DEGENERA TE LOWER DIMENSIONAL TORI IN
HAMIL TONIAN SYSTEMS

YUECAI HAN, YONG LI, AND YINGFEI YI

Abstra ct. We study the persistence of lower dimensional tori in Hamilton-
ian systems of the form H(x;y;z) = h ;yi + %hz;M M)zi + "P(x;y;z;!),
where (x;y;z) 2 T" R" R2M " is a small parameter, and M (! ) can be
singular. We show under a weak Melnik ov non-resonant condition and cer-
tain singularit y-removing conditions on the perturbation that the majority
of unperturb ed n-tori can still survive from the small perturbation. As an
application, we will consider persistence of invariant tori on certain resonant
surfaces of a nearly integrable, properly degenerate Hamiltonian system for
which neither the Kolmogorov nor the g-non-degenerate condition is satis ed.

1. Intr oduction and Main Resul ts

We consider the Melnikov persistenceproblem of lower dimensional, possibly
degenerate,invariant tori for Hamiltonian of the form

(1.1) H=-¢e(')+ N ,yi+ %hz;M(! )zi + P (xy;z: ! ")

where (x;y;z) 2 T" R" R?M, 1 is a parameter in a bounded closed region
0] R", " 2 (0;1) is a small parameter, M is a real analytic, matrix-valued
function on some complex neighborhood O(r) = f! : jim!j < rg of O taking
valuesin the spaceof 2m 2m symmetric matrices, and P is real analytic in a
complex neighborhood D(r;s) O(r) of T" fOg fOg O (0;1) for some
D(r;s) = f(x;y;z) : jlm xj < r;jyj < s?;jzj < sg. The Hamiltonian H is assaiated
with the standard symplectic form

X xn
(1.2) dx; © dy; + dz; N dzm+j:

i=1 j=1
Clearly, the unperturbed system assaiated to (1.1) admits a family of invariant
n-tori T, = T" f0g fOgwith linear ows which are parameterizedby the toral
frequency! 2 O.

The Melnikov persistenceproblem, initiated by Melnikov in [24, 25], concerns
the persistenceof the majority of the unperturbed n-tori T, under certain cou-
pling non-resonanceconditions, called Melnikov conditions, between the tangen-
tial frequencies! and the normal ones assaiated to the eigervalues of M (!).
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Sud persistenceproblem has been extensively studied in various non-degenerate
cases(i.e. M is non-singular over O), and alsoin in nite dimensional setting (see
[3,4,5,6,7,9,11, 12, 14, 15, 16,17, 19, 21, 28, 29, 30, 31, 33, 35, 36] and references
therein).

A similar persistenceproblem was posted by Kuksin in [18] for the degener-
ate casewhen M (! ) becomessingular. The problem was studied in [21] under
tangential non-degeneracyi.e., the quadratic term in (1.1) hasthe form

1y y .

50 S M (1) . i
and M (! ) is non-singular over O. The aim of this paper is to considerthe de-
generatecasewithout assumingtangential non-degeneracy More precisely we will
study the Hamiltonian (1.1) and show that somenon-degenerateconditions on the
perturbation canremove the singularity and henceyield the persistenceof the ma-
jority of invariant, quasi-periodic n-tori under a suitable non-resonancecondition
of Melnikov type.

For simplicity, we will usethe samesymbol j j to denote an equivalernt vector
norm (and its induced matrix norm) in an Eucleadian space, absolute value of
numbers, Lebesguemeasureof sets, and I* norm of integer-valued vectors. Also,
j jpo will be usedto denotethe sup-norm of a function on a domain D.

Let 1('); ; 2m(') beeigervaluesof JM (! ), whereJ denotesthe standard
2m 2m symplectic matrix. We assumethe following conditions for (1.1):

H1) The set

fl 20: p_1hk;! i (") ()60 822z"nfOg;1 i;j 2mg
admits full Lebesguemeasurerelativeto O.

H2) There exists a real analytic family z- : O(r) ! D(s) = fz: jzj < sg suc
that

M)z (') + "@[P](O;z-'(l!?);! ;0)=0;

forall! 2 O(r), where [P](y;z;!) = ;. P(X;y;2;!;0)dx.
H3) There exists a constart N; > 0 such that the minimum ;, (! ) amongthe
absolute values of all eigervaluesof M-(!) = M (!) + "@[P1(0;z (! );!)
satises i, (1) > Np" forall! 2 O(r).
Our main result states as the following.

Theorem 1. AssumeH1) - H3). Then thereis an "y > 0 and Cantor setsO- O,

0< " < "p, with jJOnO-j! 0Oas" ! O0suchthat for each0 < " < "j the
Hamiltonian system(1.1) admits a Whitney smaoth family of real analytic, quasi-
periodic n-tori T,’, ! 2 O-, which also varies smoothly in ".

We note that if M (! ) is non-singular over O, then conditions H2) H3) are au-
tomatically satis ed. In the casethat M (! ) becomessingular, invariant n-tori can
be destroyed if the condition H2) fails. For example, it is easyto seethat the
Hamiltonian

.1
Hy;u;v) = R yi Eu2 v (y;uv) 2T R ORYOR?
admits no invariant n-tori for any " > 0and H2) is not satis ed for this Hamiltonian.
The condition H3) is of coursenot optimal for the persistenceof invariant n-tori
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of Hamiltonian (1.1). In general,it should be possibleto replace H3) by a weaker
non-degeneratecondition. This is certainly an interesting problem worthy for a
further study.

The condition H1) is stronger than the rst Melnikov non-resonancecondition
but is weaker than the secondMelnikov non-resonancecondition by allowing mul-
tiple normal eigervaluesof JM (! ). This condition was rst introducedin [36] and
has been employed in various studies on the persistenceof lower dimensional tori
in Hamiltonian systems(see[9, 21]).

Theorem 1 has no restriction on the invariant tori type, i.e., the perturb ed tori
can be normally hyperbolic, elliptic or of mixed type. However, unlike the non-
degeneratecasesconsideredin [21, 36], an unperturb ed, persistedtorus of (1.1) can
changeits type after perturbation in the caseof normal degeneracy Consider the
following two Hamiltonians:

Hi = Royi+u?+u V24 "Pi(x yiu;v);
H o yi + "P1(x;y; 2)
Ho = Ryi+"u+ v+ u?+v2+ "Py(x yupv);

Hyi + "Pa(X;y; 2)

where x;y;! are asin (1.1), z = (u;v) 2 R?, and [P;] = 0, i = 1;2. Clearly,
_ 20 _ 00

M = 0 0 forHy and M = 0 0

in both casesare of degenerateelliptic types.

Since M are constart matrices in both cases,H1) is satis ed for both H; and

for H,. Hencethe unperturb ed n-tori

_ 1 1
H,. Moreover, it is easyto seethat z- = ( E;O) for H; and z- = ( E; E) for

H», i.e., H2) is satis ed in both cases.SinceM- equals

2 0
o 2
and
2' 0
o 2
for H; and H, respectively, and ;,, = 2" in both cases,H3) is also satis ed for

both H,; and H,. HenceTheorem 1 is applicable to both H; and H; to yield the
persistenceof two respective families of invariant, quasi-periodic n-tori.
Howevwer, for Hq,

_ 0 2"
IM- = 2 0
haseigenvalues = 2p T and, for H,
_ o 2
IM== g
haseigervalues = 2p " 1". Thusthe perturbed n-tori are all (non-degenerate)

hyperbolic for H1 and are all (non-degenerate)elliptic for H».
Normal degeneracynaturally occursin a nearly integrable, properly degenerate
Hamiltonian system. As an application of Theorem 1, we consider the following
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properly degenerateHamiltonian
(1.3) H(; ") = Hoo(l1;  51e) + "P(515")

assaiated to the symplectic form

xd
di”dl;
i=1
where(l; )= (I1; ;lg; 1; ; 4)2G T9 G RYisaboundedclosedregion,
r < d, Hoo, P are real analytic, and Hq satis es the Kolmogorov non-degenerate
conditonon G = f(l; ;1;): 1 2Gg,ie.,

H3) the Hessian(gi'*@?‘]? )ij =1 is non-singular on G.

The unperturb ed system assaiated to (1.3) admits a family of invariant, res-
onant d-tori T, parametrized by I 2 G. Under the condition H3) and certain
condition on the perturbation which removesthe degeneracyof the unperturbed
Hamiltonian, it was shown by Arnold ([2]) that there is a large subsetof the phase
spacewhich is lled by invariant, quasi-periodic d-tori of the perturbed system
exhibiting both fast and slow oscillations. However, if the perturbation fails to
completely remove the degeneracyof the unperturb ed Hamiltonian, then in general
the unperturb ed d-tori are expectedto break up but somenon-degeneratefrictions
or sub-tori of them can persist under certain Poincare non-degenerateconditions
on the perturbation. An extreme caseis when r-dimensional sub-tori are consid-
ered. Lety = (I1;  lr), = (lrexs 3la), =(1 5 r)y =(raas 5 a)
z=(u; ), and [PI(y;z) = + P(; :y;u;0)d in (1.3). We assumethe following
Poincare non-degeneratecondition that

H4) [P](y; ) has a real analytic family of non-degeneratecritical points, i.e.,

there exists a real analytic function z : G! R?™, wherem=d r, sud

that @[P1(y;z (y)) = 0, det@[P1(y;z (y)) 6 0,y 2 G.

Now, for eadh | = (y;u) 2 G, the unperturbed, resonart d-torus T, is foliated
into invariant r-tori T, = T" f g with frequencies! o(y) = @Hoo(y), parame-
terizedby 2 TM.

The following result is a corollary of Theorem 1.

Theorem 2. Assume H3) and H4). Then there is an "o > 0 and Cantor sets
G- G, 0< "< "p,withjGnG-j! Oas"! Osuchthat for eachO< " < "y
the Hamiltonian system (1.3) admits a Whitney smath family of real analytic,
quasi-periodic r-tori Ty y 2 G-, which also varies smaothly in ".

The persistenceof sub-tori split from resonart tori of a nearly integrable Hamil-
tonian systemhas beenstudied in [10, 22, 20, 32] on any g-resonart surfaceunder
Poincare non-degenerateconditions of the perturbation and Kolmogorov or g-non-
degeneratecondition of the unperturb ed Hamiltonian. For the properly degenerate,
nearly integrable Hamiltonian (1.3), Theorem 2 givesa result along the sameline
when neither the Kolmogorov nor the g-non-degeneratecondition of the unper-
turb ed Hamiltonian is satis ed. We note in the presern casethat the resonance
group g is simply fOg Z™, where O is the zero vector in Z", and G is the r-
dimensional g-resonan surface.
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To prove Theorem 1, we will rst reducethe Hamiltonian system (1.1) to the
following normal form:

(1.4) Hxy;z)=e()+h (! );yi+%hz;l\/l (M)zi+ P(xy;z:!;)

assaiated to the symplectic form (1.2), where (x;y;z) 2 T" R" R?"™ and
I 20 and 2 [0;1) are parameterswith O R" being a bounded closedregion,
=id+ O(), and M (!) isa?2m 2m symmetric matrix for eadr and!.

Moreover, for somecomplex neighborhoods  of [0;1), O(r) = f! : jim!j<rg
of O, D(r;s) = f(x;y;z) : jlmxj < r;jyj < s?;jzj < sgof T" fOg fOg
T" R" R2?", e , M arereal analytic on O(r), and P is real analytic on
D(r;s) O(r) . Weassumethe following condition:

H5) There is a constart > 0 such that
inf jdet}M i > 0
0< <1

Clearly, whenP = 0, the unperturb ed systemof (1.4) admits a family of invariant
n-tori T, = T" fOg fOg parametrized by the toral frequency! 2 O.
We will prove the following result from which Theorem 1 follows.

Theorem 3. Assume H5) and that H1) holds for eigenvaluesof JMo(! ). Then

thereare = (r;s)>0, >0, > Osuciently smal suchthat if
. . 2
(1.5) IPip(rsyo () < s
then there existsa Cantor setO O, withjOnO j! 0Oas ; ! O, for whichthe

following holds. For each and! 2 O , the unperturbed torus T, persists and gives
rise to a slightly deformed, analytic, quasi-geriodic, invariant torus of the perturbed
system(1.4), and moreover, theseperturbed tori form a Whitney smaoth family.

The rest of paper is organized as follows. Section 2 is devoted to the proof of
Theorem 3 via KAM method, in which we will give details for one KAM step,
prove an iteration lemma, show cornvergenceof KAM iterations, and conduct mea-
sure estimate. We will prove Theorems1 in Section 3 by making a normal form
reduction to (1.1) in order to remove the singularity of M and to improve the order
of perturbation. Theorem 2 will also be proved in this section as a corollary of
Theorem 1.

2. Proof of Theorem 3

We will prove Theorem 3 in this sectionby using KAM method, i.e., we will con-
struct a symplectic transformation, consisting of in nitely many successie steps,
called KAM steps, of iterations, so that the x-dependert terms are pushed into
higher order perturbations after ead step.

Initially , we sete® = e, 9= [, M%=M ,Pp=P,00=0,r9=1r, S =5,
= , 0= ,and
o1 .
No = €+ h O );y|+§hz;M°(! )zi
Ho = Ng+ Po:

For simplicity, we suspend the dependenceof all quantities on in the rest of the
section.
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By (1.5) and Cauchy's estimate, we have that

j@Pojpso o < Co g"'s3 ;lj  4m?

for someconstart ¢y > 0 only dependingonrg. Let o= ¢y . Then
. . 2 .
j@Pojo,0 o < ¢™'S5 0i jlj  4m*:

Supposethat after a th KAM step, we arrive at a real analytic, parameter-
dependert Hamiltonian

2.1) H
N

H

N+ P;

N e(!)+h(!);yi+%hz;M(!)zi;

where(x;y;z)2 D =D =D(r;s), r=r ro;S=s Sp,! 20=0 Oo,
e)Y=e(); ()= ¢yMOIE)=M (1);P =P (xy;z;!) are real analytic
in all their argumerts and alsodepend on 2 [0;1) analytically, and moreover,
j@Pjpo < *™'s?; jlj 4m?

for some0< = 0,0< = 0.

We will construct a symplectic transformation + =  4;, which, in smaller
frequency and phasedomains, carries the above Hamiltonian into the next KAM
cycle. Thereafter, quantities (domains, normal form, perturbation, etc.) in the

next KAM cyclewill be simply indexedby + (=  + 1). Also, all constarts ¢c; ¢
below are positive and independert of the iteration process.

2.1. One step of KAM iteration. Below, we will show detailed constructions of
the KAM iteration for the Hamiltonian (2.1).

First, we expand the perturbation P into Taylor-Fourier series
X

P
P = Pkij yIZ]e Ihk;xi
k2znii2zn;j2zm
and let
X P .
(22) R = (Pkoo + MPr10;yi + MPyo1; i + Iz; Pygpzi)e MR,
ki K.
NUx o e
(2.3) I = P yze kxi
iKi>K &+ i
X o
24) 11 = P yze Thixi -
jkj K4 2jij+jjj 3
where
1 3
Ky = |Og— + 1
Then
P R=1+11I:
Let
r lo
r{ = —+ —:
YT 24
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We now estimate @(P  R), ! 2 O, jli 4m2, on a smaller complex domain
D(r ;s), where = 1% and
3
r =ry + Z(r rs):
Foreah! 2 O, jlj 4m?2, since
X o o
j @Pyjy'Zj j@Pjpe! '

i2znj2zm

for all jyj s?;jzj s, we have

. . X . . jki(r ry)
J@IJD(r iS) J@_)PJD(r;s)e 4
]k]>K +
X I(r ry)
4m252 "e —a—
I>K &
am2 .2 Zl (r ry)
m"s Ne
K.+
(2.5) 4m252 2.
provided,that
% 1 (r 1)
C1) e — =
K+
Hence
. . . . . . 2
J@(P Diog ) i@Pipgrs) +i@ljper 5y 2 M s?
forall! 2 O.
By Cauchy's estimate, we also have

z o
_ _ @it X P _
J@l lipir sy = 1 W @Pkij € 1hk'X|y|ZJ dydzjp( ;s )

ki Kej2ij+jjj 3

YA
] @i+l )
] W@(P dydzjp ;s
zZ o
@i+l )
J@i@j @(P I)JD(r ;s )dydz
(2.6) c 4m? 352 L 4m?g2 2.

- - R Ry y Z Z .
forall! 2 O andjlj 4m? wherej2ij+ jjj= 3and = 0 0 o o isthe
2jij + jjj-fold integral. Thus by (2.5), (2.6),

i@(P  R)ipg ;)0 i@lip )0 +i@lljp( s )0
2.7) co 4M*s2 2: i 4m?:
It follows that
(2.8) i@Rip¢r :syo  Cs am’s
Next, we construct a Hxamiltonian F of the form

2. lj  4m?:

2.9 F = Fvi ijp lhk;xi+H: A
(2.9) = kjy'zZe 001, Zi:
0<jkj Ka+;2jij+jjj 2
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such that the time 1-map = 1 generatedby the Hamiltonian vector eld Xg =
(Fy; Fx;J F,)~ I5arriesH into the Hamiltonian in the next KAM cycle.
Denote [R] = ., R(x)dxand R=R [R]. Welet F be suc that

(2.10) fN;Fg+ R+ hPgp;zi = 0
Then
He o H o =H j=(N+R) i+ (P R}
1
= N+ [R] HPyor;zi+ fRy;Fg Ldt+ (P R) %
0
= e++h+;yi+%hz;M+zi+ P.
(2.11) N+ + Py
where
(2.12) e = e+ Poo;
(2.13) o= + Poio;
(2.14) M* = M+ Poop;
(2.15) Ry = %1 t)Y(R] R HPgo1;zi) + R;
1
(2.16) P, = fRy;Fg Ldt+ (P R) t:
0
Substituting (2.2) and (2.9) into (2.10) yields
X pP— . ) . LI
1hk; i(Fkoo + Fk10;yi + WFyoa;Zi + tz; Froozi)e .
0<j§ K.
. v P Thexi .
+ (M z; I Fyori + 20M z; JFyopzi)e ™%X + hM z; I Fgori
0<jki K+
X P— .
= (Pxoo + MPy10;yi + 12; Proti + 1z Prozzi)e ™1 hPggg;zi:
0<jkj Ku

By comparing coe cien ts above, we obtain the following linear homological equa-
tions

(2.17) P 1h; iFkoo = Pioos
(2.18) P 1K iFki0 = Pyaos
(2.19) A1kFkor = Prot;
(2.20) AzkFkoz = Pxoz;
(2.21) M”JFo1 =  Poo1;
where

Ay = IO_1hk; ilom  MJ;

Asx P ilame (MJ) lom lom (MJ):

Hereafter denotesthe tensor product of two matrices.
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It is clear that the equations (2.17)-(2.20) are uniquely solvable on the new
frequency domain

2m
= [ Cihke (D)if > —— )i> — -
0. 1 20: jhk; ( D)ij > T jdetAlk(.))J > K
(2.22) jdetAg (1)j > W; 0< jkji Kx

to yield the desiredfunction F.
To estimate the transformation, we let

D D(r ;s);

i(r r+)_£i
2 2
Foreadh ! 2 O, andjlj 4m?2, sinceby Cauchy's estimate,
j@Pyijj [j@Pjpo s @*hel Kir  amig2 2 eikrg 2i+j 2
we have by (2.17)-(2.21) that

D% = D(rs + );i=12

j}@FkOOj C4jkj 52 e i kjf;
1 . . o
j=@Fki0] cajkj el MT;
j}@Fkoﬂ C4j|(j2 Mmgel kjl’;
E i ilid m? o Kjr.
j=@Fko2j  Cajkj el Kir.
j@Fonj selk  css:
By direct di eren tiation, we have
(223) i@@,,@Fio & (r ro)+ce: jij+iij 2l 4m?

forall! 2 O., where

x iKi(r ot
(r ry)= jkj¢ M2 e
k2zn
Since
Zt
2.24 L= id+ JDF d;
F F
0 Zt
(2.25) D ;: = lonem) * OJ(DZF)D gd;

we have by (2.23) that
F:Dy ! D;
foreah! 2 O,,0<t 1, provided that

C2) ¢ (r ry) 5=
C3) ¢ (r ry) 3.
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Moreover,
(226) j@D'( k id)ip, o. & (r r)+o; jj 4mZi=0L;

forallO<t 1.
We now estimate the new Hamiltonian. It is clear from (2.12)-(2.14) that

(2.27) i@ e)djo, o M
(2.28) i@( Yo. c ‘M's;
(2.29) @M MY, ¢ 4m's?

for all jlj 4m?2.
To estimate the new frequency domain, we let

o0, .
4 2

—

If we choose su cien tly small suc that

C) 3e K I < minf ;ST g,
then by (2.13), (2.14),
jhk; T j jhk; i jhk; Posol]
2 +
(2.30) — g M jK.]
ikj ikj
]detAij jdetAlkj j 1k; Porgilom + Poonj
am 4m? 2m 4m?
> j—kam ( Cr K +) Cs
231 am 2 4m? K 2m Em
. > Ty y2 T ;
(23D Km0 jkjZm
jdetAij jdetA | jp ~ 1hk; Pooil 4m?2
( Poo2d) lom lom  ( Poo2Jd)j
4m? 2 2 2
> W ( cr 4m K +)4m 2( Cs 4m )Zm
4m? am? am? frlmz
m m
(2.32) > JI(JT 3Cg K > jkjam?

forall 0< jkj K4,! 20..
To estimate the new perturbation, we let

S = }S'
+ - 2 ’

D, = D(r+;s+):
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Then by (2.7),(2.8),(2.15),(2.16),(2.23) and Cauchy's estimate, we have

Z,
j@P+ip. o . i @fR;Fg LHdij+j@(P R) tip.o.

0
Za @(@et@ ®RE, R,
@@ 0& @ @

j
_ . c 4m?g2 2 .
+ J@(P R) Ho.o. ({1 r)+aym

(2.33) CoS2 IMI((r )+ 1)L 8

) Edtib, o .

for all jlj 4m?2.
Finally, let

. = (16c )F ;
where

Co = maxfcy;  ;CoQ:

C5) co S((r ry)+ 1y

then

(2.34) j@Pijp, 0. ™2 Ll 4m%

This completesone step of KAM iterations.

2.2. lteration lemma. For eadh = 1;2; , we index all index-free quantities
above by and index all "+-indexed quartities above by + 1. This yields the
following sequences

ro, ;;s, ; ;H;N;P;e; ;M ;D ;K ;O;
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In particular,
X 1
r =ro(l ZiT);
i=1
1
= o1 50 )
iz 2
s =2 s
- 4 1 1,
_ &
= (16co 1)% 1;
H =N+ P;
N =e +h ;yi+%hz;M zi;
D =D(r;s);
3
K = log +1
1
2m
= 1 Dbk — ] > s
o) 20 i iG> o JdetAlk())J Kz ™
_ _ 4m? .
jdetA,, (1)j > K O<jki<K
where
P— .
A, = 0 1k ilom M J;
AZk = _]J'k, i|4m2 (M \]) |2m |2m (M ‘])

for 0< jkj< K .

The following iteration lemma ensuresthe validity of the KAM iteration for all
steps.

Lemma 2.1. If o= o(ro;So; o) is suciently small, then the following holds
for all jli 4m? and = 1;2;
1) :D ! D ;arereal analytic, symplectic, and c4m? dependon! 2 O .
Moreover,
H =H 1 =N + P )
) 5
(2.35) j@p'( o o, Siili 4m%i= 0L
2) OnD o,
(236) j@(e € j@( % @M MO o ™ o
. . o g Am?
2.37)  j@(e e M j@( % i@em M hHj =2— g

2
(238) j@Pj ‘M ;jlj 4mZ
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S
3)O =0 1n R, ( o), wher

K 1<jkj K

Re(o) = 120 1:jhk; ()i Jk_Jl
. 1 . 2m1 ) 1 ) 4m12- )
or jdetA,, “(!)j kP2 - or jdetA, ~(!)j jikj“ =

for all k 2 Z" nf0g.

Proof. We needto verify the conditions C1)-C5) for all = 0;1,;
First, we choose ¢ su cien tly small such that

1 1
e log— > 1L
Then
log(n+ 1)!'+ n( + 2)log2+ nlogK 41 K 4 2%2
= log(n+ 1)!'+ n( + 2)log2+ 3n Iog(Iog[i]+ 1) %(Iog[ih 1)3
log(n + 1)!'+ n( + 2)log2+ 3nlog(log 1 +2) (log i)2
1
log—:
Hence
1 Kn
ne ( rwal)d  (n+1)——F e Kualr ra) :
K 4 (r r +1 )n
i.e., C1) holds.
Next, we note that
1 2
1
(r r+l): (2_+2 n+4 m2+2e 75 d
1
(2.39) (n+4 m2 + 2)!2( +5)( n+4 mz):
Thus, to prove C2), it is su cien t to show that
(2.40) Co (N+ 4 m2+ 2)i2 B+ m? 21+2 ;
which clearly holds for = 0if ¢ is suciently small. We now consider 1.
Since

= (16 )b 1= (160) T o

- 1 1= 0 s
(2.40) is equivalert to
(2.41) (2%+ n+4 m2+2C§ é%) 1C0(n+ 4 m2+ 2)!25(n+4 m?2) 1:

which also holds if o su cien tly small. This provesC2).
C3) follows from (2.39) and a similar argumert as above.
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To prove C4), we note that for any constart >0, > 1, (logi+1) ! 0
as ! 0. Henceas ( (hence ) suciently small, we have

2 2 1 1
36 K™= 8 (log =]+ M MM <@ o,

i.e. C4) holds.
Note that C5) is equivalent to
(2.42) F((r ra)+ < S et
Since, by (2.39),
((r 1)+ " (n+ 4 m2+ 2)2 90+ mid yam*el

it is su cien t to show that

1
6(4 m 2+1)

(2.43) %(n +4 m2+ 2)!2( +5)( n+4 m2+2)+1 < Co .

7 .
166(4 m 2+1)

Let 1 be suc that

Then by induction

(2.44) =@6c F)F 1< <

Hence(2.43) holds if ¢ is su cien tly small.

It followsthat the KAM stepisvalid for all = 0;1; , from which 1) follows.
In particular, (2.35) follows from (2.26), (2.42) and (2.44). Moreover, 2) follows
from (2.27)-(2.29) and (2.44), and, 3) follows from (2.30)-(2.32).

2.3. Convergence and measure estimate. Applying Lemma 2.1 inductively we
obtain the following sequences:

= 0 1 :D o ! Do;
Ho =H =N + P;
N =e()+h ()yi+ %hz;M Mzi; =12
By (2.38) and Cauchy's estimate, we also have
(2.45) DP o 90 2™ =12
Let
\l
0O = @]
=0
Then by LemmaZ2.1and (2.45), ,H ,N ,e, ,M ,P corvergeuniformly on

D(%;0) O ,sa,to 1 ,H:,N;,et, ' M!, P respectively, and moreover,
H;y =Ny =et (1)+h 1()yi+ %hz;Ml(!)zi:
SinceHg =H,



DEGENERA TE LOWER DIMENSIONAL  TORI IN HAMIL TONIAN SYSTEMS 15

It follows that

t — to.
Ho 1 - 1 Hi

on D(%O;O) O . This impliesforeahh! 2 O and0< < 1, (1.4) admits an

invariant, quasi-periodic n-torus with the Diophantine frequency! . The Whitney
smoothness of these tori follows from a standard argumernt using the Whitney
extensiontheorem (see[21, 27] and referencestherein).

For measureestimate, we needthe following lemma from ([21]).

Lemma 2.2. LetM(!), ! 2 O, be a family of symmetric, 2m 2m matrices
and 1('); ; 2m(!) bethe eigenvaluesof JM (! ) satisfying the Melnikov non-
resonantcondition H1). Denote
Aw() = DTINGHim M3
Ax(l) = p_1rk;! ilgmz (M()J) lom lom (M(1)J); ! 20; k2 Z" nfOg:
Then the following hold.

1) For everyk 2 Z" nf0g,

M op__
detAy = (1Kl i);
i=1

M p__
detAy = ( 10! i j)l
ij =1
2) The set
fl 20: hk;!i 6 0;detAx(! ) 6 0;detAx (') 6 O; 8k 2 Z" nfOgg
admits full Lekesguemeasure relative to O.

We are now ready to estimate the measurejO nO j. Since

[
O+ =0n R™(), =01
K <jkj K +
we have
¢ [
OonO = R ():

=0 K <jkj K 41

By (2.36), we have that

. . . 1
I@T A = Ik (@m)!+ O(gem) + OC + )
. 2 . A 2
J@™ Ax ()i = ik ((@m?)! + O(jkj T ot + )
where O(;5r) and O( + ) are independert of ;!. It follows from ([34]),

Lemma 2.2 that there is a positive integer ng and a positive constart ¢ suc that

iR 1 i Cr—,
IR K
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forall andjkj ng. Let o besud that K > ng as o. Then
s [ N R X 1
(2.46) j R*™() ¢ o o( ):
= oK <jkj K 4 = oK <jkj K 4
To estimate Rk+l forO< jkj K , no, welet , besucien tly small such
that
R " R()=fl 20 :jhkclil  2—: or jdetA% (1)] 2°m
() k() =f! LSRR W-Orle ()] Kz m’
_ o . 4m?
or jdetA (! )] Wg
forall 0< jkj K, No. Then by H1) and Lemma 2.2,ij+l( )i IR
I Oas ; ! O,uniformly forall 0< jkj K , no. Consequetly,
R "
j RO O
=0 0<jkj K
as ; ! 0. Combining this with (2.46), we have that
. N L | L [ :
jOonOj ] RS+ RO O
=0 0<jkj K = oK <jkj K u

as ; ! 0.
The proof of Theorem 3 is now completed.

3. Proof of Theorems 1 and 2

3.1. Reduction to normal form. ConsiderHamiltonian (1.1). In order to apply
Theorem 3, we needto rst remove the singularity of M (! ) by consideringM-(! )
asin H3).

Let z-(!) be asin H2) and considerthe translation :x=x;y=y;z! z+ z..
Then

H = H (xVy2)

(CHY = e(l)+h.jyi+ %hz;M--(! )i + "P(xy;z;!);
where

e() = "[PIO;z(!));

(1) = 1+"@PIOz (1))

M) = M)+ "@PI0Z () p

POcyizil) = O((yi+iz)?) + Py y'zZe i,
K60 ij

where O((jyj + jzj)?) is independert of x.
The Hamiltonian (3.1) is in the form (1.4) when = " but the order of P needs
to be improved in order for the condition (1.5) to satisfy. To improve the order
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of P, a crucial idea is to perform one step of KAM iteration similar to that in
Section 2. Write

X N
R = Pkij yl Z] e Thk;xi :
0< jkj<K 3:2jij+jjj 2
X N
| = Pkij yl Z] e 1hk;xi :
0<jkisK 1:2jij+jjj 3
X i o T Thkxi
Il = Pkij Yy Ze '
jkj Kk
for someK 1 > 0 to be determined later. Then
P= O((jyj + jzi)?) + R+ 1 + 11:
Consider re-scalingy ! "%y; z! "sz;A ! "3iH. Then the re-scaledHamiltonian
reads
T ST S
H = H(x; Hsly, °7) _ N + P
3
1 .
N = e+h.yi+ Ehz;M--(! )zi
P = "EO((y+ jz)?) + "IR+ "EL+ "I
wheree-;R;1; 11 areobtained from their respective terms above via re-scaling. We

chooseK ; sud that

(3.2) IMipsyo ()

Then there is a constart ¢ > 0 such that

(3.3) P "Ribesyo () C'F

for someconstart ¢c> 0. We notethat K;! 1 as"! 0.
Next, similar to Section 2, we eliminate "R by the symplectic transformation
L, where
X

P e

(3.4) F(x;y;z) = Fujyzie Mk
0<jkj<K 1;2jij+jjj 2

satis es

(3.5) fN;Fg+"§R:0;

Similar to (2.17)-(2.20), the equation (3.5) is equivalent to the following system of
homological equations

P I ciFkoo = "$Pyoo;
P T1h -iFko = "$Peao;
ALFkor = "% Prot;

" w2 :
Ao Froz = "3Po2;
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which can be uniquely solved on the open domain

2m
O = 120k ()i > e jdetA'ik)(! )i>
i 4m?
jdetA,, (1)j > W; 0< jkj Ki ;
where
Ay = p_1H<; vilom  MuJ;
A, = p_1H<; vilgme (M=) lom  lom  (M=J):

This yields a real analytic function F of the form (3.4) which also dependson !
real analytically. We note by H1) and Lemma 2.2that jOnQpj! Oas"! O.
Similar to (2.23), we also have

2

(3.6) Q@) Fio(srs0 op XN —mrs G+ 2

for some continuous function c(r) > 0. It follows from (2.24), (2.25) that if " is
su cien tly small, then

3r
topit:dy oot p(is); o<t 1L
F (412) 0(4) (4-5). ;
and moreover,
w2
. . 3
(3.7) TRFGib(ars)0 o) Cgpam?
for someconstart ¢> 0.
Now,
(3.8) Ho H £ =No+"Py;
where
No = N
0 ) z )
Po = & ftR;Fg Ldt+ (P "SR) ¢:
3.0
If welet =",ro= 7, So= 3, then (3.8) isin the normal form (1.4), and by (3.3),
(3.7),

1

N wi 8
JPOJD(ro;So)O o(ro) C( e S% 4m2)

for someconstart ¢ > 0.

3.2. Pro of of Theorem 1. LetO< a< 1,0<b< 1 2a 0< <% 2a b

120 6
be xed constarts and let " be small such that s "2 Dene = "in? and
= 2c" . Then
. . 2
JPOJD(ro;So) (0] o(l’o) 4m S(2) .

Since H3) implies H5), all conditions of Theorem 3 are satis ed. Applying Theo-
rem 3, we obtain a subsetO of Og, with jOonO j! 0as"! 0, which parametrizes
a Whitney smooth family of quasi-periodic n-tori of (1.1). SincejO nOpj! 0 as
"1 0,wehavejOnO j! Oas"! 0. This provesTheorem 1.
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3.3. Pro of of Theorem 2. Let

y = (I, )
x = (1 )
z = (lrsas  las rer; 5 a)

We assaiate | 2 O with yo 2 G by I = @Hoo(yo) through the di eomorphism
betweenG andO  @Hoo(G). Then up to a constart the Hamiltonian (1.3) under
the translation y ! vy, yo reads

H=Hh;yi+"Py+yoez") + Oy):
After re-scalingy ! "%y;H I "5H, we have
H=hoyi+ "SPOGy;t:");
where
POGY;!;") = PG Sy + yo;2;") + "5 O(yj?):
Replacing "3 by a parameter, again called ", we obtain the Hamiltonian
H = Riyi+"POGy:ts");
POGY;!:") = PG"%y+y0;2;") + "20(yj?)

which is in the form (1.1) with M 0. Hencethe Melnikov condition H1) holds
automatically, and H2), H3) are implied by H4), H5) respectively. Applying Theo-
rem 1, Theorem 2 follows.
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