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Abstra ct. We generalize the results of [6] by giving necessary and su�cien t
conditions for the planar analytic nilp otent germs to have an analytic �rst
integral in (R2 ; 0). The proof of our main result is based on a new method
to compute the analytic �rst integrals of the nilp otent germs, the use of the
weight homogeneous polynomials, and the method of characteristic curve for
solving linear partial di�eren tial equations. Applications of our results to the
Kukles-lik e cubic system are considered.

1. Intr oduction and main resul t

The present paper concerns the local classi�cation of real analytic nilpotent
germs in (R2; 0) which admit analytic �rst integrals. Consider a planar analytic
germ (P(x; y); Q(x; y)) in (R2; 0), i.e., P and Q are analytic functions in x and y
having the origin as the singularity. A non-elementary singularity (seeSection 2)
of the germs is called nilpotent if the two eigenvalues at the singularity are both
zero but the linear part of the germ at the singularity is non-zero.

It is well known that under an a�ne changeof coordinates and a rescalingof the
time variable any real analytic nilpotent germ in (R2; 0) can be written in the form

(1.1)
�

_x = y + p(x; y);
_y = q(x; y);

where p(x; y); q(x; y) = O(( jxj + jyj)2) are analytic functions. Moreover, under
certain analytic, reversible transformations (seee.g., [15, 22]), system (1.1) can be
further transformed into the form

(1.2)
�

_x = y;
_y = f (x) + yg(x) + y2h(x; y);

where f (x), g(x) and h(x; y) are analytic functions with f (0) = f 0(0) = g(0) = 0.
Write

f (x) = axk + : : : ; g(x) = bxl + : : : ;

where k � 2, l � 1, and the dots denote the summation of the terms with degrees
higher than k and l , respectively. If b 6= 0, we assumewithout loss of generality
that b > 0.

We denoteby � (F; 0) = m the multiplicity of an analytic function F (x) at x = 0,
i.e., m is the largest positive integer such that xm divides F . If F � 0, we de�ne
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m = � (F; 0) = 1 . With this notation, we have � (f ; 0) = k and � (g; 0) = l in the
above.

The local classi�cation of analytic nilpotent germs is a classical problem �rst
consideredby Andreev [1] who gave a topological classi�cation of the local phase
portraits of the nilpotent germ except for a center or a focus. More precisely,
Andreev's classi�cation theorem states as follows.

Andreev's Classi�cation Theorem. ([1]) Consider (1.2). Then the following
holds.

(a) If f (x) � 0, then the line y = 0 is a singular line, i.e., it is �l led with
singularities.
(i) If g(x) � 0, then the line y = 0 is �l led with nilpotent singularities;
(ii) If g(x) 6� 0, then the origin is a unique nilpotent singularity.

(b) If f (x) 6� 0, then the origin is an isolated, nilpotent singularity.
(i) If k is odd and a > 0, then the singularity is a nilpotent saddle.
(ii) If k is odd and a < 0, then one of the following holds.

(ii 1) If k < 2l + 1; or k = 2l + 1 and b2 + 4a(l + 1) < 0, then the
singularity is a nilpotent center or focus.

(ii 2) If k = 2l + 1, b2 + 4a(l + 1) � 0 and l is even; or k > 2l + 1 and
l is even, then the singularity is a nilpotent node.

(ii 3) If k = 2l + 1, b2 + 4a(l + 1) � 0 and l is odd; or k > 2l + 1 and
l is odd, then the singularity is formed by one hyperbolic sector
and one elliptic sector.

(iii) If k is evenand k < 2l + 1, then the singularity is a nilpotent cusp.
(iv) If k is even and k > 2l + 1, then the singularity is a nilpotent saddle-

node.

We referee the readers to [2] or [22] for more details on the Andreev's classi-
�cation theorem. Problems concerning nilpotent germs have been consideredby
various authors. Dumortier [8] and Panazzolo[15] studied the desingularization of
the nilpotent germs. Berthier et al [3], Str�o_zyna [19], Str�o_zyna and _Zoladek [20]
gave an analytic or formal orbital classi�cation of the nilpotent germs in the sense
of holonomy group for the blowing-up vector �elds. To be able to characterize
the nilpotent center or focus along the line of the Andreev's classi�cation theorem,
Chavarriga et al [6] obtained some su�cien t conditions for the existenceof ana-
lytic �rst integrals in a nilpotent germ, along with someexplicit forms of the �rst
integrals.

In this paper, we will extend the results of [6] by giving some su�cien t and
necessaryconditions for the existenceof analytic �rst integrals in a nilpotent germ.
More precisely, our main result states as follows.

Main Result . The analytic nilpotent germ given in (1.2) has an analytic �rst
integral in (R2; 0) if and only if one of the following conditions holds.

(a) The nilpotent singularity is non-isolated, i.e., k = 1 .
(b) The nilpotent singularity is a saddle with either a > 0 and k < 2l + 1 odd;

or a > 0, k = 2l + 1 and b=
p

b2 + 4a(l + 1) being a rational number, and
the blowing-upvector �eld eX at each of the four saddles on the exceptional
divisor is analytically equivalent to

� 1u(1 + r (z))
@

@u
+ � 2v(1 + r (z))

@
@v

;
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where r is analytic in z with r (0) = 0 and z = un vm , for m=n = � � 1=� 2,
m; n 2 N being coprime, and � 1 and � 2 being two eigenvaluesof the blowing-
up vector �eld at the saddle on the projective lines.

(c) The nilpotent singularity is a cusp with k even and k < 2l + 1, and the
blowing-up vector �eld eX at each of the two saddles on the exceptional
divisor is analytically orbital ly equivalent to its linear part.

(d) The nilpotent singularity is an analytic center with a < 0 and k < 2l + 1
odd.

Moreover, the following holds.

(i) In the case(b) the nilpotent germ has an analytic �rst integral of the form

(1.3) H (x; y) = y2 �
2a

k + 1
xk+1 + : : : ;

if a > 0 and k < 2l + 1 odd, where the dots denote the summation of the
terms of the weight degree higher than 2k + 2 with respect to the weight
exponent (2; k + 1); or of the form

H (x; y) =
�

2axl +1 +
�

b�
p

b2 + 4a(l + 1)
�

y
� n + m

�
�

2axl +1 +
�

b+
p

b2 + 4a(l + 1)
�

y
� n � m

+ : : : ;

if a > 0 and k = 2l + 1, where m=n = b=
p

b2 + 4a(l + 1) with m and n
being coprime natural numbers, and the dots denote the sum of the terms
with the weight degree higher than (2l + 2)(m + n) with respect to the weight
exponent (2; 2l + 2). The separatrices passing through the nilpotent saddle

are given by 2ax l +1 +
�

b�
p

b2 + 4a(l + 1)
�

y + h1(x; y) = 0 and 2axl +1 +
�

b+
p

b2 + 4a(l + 1)
�

y + h2(x; y) = 0 respectively, where h1 and h2 begin

with terms of weight degrees higher than 2l + 2.
(ii) In the cases(c) and (d) the nilpotent germ has an analytic �rst integral of

the form (1.3).

The proof of our main result is basedon the analysisof the characteristic equation

(1.4) y
@H
@x

+
�
f (x) + yg(x) + y2h(x; y)

� @H
@x

� 0

which a formal �rst integral H satis�es. Thus if a non-trivial formal power series
H (x; y) de�ned on a planar open domain is convergent and satis�es (1.4), then H
becomesan analytic �rst integral of the nilpotent germ given in (1.2). We will also
give a simple, alternativ e proof of the Andreev's classi�cation theorem and usepart
of the arguments in the proof of our main result.

One advantage of our method lies in the computation of higher order terms of
the analytic �rst integrals. Following part (b) (ii 2) of the Andreev's classi�cation
theorem, part (d) of our main result, and the symmetry of the vector �elds under
the transformation (x; y; t) ! (� x; y; � t), we easily have the following.

Corollary . The analytic vector �elds
0

@y +
b

l + 1
x l +1 +

nX

i =1

bi x l +1+2 i ; � x2l+1 +
mX

j =1

ai x2l+1+2 j

1

A ;
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with m; n 2 N arbitrarily, l 2 N odd and 0 < b < 2
p

2, has the origin as a center.
But there are neither local analytic �rst integrals at the origin, nor formal ones.

The above corollary is a slight generalization of the Proposition 7 contained in
[6] for the casel = 1, and ai = bj = 0, i = 1; : : : ; n, j = 1; : : : ; m.

The paper is organized as follows. In Section 2 we recall some notions and
known results to be usedlater on. In Section 3, we give an alternativ e proof of the
Andreev's classi�cation Theorem. The proof of the main result will be completed
in Section4. In Section5, we apply our main result to the Kukles-like cubic system
and obtain necessaryand su�cien t conditions for the nilpotent singularity of the
system to be an analytic center.

2. Preliminar y

A singularity of a planar analytic germ is called elementary if at least one of
the two eigenvaluesof the germ at the singularity is non-zero;otherwise it is called
non-elementary. An elementary singularity is degenerate if oneof the eigenvaluesis
zero. If the real parts of the two eigenvaluesare non-zero, the singularity is called
hyperbolic. A singularity is called a rational hyperbolic saddle if it is hyperbolic and
the ratio of its eigenvalues is a negative rational number.

At a non-elementary singularity of a planar analytic germ X , the blowing-upwith
the weight exponent � of (0; 0) is an analytic surjective map

� : S1 � R+ � ! R2

(z; � ) 7�! (� � 1 x; � � 2 y)

where S1 = f z = (x; y) 2 R2; x2 + y2 = 1g, R+ is the set of non-negative real
numbers,and � = (� 1; � 2) 2 N2. The manifold fM = S1 � R+ is called the blowing-
up space,and S1 = � � 1(0) is called the exceptional divisor or the projective line.
The open covers of fM , U+

x = f x > 0g, U �
x = f x < 0g, U+

y = f y > 0g and

U �
y = f y < 0g, are called local charts of fM . The vector �eld eX obtained from X

by the blowing-up changeis called the blowing-upvector �elds. After a sequenceof
blowing-ups, if all the singularities of the blowing-up vector �eld on the exceptional
divisors are elementary then we call the blowing-up vector �eld �nal . We denote
by 
 the unbounded manifold with the inner boundary formed by the exceptional
divisors.

We say that a polynomial F (x; y) is a weight homogeneous polynomial if there
exist m 2 N and � = (� 1; � 2) 2 N2 such that for any positive real number � we
have

F (� � 1 x; � � 2 y) = � m F (x; y):

We call � the weight exponent, and m the weight degree of F with respect to the
weight exponent � .

We now recall someknown results to be usedin the present paper. Consider the
planar analytic system

�
_x
_y

�
= A

�
x
y

�
+ : : : ;(2.1)

where the dots denote the summation of the terms of order larger than 1, and the
origin is assumedto be a singularity.
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Lemma 2.1. Assume that the origin of system(2.1) is a degenerate elementary
singularity. Then the systemhas an analytic �rst integral in (R2; 0) if and only if
the origin is non-isolated.

Proof. See[12]. �

Lemma 2.2. Consider (2.1). Then the following holds.

(i) If the singularity at the origin is an elementary saddle, then system (2.1)
has an analytic �rst integral in (R2; 0) if and only if the singularity is a
rational hyperbolic saddle and system(2.1) in a neighborhood of the origin
is analytically equivalent to the following system

(2.2)
�

_u = � 1u(1 + r (z)) ;
_v = � 2v(1 + r (z)) ;

where r is an analytic function in z with r (0) = 0, and z = un vm , for
m=n = � � 1=� 2 with m; n 2 N being coprime and � 1; � 2 being two eigen-
valuesof system(2.1) at the origin.

(ii) If the singularity at the origin is non{elementary and its neighborhood is
formed by hyperbolic sectors, then system(2.1) hasan analytic �rst integral
in (R2; 0) if and only if the following conditions hold:
(a) All the singularities of the �nal blowing-up vector �eld eX on @
 are

rational hyperbolic saddles;
(b) The vector �eld eX in some neighborhood of each of these saddles is

analytically equivalent to a systemof the form (2.2).

Proof. A complete proof of this lemma can be found in [21]. For the readers'
convenience,we sketch the proof in the Appendix. �

Lemma 2.3. Consider the planar formal di�er ential system
�

_x = �x + P(x; y);
_y = �y + Q(x; y);

with x; y 2 K, where K is an algebraically closed �eld of characteristic zero, j� j �j� j 6=
0, and P and Q are formal series starting with terms of order higher than 1. If �
and � are rationally independent or �=� < 0, then there are exactly two solutions
throughthe origin, a linear branch with horizontal tangent and a linear branch with
vertical tangent.

Proof. See[17]. �

Next we recall the method of characteristic curvesfrom, say e.g. [5, Chapter 2],
for solving linear partial di�eren tial equations. Consider the following �rst order
linear partial di�eren tial equation

(2.3) a(x; y)Ax + b(x; y)Ay + c(x; y)A = f (x; y);

where A = A(x; y), a, b, c and f are C1 functions.
A curve (x(t); y(t)) in the xy{plane is a characteristic curve for the partial dif-

ferential equation (2.3), if at each point (x0; y0) on the curve, the vector (a(x0; y0);
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b(x0; y0)) is tangent to the curve. So, a characteristic curve is a solution of the
system 8

><

>:

dx
dt

= a(x(t); y(t)) ;
dy
dt

= b(x(t); y(t)) :

If b(x; y) 6= 0 then y can be treated as an independent variable and the above
system is reducedto the following characteristic equation:

(2.4)
dx
dy

=
a(x; y)
b(x; y)

:

Supposethat (2.4) has a solution in the implicit form g(x; y) = c1, where c1 is
an arbitrary constant. We consider the changeof variables

(2.5) u = g(x; y); v = y:

If (2.5) is invertible, we denote its inverseby x = p(u; v) and y = q(u; v). Then the
linear partial di�eren tial equation (2.3) becomesthe following ordinary di�eren tial
equation in v (for �xed u)

(2.6) b(u; v)Av + c(u; v)A = f (u; v);

where b, c, A and f are de�ned by b, c , A and f , respectively, in terms of u and v.
If A = A(u; v) is a solution of (2.6), then by transformation (2.5)

A(x; y) = A(g(x; y); y);

is a solution of the linear partial di�eren tial equation (2.3). Moreover, the general
solution of (2.6) becomesthe generalsolution of (2.3) when tracing back the trans-
formation (2.5). This method was �rst used in [13] to obtain the classi�cation of
the invariant algebraic surfacesof the Lorenz system.

3. An al terna tive pr oof of the Andreev's classifica tion theorem

The proof of the Statement (a) of Andreev's classi�cation theorem follows easily
from the de�nition of the nilpotent singularity and the form of system (1.2).

We will usethe blowing-up technique to prove the statement (b) of the theorem.
Let f (x) 6� 0. This implies that 2 � k < 1 .

Case 1: k � 2l + 1. In the local charts U �
x , by using the weight blowing-up with

the weight exponent (2; k + 1):

x = � X 2; y = X k+1 Y;

to system(1.2), where (X ; Y) 2 R2 \ f X � 0g, we obtain the following blowing-up
vector �eld eX :

(3.1)

8
<

:

_X = � X Y=2;

_Y = (� 1)k a + (� 1)l � Y �
�

k + 1
2

�
Y 2 + X (� � � );

where � = 0 if k < 2l + 1 or � = b if k = 2l + 1, and the dots denote an analytic
function in X and Y . The Y0 coordinate of the singularity (0; Y0) on the invariant
line X = 0 satis�es the equation

(� 1)k a + (� 1)l � Y0 �
k + 1

2
Y 2

0 = 0:
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The Jacobian matrix of the vector �eld eX at (0; Y0) is

D eX (0; Y0) =
�

� Y0=2 0
� (� 1)l � � (k + 1)Y0

�
:(3.2)

The condition k � 2l + 1 implies that a 6= 0, from which we concludethat Y0 6= 0.
Hencethe singularities of the blowing-up vector �eld eX are all elementary (if they
exist).

In the local charts U �
y , applying the weight blowing-up with the weight exponent

(2; k + 1):
x = Y 2X ; y = � Y k+1 ;

to system (1.2), where (X ; Y ) 2 R2 \ f Y � 0g, we obtain the blowing-up vector
�eld eX :

(3.3)

8
><

>:

_X = � 1 +
2

k + 1
X

�
� aX k + � X l � Y 2(� � � )

�
;

_Y =
1

k + 1

�
� aX k + � X l � Y 2(� � � )

�
Y;

where � = 0 if k < 2l + 1 or � = b if k = 2l + 1, and the dots denote an analytic
function in X and Y . This vector �eld has no interesting singularities on the
invariant line Y = 0.

Subcase 1: k < 2l + 1. In this case� = 0 and a 6= 0. If k is odd and a > 0, then
there are two singularities of eX in each of U+

x and U �
x . From (3.1) and (3.2) it is

easy to seethat these four singularities are all rational hyperbolic saddles. After
blowing-down we seethat the nilpotent singularity of (1.2) is a saddle.

If k is odd and a < 0, then the blowing-up vector �eld eX has no singularities.
Consequently , the nilpotent singularity of (1.2) is either a center or a focus.

If k is even and a > 0 (respectively, a < 0), then the blowing-up vector �eld eX
has two singularities (respectively, no singularities) in U+

x and no singularities (re-
spectively, two singularities) in U �

x . In any cases,the two singularities are rational
hyperbolic saddles.Hence,the nilpotent singularity of (1.2) is a cusp.

Subcase2: k = 2l + 1. In this case� = b and a 6= 0. The eigenvalues� 1 and � 2 of
the two singularities (if exist) of the blowing-up vector �eld eX in U+

x (respectively
U �

x ) satisfy

� 1� 2 =
b2 + 2(k + 1)a � b

p
b2 + 2(k + 1)a

� 2(k + 1)
;

 

respectively � 1� 2 =
b2 + 2(k + 1)a � (� 1)l b

p
b2 + 2(k + 1)a

� 2(k + 1)

!

;

or

� 1� 2 =
b2 + 2(k + 1)a + b

p
b2 + 2(k + 1)a

� 2(k + 1)
:

 

respectively � 1� 2 =
b2 + 2(k + 1)a + (� 1)l b

p
b2 + 2(k + 1)a

� 2(k + 1)

!

:

If a > 0, then the blowing-up vector �eld eX has four singularities on the excep-
tional divisor, which are all saddles. Therefore, the nilpotent singularity of (1.2)
is a saddle. Moreover, it follows from (3.1) and (3.2) that the saddlesof eX are
rational hyperbolic if and only if b=

p
b2 + 4a(l + 1) is rational.
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If a < 0 and b2 + 2a(k + 1) > 0, then the vector �eld eX has a saddleand a node
in each of U+

x and U �
x . Moreover, the saddlesare separatedby the nodes. After

blowing-down, we have that the nilpotent singularity is a node.
If a < 0 and b2 + 2a(k + 1) = 0, then the vector �eld eX hasa saddle-node in each

of U+
x and U �

x . Furthermore, the saddlesectorsof the two saddle-nodescannot be
consecutive. Hencethe nilpotent singularity is also a node.

If a < 0 and b2 + 2a(k + 1) < 0, then the vector �eld eX has no singularities on
the exceptional divisor. Consequently , the nilpotent singularity is either a center
or a focus.

Case2: k > 2l + 1. In this caseb 6= 0. In the local charts U �
x , applying the weight

blowing-up with the weight exponent (1; l + 1):

x = � X ; y = X l +1 Y;

to system (1.2), where (X ; Y ) 2 R2 \ f X � 0g, we obtain the blowing-up vector
�eld eX :

(3.4)
� _X = � X Y;

_Y = (� 1)l bY � (l + 1) Y 2 + X
�
(� 1)k aX k � 2l � 2 + Y 2(� � � )

�
;

where the dots denote an analytic function in X and Y. The singularities of eX on
the invariant line X = 0 are (0; 0) with the eigenvalues � 1 = 0, � 2 = (� 1)l b; and�

0; (� 1)l +1 b
l + 1

�
with the eigenvalues� 1 = (� 1)l b

l + 1
, � 2 = � (� 1)l b. The latter

is a saddle,and the former is degenerate.
In the local charts U �

y , applying the weight blowing-up changewith the weight
exponent (1; l + 1):

x = YX ; y = � Y l +1 ;

to system (1.2), where (X ; Y ) 2 R2 \ f Y � 0g, we obtain the blowing-up vector
�eld eX :

(3.5)

8
><

>:

_X = � 1 �
1

l + 1
X

�
bX l + Y (� � � )

�
;

_Y =
1

l + 1
Y

�
bX l + Y(� � � )

�
;

where the dots denote an analytic function in X and Y . It has no interesting
singularities on the invariant line Y = 0.

For the degeneratesingularity (0; 0) of (3.4), by Theorem 65 of [2] (see also
Theorem 7.1 of [22]), we have that if k � 2l is odd and a < 0 (respectively, a > 0),
then it is an unstable node (respectively, a saddle); and if k � 2l is even, then it is
formed by a parabolic sector and two hyperbolic sectors. Using arguments similar
to the proof of Case1, we have the following local topological constructions of the
nilpotent singularity of (1.2):

� If k is odd and a > 0, then the nilpotent singularity is a saddle.
� If k is odd, a < 0 and l is even, then the nilpotent singularity is a node.
� If k is odd, a < 0 and l is odd, then the nilpotent singularity is formed by

a hyperbolic sector and an elliptic sector.
� If k is even, then the nilpotent singularity is formed by oneparabolic sector

and two hyperbolic sectors.

The proof of the theorem is now complete.
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4. Pr oof of the main resul t

Necessity. Assumethat the nilpotent germ has an analytic �rst integral in (R2; 0).
Then the nilpotent singularity cannot be a focus,or the onewith a parabolic sector
or an elliptic sector. For otherwise,the analytic curvepassingthrough the nilpotent
singularity would have in�nitely many analytic branches, a contradiction to the
analyticit y. Consequently , from Andreev's local classi�cation theorem we have that
the nilpotent singularity is non-isolated, or a saddle,or a cusp, or a center.

Case1. The nilpotent singularity is non-isolated, i.e. f (x) � 0.
In this case,system (1.2) and the system

�
_x = 1;
_y = g(x) + yh(x; y);

have the sameanalytic �rst integrals. Sincethe origin is a regular point of the last
system, it follows from the standard Flow Box Theorem (seee.g., [18]) that it has
an analytic �rst integral in (R2; 0). Hence,the nilpotent germ has an analytic �rst
integral in (R2; 0). This provesthe statement (a).

In the following, we supposethat the nilpotent singularity is isolated.

Case2. The nilpotent singularity is a saddle.
From statement (i) of (b) in Andreev's local classi�cation theorem we have that

k is odd and a > 0. The above proof of Case2 for the Andreev's local classi�cation
theorem asserts that if k > 2l + 1, then the blowing-up vector �eld eX has the
degenerateelementary saddle (0; 0) in U �

x on the exceptional divisor, which is
isolated. It follows from Lemma 2.1 that eX has no analytic �rst integrals in any
neighborhood of (0; 0). Consequently , we have by Lemma 2.2 that the nilpotent
germ (1.2) has no analytic �rst integrals in (R2,0). Therefore, in order for the
nilpotent germ to have an analytic �rst integral we should have k � 2l + 1.

From statement (ii ) of Lemma 2.2 and the above proof of statement (b) in An-
dreev's local classi�cation theorem under Case1, we concludethat if the nilpotent
germ has an analytic �rst integral, then either a > 0 and k < 2l + 1 is odd; or
a > 0, k = 2l + 1 and b=

p
b2 + 4a(l + 1) is a rational number. In both situations,

the singularities of the blowing-up vector �elds on the exceptionaldivisor are all ra-
tional hyperbolic. By Lemma 2.2, around each of thesesingularities the blowing-up
vector �eld is orbitally equivalent to its linear part.

In what follows we usethe weight homogeneouspolynomials and the method of
characteristic curvesfor solving linear partial di�eren tial equationsto compute the
analytic or formal �rst integrals of the nilpotent germs.

Write
f (x) = axk + a1xk+1 + a2xk+2 + : : : ;
g(x) = bxl + b1x l +1 + b2x l +2 + : : :

We make the following weight changeof the variables:

x ! � 2x; y ! � k+1 y; t ! � � k+1 t:

Then system (1.2) becomes

(4.1)

8
<

:

_x = y;
_y =

�
axk + a1� 2xk+1 + a2� 4xk+2 + : : :

�
+ y

�
b� 2l � k+1 x l +

b1� 2l � k+3 x l +1 + b2� 2l � k+5 x l +2 + : : :
�

+ � 2y2h(� 2x; � k+1 y):
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If H (x; y) is an analytic �rst integral of system (1.2), then � m H (� 2x; � k+1 y)
with m being any integer is an analytic �rst integral of system(4.1). Without loss
of generality, we assumethat the analytic �rst integral of (4.1) is of the form

eH (x; y; � ) =
1X

i =0

� i H i (x; y);

satisfying H (x; y) = eH (x; y; � )
�
�
�
� =1

, where H0(x; y) is a weight homogeneouspoly-

nomial of weight degreeM with respect to the weight exponent (2; k + 1), and
H i (x; y) areweight homogeneouspolynomials of weight degreeM + i for i = 1; 2; : : :.

From the de�nition of analytic �rst integrals we have

y
1X

i =0

� i @H i

@x
+

� �
axk + a1� 2xk+1 + a2� 4xk+2 + : : :

�
+

y
�
b� 2l � k+1 x l + b1� 2l � k+3 x l +1 + b2� 2l � k+5 x l +2 + : : :

�
+(4.2)

� 2y2h(� 2x; � k+1 y)
� 1X

i =0

� i @H i

@y
� 0:

Comparing the coe�cien ts of � 0, we have that if k < 2l + 1, then

y
@H0

@x
+ axk @H0

@y
� 0;(4.3)

and if k = 2l + 1, then

y
@H0

@x
+

�
ax2l+1 + bxl y

� @H0

@y
� 0:(4.4)

We now use the method of the characteristic curves for solving linear partial
di�eren tial equationsto construct the weight homogeneouspolynomial solutions of
(4.3) and (4.4).

Subcase1: k = 2l + 1. The characteristic equation associated with (4.4) is

(4.5)
dx
dy

=
y

ax2l+1 + bxl y
:

Sincea > 0, K = b2 + 4a(l + 1) > 0. Then the last equation has a generalsolution
of the form

�
ax2l+2 + bxl +1 y � (l + 1)y2�

0

@
2axl +1 +

�
b�

p
K

�
y

2axl +1 +
�

b+
p

K
�

y

1

A

bp
K

= c;

where c is a constant. Since bp
K

is a rational number lessthan 1, we set bp
K

= m
n

with n > m > 0 being relatively prime. Since
�

2axl +1 +
�

b�
p

K
�

y
� �

2axl +1 +
�

b+
p

K
�

y
�

= 4a
�
ax2l+2 + bxl +1 y � (l + 1)y2�

;

we can rewrite this last equation as
�

2axl +1 +
�

b�
p

K
�

y
� n + m �

2axl +1 +
�

b+
p

K
�

y
� n � m

= c0:
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Consider the changeof variables

u =
�

2axl +1 +
�

b�
p

K
�

y
� n + m

( n + m;n � m )
�

2axl +1 +
�

b+
p

K
�

y
� n � m

( n + m;n � m )
;

v = x;

where (n + m; n � m) is the great common factor of n + m and n � m. Let x = v
and y = �( u; v) be its inversetransformation (if the inversefunction is not single-
valued, we can select an analytic branch of the function such that y = �( u; v)
is single-valued). Then equation (4.4) becomesthe following ordinary di�eren tial
equation

�( u; v)
dH 0

dv
= 0;

where H 0 is de�ned by H0, in terms of u and v.
This last equation hasthe generalsolution H 0 = H 0(u), which is smooth. Hence

the generalsolution H 0(x; y) of (4.4) is of the form

H0(x; y) = H 0(u) = H 0

� �
2axl +1 +

�
b�

p
K

�
y
� n + m

( n + m;n � m )
�

�
2axl +1 +

�
b+

p
K

�
y
� n � m

( n + m;n � m )

�
:

In order for H0(x; y) to be a weight homogeneouspolynomial in x; y, H 0(x; y)
should be a positive integer power of

�
2axl +1 +

�
b�

p
K

�
y
� n + m

( n + m;n � m )
�

2axl +1 +
�

b+
p

K
�

y
� n � m

( n + m;n � m )
:

Since the ratio of eigenvalues of the two singularities of the blowing-up vector
given in (3.1) is a negativenumber, it follows from Lemma 2.3 that the two solutions
of the blowing-up vector �eld passingthrough the saddleare both linear branches.
SinceX = 0 is invariant to the 
o w of (3.1), by blowing-down to the vector �eld eX
and combining the computation of �rst integrals, we have that the two separatrices
of the nilpotent saddle is traced out by the functions:

2axl +1 +
�

b�
p

K
�

y + h1(x; y) = 0; 2axl +1 +
�

b+
p

K
�

y + h2(x; y) = 0;

where h1 and h2 denote the terms of weight degreeat least 2l + 3 with respect
to the weight exponent (2; 2l + 2). Hence, if the nilpotent germ has analytic �rst
integrals, it should have the analytic �rst integral of the form

H (x; y) =
�

2axl +1 +
�

b�
p

K
�

y
� n + m

�
�

2axl +1 +
�

b+
p

K
�

y
� n � m

+ � � � ;

where the dots denote the terms of weight degreehigher than 2l + 2. This shows
that the analytic �rst integral of the nilpotent germ has the desiredform.

Subcase2: k < 2l + 1. Similar to the proof of Subcase1, we have that the nilpotent
germ has an analytic �rst integral with its �rst weight homogeneousterm being of
the form H0(x; y) = y2 � 2a

k+1 xk+1 . This provesstatement (b).

Case3. The nilpotent singularity is a cusp.
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From statement (iii ) of (b) in Andreev's local classi�cation theorem, we have
that k < 2l + 1 is even. From (3.2) it is easyto seethat the saddlesof the blowing-
up vector �eld eX are all rationally hyperbolic. Suppose that the nilpotent germ
hasan analytic �rst integral H (x; y). Using arguments similar to the proof of Case
2, we concludethat the nilpotent germ has an analytic �rst integral H (x; y) whose
�rst weight homogeneousterm is H 0(x; y) = y2 � 2a

k+1 xk+1 . Then statement (c)
follows from Lemma 2.2.

Case 4. The nilpotent singularity is a center, and the germ has an analytic �rst
integral.

It follows from (ii 1) of Andreev's local classi�cation theorem that a < 0 and
k < 2l + 1 is odd, or a < 0, k = 2l + 1 and b2 + 4a(l + 1) < 0. Supposethat H (x; y)
is an analytic �rst integral of the nilpotent germ given in (1.2).

Using arguments similar to the proof of Case2, we concludethat the �rst weight
homogeneousterm H0(x; y) of H (x; y) satis�es (4.3) if k < 2l + 1, or (4.4) if
k = 2l + 1.

The generalsolution of (4.3) is of the form

H0(x; y) = H 0(u) = H 0

�
axk+1 �

k + 1
2

y2
�

:

SinceK = b2 + 4a(l + 1) < 0, the generalsolution of (4.4) is of the form

H0(x; y) = H 0(u) = H 0
��

ax2l+2 + bxl +1 y � (l + 1)y2�
�

exp
�

2b
p

� K
arctan

�
2a

p
� K

�
x l +1

y
+

b
2a

����
:

Sinceab6= 0, H0(x; y) cannot be a weight homogeneouspolynomial with the weight
exponent (2; k + 1) in x and y. This veri�es that if k = 2l + 1, then the nilpotent
germ cannot have analytic or formal �rst integrals. Consequently , if the nilpotent
germ has a center, and an analytic �rst integral, then we must have k < 2l + 1.

Treat system(3.1) asa complexplanar system. Then it hastwo pairs of singular-
ities with complex coordinates on the exceptional divisor. The ratio of eigenvalues
at both singularities is a negative rational number. It follows from Lemma 2.3 that
the blowing-up vector �eld hasexactly two linear branchespassingthrough each of
the singularities. Using arguments similar to the proof of Subcase1 in Case2, we
conclude that there are exactly two linear solutions passingthrough the nilpotent
center. Hence the nilpotent germ has an analytic �rst integral whose�rst weight
homogeneousterm is H 0(x; y) = y2 � 2a

k+1 xk+1 . This provesstatement (d).
We have now completed the proof for the necessarypart of the theorem.
The su�cien t part of the theorem follows easily from the proof for the necessary

part.

5. Kukles system

The center-focus problem for the Kukles system
�

_x = y;
_y = � x + a20x2 + a11xy + a02y2 + a30x3 + a21x2ya12xy2 + a03y3;

hasbeenextensively studied (seee.g., [7, 14, 16]). As an application of our method,
we consider the following \Kukles-lik e" cubic system with the origin a nilpotent
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singularity

(5.1)
�

_x = y;
_y = b20x2 + b11xy + b02y2 + b30x3 + b21x2y + b12xy2 + b03y3:

Prop osition . The origin of the Kukles-like cubic system(5.1) is an analytic center
if and only if b20 = b11 = b21 = b03 = 0 and b30 < 0. Moreover, the following holds.

a) If b12 = b02 = 0 then the systemhas the analytic �rst integral

H (x; y) = y2 �
b30

2
x4;

b) If b12 = 0, b02 6= 0, then the systemhas the analytic �rst integral

H (x; y) =
�
4b4

02y2 + b30
�
4b3

02x3 + 6b2
02x2 + 6b02x + 3

� �
exp(� 2b02x):

c) If b12 6= 0, then the systemhas the analytic �rst integral

H (x; y) =
�
2b3

12y2 + b30
�
2b2

12x2 � 2b02b12x + 2b2
02 + 2b12

��
�

exp
�
� 2b02x � b12x2�

+
b30p
b12

�
2b3

02 + 3b02b12
� p

� exp
�

b2
02

b12

�
erf

�
b12x + b02p

b12

�
:

In the above proposition,
p

b12 is a complex number if b12 < 0, and erf(t) is the
Error function which is entire (for more details, seee.g., [10]).

Proof of Proposition.
The su�cien t part can be easily proved by direct calculations.
We now prove the necessarypart. By our main result, in order for the origin of

(5.1) being an analytic center, we should have b20 = b11 = 0. Applying the weight
changeof variable

x ! � 2x; y ! � 4y; t ! � � 2t;

to (5.1), we obtain the following system

(5.2)
�

_x = y;
_y = b30x3 + � 2(b02y2 + b21x2y) + b12� 4xy2 + � 6b03y3:

By the proof of statement (d) of our main result, wecanassumethat system(5.2)

has an analytic �rst integral of the form eH (x; y) =
1P

i =0
� i H i (x; y) with H0(x; y) =

y2� b30
2 x4, where,for each i = 1; � � � , H i (x; y) is a weight homogeneouspolynomial of

weight degree8+ i with respect to the weight exponent (2; 4). Then H i , i = 1; 2; � � � ,
satis�es

(5.3) y
@H i

@x
+ b30x3 @H i

@y
= � (b02y2 + b21x2y)

@H i � 2

@y
� b12xy2 @H i � 4

@y
� b03y3 @H i � 6

@y
;

where H i = 0 for i < 0. By induction, we concludethat H i = 0 for i > 0 odd.
Applying the change of variables u = y2 � 1

2 b30x4 and v = x, and its inverse

transformation x = v and y =
q

u + 1
2 b30v4, to (5.3) with i = 2 we have that

H2(x; y) = H 2(u; v) = � 2b02uv �
1
5

b02b30v5 � 2b21

Z  

v2

r

u +
1
2

b30v4

!

dv:
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The integral contains an Elliptic function. Hence, in order for H 2 being a weight
homogeneouspolynomial of weight degree10, we should have b21 = 0. Conse-
quently , H2 = � 2b02xy2 + 4

5 b02b30x5. Solving equation (5.3) with i = 4 yields that
H4 =

�
2b2

02 � b12
�

x2y2 � 1
3

�
2b2

02 � b12
�

b30x6. For equation (5.3) with i = 6 we
have that

H6(x; y) = H 6(u; v) = �
2
3

b02
�
2b2

02 � 3b12
�

uv3 �
1
7

b02b30
�
2b2

02 � 3b12
�

v7

� 2b03

Z �
u +

1
2

b30v4
� 3

2

dv:

The integral alsocontains an Elliptic function. This implies that b03 should be zero.
We have obtained the necessaryconditions for the origin of the Kukles-like cubic

system to be an analytic nilpotent center. Under these conditions we can check
that the analytic functions in the Proposition are �rst integrals of the system. This
completesthe proof of the proposition.

APPENDIX: A SKETCH PROOF OF LEMMA 2.2

Proof of statement (i). The proof of the su�cien t part is obvious. We now prove
the necessarypart.

From Lemma 2.1 and the assumptions, it follows that the singularity at the
origin is a hyperbolic saddle.

Using the standard stable-unstablemanifolds theory, we have that system (2.1)
in a neighborhood of the origin is analytically equivalent to

(1)
�

_u = � 1u(1 + g1(u; v)) ;
_v = � 2v(1 + g2(u; v)) ;

where � 1 and � 2 are the eigenvalues of system (2.1) at the origin, and g1 and g2

are the analytic functions without constant terms. By applying the characteristic
method to compute the analytic �rst integrals of system (1) in a neighborhood of
the hyperbolic saddle, we obtain that � 1=� 2 is a negative rational number. This
meansthat the origin is a rational hyperbolic saddle.

With the help of the Poincar�e-Dulac Normal Form Theorem we can prove that
there is a distinguished transformation of the form

(2) x = u + � 1(u; v); y = v + � 2(u; v)

with � 1 and � 2 formal serieswithout linear terms and containing the non-resonant
terms only, for which system (2.1) is transformed into the following

(3)
�

_u = � 1u(1 + f 1(z)) ;
_v = � 2v(1 + f 2(z)) ;

where f 1 and f 2 are formal seriesin z with z = um vn , where m and n are coprime
positive integers satisfying � 1=� 2 = � m=n. Then using the majorant relations
between the series (see e.g., [4]), we prove that the transformation (2) and the
system (3) are analytic. This provesthe necessarypart.

Proof of statement (ii). To prove the necessity, we denote by X the vector �eld
corresponding to system (2.1), and by eX the �nal blowing-up vector �eld de�ned
in the unbounded open domain 
. From the Desingularization Theorem of non-
elementary singularities (see e.g., [8, 9]) and the assumptions, it follows that eX
has an analytic �rst integral in a neighborhood of the boundary @
. Since all
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singularities on @
 areelementary, the proof follows from Lemma 2.1and statement
(i) of this lemma.

To prove the su�ciency , we note from the assumptionsthat there are analytic
�rst integrals in a neighborhood of each of the singularities on @
. Outside the
singularities it follows from [11] that there are analytic �rst integrals in a neigh-
borhood of @
. Combining these two types of �rst integrals, we obtain a global
analytic �rst integral in a neighborhood of @
. Again using the Desingularization
Theorem we have an analytic �rst integral of system(2.1) in a neighborhood of the
origin. This completesthe proof of the lemma.
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