marking S. Suppose there
exists e € S. We change the way e is drawn, so that the closed curve C'
which is composed from the old and the new drawing of e separates one
vertex of G from the rest. From the proof of Theorem 1.1 it follows that
S\ {e} is a marking in the new drawing. By repeating the procedure we
produce a drawing of G such that the empty set is a marking, therefore
demonstrating that G satisfies condition (d) of Theorem 3.2.

4. PARITY OF THE NUMBER OF CROSSINGS

We say that a set J of T-joins in a graft (G,T) is nice if every
x € AE(G) lies in an even number of elements of J.

Lemma 4.1. Let J be a nice set of T-joins in a graft (G,T). Then
the parity of

(8) > er(T)
JeJg

is independent of the choice of a drawing I' of G in the plane.
Proof. By Theorem 1.1 it suffices to prove that

> lIns

JeJ

is even for any S C A(G). This is true by the definition of a nice set
of T-joins. 0

We derive the next theorem from Lemma 4.1.

Theorem 4.2. (Kleitman [8]) Let G = Ksjy1 or G = Kaji1op41 for
some positive integers j and k. Then the parity of the total number
of crossings of non-adjacent edges is independent of the choice of a
drawing of G in the plane.

Proof. By Lemma 4.1 it suffices to find T C V(G) and a nice set J of
T'-joins such that
{J € Tl{e, f} € T}

is odd for every two non-adjacent edges e, f of G. (By the definition of
a nice set, [{J € J|{e, f} C J}| is even for every angle {e, f}.)

For G = Kyj11.2k4+1 we choose T' = ) and we choose J to be the set
of all cycles of length 4 in G.

For G = Kjj; the construction is slightly more complicated. Choose
v € V(G) and let T = V(G) \ {v}. Let J; be the set of all perfect
matchings of G \ {v}. For distinct vertices uy,us € T let

Juuy = {vwlw € T\ {uy,uz}} U{ujug}
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and let Jo = {Ju u|{u1,u2} C T,uy # ug}. Let J3 = {ow|lw € T}.
Finally, if j is odd let J = J1UJ> and if j is even let J = J1UJU{J3}.

In both cases by straightforward counting we can check that 7 is as
required. 0

Kuratowki’s theorem states that every non-planar graph has a sub-
graph isomorphic to a subdivision of K5 or K33. One can therefore
easily deduce the following well-known theorem from Theorem 4.2 and
Kuratowski’s theorem.

Theorem 4.3. (Hanani [1], Tutte [17]) Let T’ be a drawing of a non-
planar graph G in the plane. Then there exist distinct non-adjacent

edges e, f € E(G) such that cr(e, f) is odd.
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