Comprehensive Exam, Spring 1999

REAL ANALYSIS

Answer five out of the following seven problems. If you work more than five problems,
specify which five problems you would like graded, otherwise the first five answered will
be graded.

1. Let f be a real-valued function on (—oo, 00) which at every point is continuous from
the right. Prove that f is Borel measurable.

2. a. Let f,:[0,1] = [0,00) be a sequence of continuous functions such that f,(z) >
Jni1(z) for all x € [0,1]. Define f(z) = limp,_;o fn(z). Prove that there exists a £ € [0,1]
such that f(t) = sup,¢p 1) f(2).

b. Either prove or find a counterexample: limy, o, fol fn(z) dz = f01 f(z) d=.

¢. Determine whether the conclusion of part a remains valid if we assume only that for
- each z € [0, 1], there exists N, such that f,(z) > fni1(z) for all n > N,.

3. Suppose that (X, |- ||) is a complete seminormed space and let ® be a collection
of continuous seminorms on X. Suppose that for each a € X, the set {p(a) : p € B} is
bounded. Prove that {|{p]} : p € ®} is bounded, where ||p|| = sup{p(z) : {jz|| < 1}.

Remark: A function p: X — R is a seminorm if

(i) p(z) > 0 for every z € X,
(ii) p(ex) = |e|p(z) for every z € X and ¢ € R, and
(iil) p(z+y) < p(x) + p(y) for every z, y € X.

4. Prove that if f and g are bounded and are in ordinary L' of {—o0, 00), then
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defines a continuous function of z. Hint: The continuous functions with compact support
are dense in L',




5. Let S be a linear subspace of C[0, 1] which is closed as a subspace of L2[0, 1].
a. Show that S is a closed subspace of C[0,1] (equipped with the L® norm).
b. Show that the L? and L>™ norms restricted to S are equivalent.

c. Show that for each y € [0,1] there is a function k, € L?[0, 1] such that
1
Vies, 1) = [ ko) f@)ds
0

d. Let f,, f € S. Show that if f, — f weakly in L?[0,1], then fn(y) — f(v) for each
y € [0,1].

6. Let f be a real-valued function define on some interval in the real line. Recall the
definitions of the upper and lower derivatives at c € I:

Df(c) = liminf (M) and  Df(c) = limsup (M)
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Prove that if both Df(c) and Df(c) are finite, then f is continuous at c.

7. Let f € L'(E), where E C R has finite Lebesgue measure. Prove that for each € > 0
there exists a § > 0 such that if A is a measurable subset of E with Lebesgue measure less
than &, then [, |f(z)|dz <e.




