Graph Planarity and Related Topics

Robin Thomas

School of Mathematics, Georgia Institute of Technology Atlanta, Georgia 30332-0160. thomas@math.gatech.edu

Abstract. This compendium is the result of reformatting and minor editing of the author’s transparencies for his talk delivered at the conference. The talk covered Euler’s Formula, Kuratowski’s Theorem, linear planarity tests, Schnyder’s Theorem and drawing on the grid, the two paths problem, Pfaffian orientations, linkless embeddings, and the Four Color Theorem.

1 BASICS

A plane graph is a graph drawn in the plane with no crossings. A graph is planar if it can be drawn in the plane with no crossings. Edges can be represented by homeomorphic images of [0, 1], continuous images of [0, 1], piecewise-linear images of [0, 1], or, by Fáry’s theorem [11], by straight-line segments, and the class of planar graphs remains the same.

EULER’S FORMULA. For a connected plane graph G, |V (G)| + |F (G)| = |E(G)| + 2. COROLLARY. If a planar graph G has at least three vertices, then |E(G)| ≤ 3|V (G)| − 6. If, in addition, G has no triangles, then |E(G)| ≤ 2|V (G)| − 4.

KURATOWSKI’S THEOREM. A graph is planar if and only if it has no subgraph isomorphic to a subdivision of K_5 or K_{3,3}.

The “only if” part follows easily from the fact that K_5 and K_{3,3} have too many edges. The “if” part is much harder. An elegant proof was found by Thomassen [40].

2 TESTING PLANARITY IN LINEAR TIME

There are two classical linear-time planarity tests by Hopcroft and Tarjan [13], and by Lempel, Even and Cederbaum [19] and Booth and Lueker [7]. I will outline a new algorithm, found independently by Shih and Hsu [36] and Boyer and Myrvold [8]. A self-contained description of the algorithm may be found in [37].

Outline. Find a DFS tree T , and number its vertices v_1, v_2, . . . , v_n so that the numbers are decreasing along every path of T from the root, and the graph induced by the vertices v_i, v_{i+1}, . . . , v_n is connected for all i = 1, 2, . . . , n. The algorithm recursively adds the vertices v_1, v_2, . . . , v_n in the order listed. At the beginning of the ith iteration we have a certain “tree-structure” illustrated in Figure 1.

Figure 1.

The shaded ovals represent blocks of the graph induced by v_1, v_2, . . . , v_i�_1. Each of these blocks B is embedded in the plane, and all edges joining it to the rest of the graph have one end incident with the infinite region of B. We now add the vertex v_i to this structure; it can be shown that if this cannot be done, then the graph has a K_5 or K_{3,3} subdivision.

3 SCHNYDER’S THEOREM and DRAWING ON A GRID

THEOREM. (Schnyder [31]) A graph is planar if and only if its vertex-edge poset has dimension at most three.

The latter is equivalent to the existence of linear orderings ≤_1, ≤_2, ≤_3 satisfying: (∗) ∀uv ∈ E(G) ∀w ∈ V (G) − {u, v} ∃i such that u ≤_i w and v ≤_i w. Given ≤_1, ≤_2, ≤_3 there exists a 1-1 map v ∈ V (G) → (v_1, v_2, v_3) ∈ R^3 such that (i) v_1 + v_2 + v_3 = 2n − 5 for all v ∈ V (G) (ii) v_i ∈ [0, 2n − 5] is an integer (iii) for uv ∈ E(G) we have u ≤_i v if and only if u_i ≤ v_i and the coordinatewise orderings satisfy (∗). It follows that this gives a straightline embedding on a grid. The latter was independently obtained by de Fraysseix, Pach and Pollack [12], and since then has been the subject of extensive research.

4 COLIN de VERDIERE’S PARAMETER

Let μ(G) be the maximum corank of a matrix M satisfying

(i) for i ≠ j, M_{ij} = 0 if ij ∉ E and M_{ij} < 0 otherwise, (ii) M has exactly one negative eigenvalue, (iii) if X is a symmetric n×n matrix such that MX = 0 and X_{ij} = 0 whenever i = j or ij ∈ E, then X = 0.

THEOREM. (Colin de Verdière [10]) μ(G) ≤ 3 if and only if G is planar.

5 SEPARATORS

Let G be a graph on n vertices. A separator in G is a set S such that every component of G\S has at most 2n/3 vertices.

THEOREM. (Lipton, Tarjan [20]) Every planar graph has a separator of size at most √ 8n. Alon, Seymour and Thomas [2] found a simpler proof and improved the constant to √ 4.5n. In [1] they proved that graphs not contractible to K_t have a separator of size at most √ t^3n.

6 THE TWO PATHS PROBLEM

Given a graph G and s_1, s_2, t_1, t_2 ∈ V (G) do there exist disjoint paths P_1, P_2 in G such that P_i has ends s_i and t_i?

A reduction. Let V (G) = A ∪ B, where |A ∩ B| ≤ 3, no edge has one end in A − B and the other in B − A, s_1, s_2, t_1, t_2 ∈ A, and, subject to that, |A ∩ B| is minimum. Let H be obtained from G by deleting B − A and adding an edge joining every pair of vertices in A ∩ B. Then the paths exist in G if and only if they exist in H. We say that G is reduced if |V (G)| cannot be lowered by performing this operation.

THEOREM. (Seymour [33], Shiloach [35], Thomassen [39]) If a graph G is reduced, then the paths exist if and only if G cannot be drawn in a disk with s_1, s_2, t_1, t_2 drawn on the boundary of the disk in order.

7 PFAFFIAN ORIENTATIONS

An orientation of a graph G is Pfaffian if every even cycle C such that G\V (C) has a perfect matching has an odd number of edges directed in either direction of the cycle. If a graph has a Pfaffian orientation, then the number of perfect matchings can be computed in polynomial time.

THEOREM. (Kasteleyn [16],[17]) Every planar graph has a Pfaffian orientation.

The decision problem whether a bipartite graph has a Pfaffian orientation is equivalent to:

• Pólya’s permanent problem [24] • the even directed cycle problem [34], [41], [43], [44] • a hypergraph problem [32] • the sign nonsingular matrix problem [9], [18], [42].

THEOREM. (McCuaig [23], Robertson, Seymour and Thomas [29]) A bipartite graph has a Pfaffian orientation if and only if it can be obtained from planar bipartite graphs and the Heawood graph by means of 0-, 2- and 4-sums.

Figure 2. 4-sum.

COROLLARY. There exists a cubic algorithm to solve the above-mentioned problems.

8 LINKLESS EMBEDDINGS

A (piecewise linear) embedding of a graph in R^3 is linkless if every two disjoint cycles have zero linking number.

THEOREM. (Robertson, Seymour and Thomas [28]) For a graph G the following conditions are equivalent: (i) G has a linkless embedding

(ii) G has no subgraph that can be contracted onto one of seven specific graphs (K_6, K_{3,3}+vrtx, K_{4,4}\e, . . . , Petersen) (iii) G has a flat embedding

An embedding of a graph G in R^3 is flat if every cycle bounds a disk disjoint from the rest of G.

REMARK. If G is planar, then an embedding G → R^3 is flat if and only if the image of G is a subset of an embedded sphere.

THEOREM. (Robertson, Seymour and Thomas [28]) An embedding of a graph G in R^3 is flat if and only if the fundamental group of the complement of every subgraph is free.

THEOREM. (Robertson, Seymour and Thomas [28]) If a 4-connected graph has a flat embedding, then it has a unique flat embedding. More generally, any two flat embeddings of the same graph are related by “3-switches”.

THEOREM. (Lovász and Schrijver [21]) A graph G has a flat embedding if and only if μ(G) ≤ 4.

An embedding of a graph G in R^3 is knotless if every cycle of G bounds a disk. No characterization of knotless graphs is known, but the following is a consequence of the Robertson-Seymour theory [26], [27].

THEOREM. There exists a cubic algorithm to test whether an input graph has a knotless embedding.

The above only guarantees the existence of an algorithm. In fact, at present no explicit algorithm (let alone a polynomial-time one) to decide whether a graph has a knotless embedding is known.

9 A DIGRESSION

The cross-product is not associative, and so

(1) v_1 × v_2 × · · · × v_n

is not well-defined if n > 2. If we put in enough brackets to make it well-defined, we get a bracketing. For example, ((v_1 × v_2) × (v_3 × v_4)) × v_5 is a bracketing.

THEOREM. (Kauffman [14]) For every two bracketings of (1) there exists an assignment of the standard unit vectors in R^3 to v_1, . . . , v_n such that the evaluations of the two bracketings are equal and nonzero.

THEOREM. (Kauffman [14]) The above theorem is equivalent to the Four- Color Theorem.

10 THE FOUR-COLOR THEOREM

THEOREM. Every planar graph is 4-colorable.

COMMENTS:

• Simple statement, yet proof is long.

• A 1976 proof by Appel and Haken [3], [4], reprinted in [5]. • A simpler proof by Robertson, Sanders, Seymour and Thomas [25]. • Both proofs are computer assisted.

• There are over two dozen equivalent formulations (in terms of graphs [30], vector cross products [14], Lie algebras [6], divisibility [22], Temperley-Lieb algebras [15]) • There are interesting conjectured generalizations. • See [38] for a survey.

11 OUTLINE OF a PROOF OF the 4CT

Let G be a counterexample with |V (G)| minimum. It can be shown that G is an internally 6-connected triangulation, where a graph G is internally 6-connected if it is 5-connected, and for every vertex cut X of size five, G\X has exactly two components, one of which has only one vertex.

A configuration is a pair consisting of a near-triangulation K (i.e., a planar graph such that every region except possibly the infinite one is bounded by a cycle of length three) and a labeling of the vertices of K by integers. A configuration K appears in a triangulation T if K is an induced subgraph of T and for every vertex of K its label equals its degree in T . We exhibit a set U of 633 configurations such that the following two theorems hold. Some configurations in this set are depicted in Figure 3, where the labeling is indicated by vertex shapes—a solid circle stands for 5, a dot (or what appears as no symbol at all) for 6, a hollow circle for 7 and a hollow square for 8.

THEOREM 1. No member of U appears in a minimal counterexample to the 4CT.

THEOREM 2. For every internally 6-connected triangulation T , some member of U appears in T .

Thus Theorems 1 and 2, together with the fact that every minimal counterexample to the 4CT is an internally 6-connected triangulation, imply the Four-Color Theorem. The proof of Theorem 2 proceeds as follows. In a triangulation T with n vertices and e edges we have e = 3n − 6 and so

d_1 + d_2 + · · · + d_n = 2e = 6n − 12,

Figure 3. Examples of configurations.

where d_1, d_2, . . . , d_n are the degrees of vertices of T . This can be rewritten as

(6 − d_1) + (6 − d_2) + · · · + (6 − d_n) = 12.

Initially, a vertex of degree d will receive a charge of 6 − d. Thus the sum of the charges is 12. Charges will be redistributed according to certain rules, but the sum will remain the same. Thus there is a vertex v of positive charge. We show that a reducible configuration appears in the second neighborhood of v.

COROLLARY. There is a quadratic algorithm to 4-color planar graphs.

References

1. N. Alon, P. D. Seymour and R. Thomas, A separator theorem for non-planar graphs, J. Amer. Math. Soc. 3 (1990), 801–808.

2. N. Alon, P. D. Seymour and R. Thomas, Planar separators, SIAM J. Disc. Math.

7 (1994), 184–193.

3. K. Appel and W. Haken, Every planar map is four colorable, Part I: discharging, Illinois J. of Math. 21 (1977), 429–490.

4. K. Appel, W. Haken and J. Koch, Every planar map is four colorable, Part II:

reducibility, Illinois J. of Math. 21 (1977), 491–567.

5. K. Appel and W. Haken, Every planar map is four colorable, Contemp. Math. 98 (1989).

6. D. Bar-Natan, Lie algebras and the four color theorem, Combinatorica 17 (1997), 43–52.

7. K. S. Booth and G. S. Luecker, Testing the consecutive ones property, interval graphs and graph planarity using PQ-tree algorithms, J. Comput. Syst. Sci. 13 (1976), 335–379.

8. J. Boyer and W. Myrvold, Stop minding your P’s and Q’s: A simplified O(n) planar embedding algorithm, Tenth Annual ACM-SIAM Symposium on Discrete Algorithms (SODA) (1999), 140–146.

9. R. A. Brualdi and B. L. Shader, Matrices of sign-solvable linear systems, Cambridge Tracts in Mathematics 116 (1995).

10. Y. Colin de Verdière, Sur un nouvel invariant des graphes et un critère de planarité, J. Combin. Theory Ser. B 50, (1990), 11–21.

11. I. Fáry, On straight line representations of planar graphs, Acta Univ. Szeged. Sect.

Sci. Math. 11 (1948), 229-233.

12. H. de Fraysseix, J. Pach and R. Pollack, How to draw a graph on a grid, Combinatorica 10 (1990), 41–51.

13. J. E. Hopcroft and R. E. Tarjan, Efficient planarity testing, J. Assoc. Comput.

Mach. 21 (1974), 549–568.

14. L. H. Kauffman, Map coloring and the vector cross product, J. Combin. Theory Ser. B 48 (1990), 145–154.

15. L. H. Kauffman and R. Thomas, Temperley-Lieb algebras and the Four-Color Theorem, manuscript.

16. P. W. Kasteleyn, Dimer statistics and phase transitions, J. Math. Phys. 4 (1963), 287–293.

17. P. W. Kasteleyn, Graph theory and crystal physics, in Graph Theory and Theoretical Physics (ed. F. Harary), Academic Press, New York, 1967, 43–110.

18. V. Klee, R. Ladner and R. Manber, Sign-solvability revisited, Linear Algebra Appl.

59 (1984), 131–158.

19. A. Lempel, S. Even and I. Cederbaum, An algorithm for planarity testing of graphs, In: Theory of Graphs, P. Rosenstiehl ed., Gordon and Breach, New York, 1967, 215–232.

20. R. J. Lipton and R. E. Tarjan, A separator theorem for planar graphs, SIAM J.

Appl. Math. 36 (1979), 177-189.

21. L. Lovász and A. Schrijver, A Borsuk theorem for antipodal links and a spectral characterization of linklessly embeddable graphs, Proc. Amer. Math. Soc. 126 (1998), 1275–1285.

22. Y. Matiyasevich, The Four Colour Theorem as a possible corollary of binomial summation, manuscript.

23. W. McCuaig, Pólya’s permanent problem, manuscript (81 pages), June 1997. 24. G. Pólya, Aufgabe 424, Arch. Math. Phys. Ser. 20 (1913), 271. 25. N. Robertson, D. P. Sanders, P. D. Seymour and R. Thomas, The four-colour theorem, J. Combin. Theory Ser. B 70 (1997), 2-44.

26. N. Robertson and P. D. Seymour, Graph Minors XIII. The disjoint paths problem, J. Combin. Theory Ser. B 63 (1995), 65–110.

27. N. Robertson and P. D. Seymour, Graph Minors XX. Wagner’s conjecture, manuscript.

28. N. Robertson, P. D. Seymour and R. Thomas, Sach’s linkless embedding conjecture, J. Combin. Theory Ser. B 64 (1995), 185–227.

29. N. Robertson, P. D. Seymour and R. Thomas, Permanents, Pfaffian orientations, and even directed circuits, manuscript.

30. T. L. Saaty, Thirteen colorful variations on Guthrie’s four-color conjecture, Am.

Math. Monthly 79 (1972), 2–43.

31. W. Schnyder, Planar graphs and poset dimension, Order 5 (1991), 323-343. 32. P. D. Seymour, On the two-colouring of hypergraphs, Quart. J. Math. Oxford 25 (1974), 303–312.

33. P. D. Seymour, Disjoint paths in graphs, Discrete Math. 29 (1980), 293-309. 34. P. D. Seymour and C. Thomassen, Characterization of even directed graphs, J. Combin. Theory Ser. B 42 (1987), 36-45.

35. Y. Shiloach, A polynomial solution to the undirected two paths problem, J. Assoc.

Comp. Machinery, 27, (1980), 445-456.

36. W.-K. Shih and W.-L. Hsu, A new planarity test, Theoret. Comp. Sci. 223 (1999), 179–191.

37. R. Thomas, Planarity in linear time, unpublished class notes, available from

http://www.math.gatech.edu/~thomas/planarity.ps.

38. R. Thomas, An update on the Four-Color Theorem, Notices Amer. Math. Soc. 45 (1998), 848–859.

39. C. Thomassen, 2-linked graphs, Europ. J. Combinatorics 1 (1980), 371–378. 40. C. Thomassen, Kuratowski’s theorem, J. Graph Theory 5 (1981), 225–241. 41. C. Thomassen, Even cycles in directed graphs, European J. Combin. 6 (1985), 85–89.

42. C. Thomassen, Sign-nonsingular matrices and even cycles in directed graphs, Linear Algebra and Appl. 75 (1986), 27–41.

43. C. Thomassen, The even cycle problem for directed graphs, J. Amer. Math. Soc.

5 (1992), 217–229.

44. V. V. Vazirani and M. Yannakakis, Pfaffian orientations, 0-1 permanents, and even cycles in directed graphs, Discrete Appl. Math. 25 (1989), 179–190.