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Abstra ct. In this paper, one-dimensional (1D) nonlinear Schr•odinger equation

iut � uxx + mu + juj4u = 0

with the periodic boundary condition is considered. It is proved that for each given constant
potential m and each prescibed interger N > 1, the equation admits a Whitney smooth family
of small-amplitude, time quasi-periodic solutions with N Diophan tine frequencies. The proof is
based on a partial Birkho� normal form reduction and an impro ved KAM method.

1. Intr oduction and Main Resul t

Consider a nonlinear Schr•odinger equation

(1.1) iut + Au +
@F
@�u

(u; �u) = 0

with either the homogeneousDirichlet boundary condition on a domain 
 � Rd or the periodic
boundary condition on Rd, where

A : � � + V
is a self-adjoint operator on X = H 1

0 (
) or H 1(T d) and F consistsof higher order and perturbativ e
terms. The equation de�nes an in�nite dimensional Hamiltonian system

ut = i
@~H
@�u

associated with the Hamiltonian
~H = hAu; ui + ~F (u; �u);

where
~F =

Z
F (u; �u)dx

integrating either over 
 in the caseof the Dirichlet boundary condition or over T d in the caseof
the periodic boundary condition.

Let � n , � n , n 2 Z d, denote the eigenvalues, eigenfunctionsof A respectively. The problem of
the existenceof (time-) quasi-periodic solution for (1.1) is to �nd, for a given integer N > 1, a
solution of the form

u(t; x) =
X

n 2 Z d

qn (t)� n (x)

such that all qn , n 2 Z d, are quasi-periodic with the sameN -frequencies. With the symplectic
structure

i
X

n

dqn ^ d�qn ;
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it is clear that q = (qn )n 2 Z d satis�es the Hamiltonian lattice equations

(1.2)

(
_qn = � i @H

@�qn
;

_�qn = i @H
@qn

; n 2 Z d;

where

(1.3) H = H (q; �q) = ~H (
X

n

qn � n ;
X

n

�qn �� n ):

Motiv ated by the classical KAM (Kolmogorov{Arnold{Moser) theory in �nite dimensional
Hamiltonian systems,a natural way to obtain quasi-periodic solutions for (1.2) is to re-formulate
the system into a perturbation of a non-degenerate,partially integrable system, for which param-
eters need to be intro duced in order to adjust frequenciesto encounter small divisors problem.
More precisely, given an integer N > 1, one �nds a parameter space� � RN and (symplectic)
action-angle-normal coordinates I = (I 1; � � � ; I N ), � = (� 1; � � � ; � N ), z = (zn )n 2 Z d such that the
Hamiltonian (1.3) can be transformed into a parametrized Hamiltonian normal form

(1.4) H = h! (� ); I i +
X

n


 n (� )zn �zn + P(� ; I ; z; �z; � ); � 2 � ;

where ! : � ! RN is a local di�eomorphism and P is viewed as a perturbation. The existence
problem for quasi-periodic solutions then becomes�nding a positive measuresubset ~� of � such
that each � 2 ~� corrsponds to a quasi-periodic, invariant N -torus of (1.4) which is a small pertur-
bation of the unperturb ed, quasi-periodic N -torus T� = f 0g� f � 0 + ! (� )tg � f 0g corresponding to
P = 0.

There are several ways of intro ducing parametersinto (1.1) or (1.2). For perturbations of linear
Schr•odinger equations, one way is to considerparametrized potentials, i.e.,

V = V (�; � );

where � is a N -dimensional parameter, for which the unperturb ed non-degeneracyis a generic
condition on potentials. In this setting, onedealswith a family of nonlinear Schr•odinger equations
with genericpotentials. Another way is to considerFloquet operator potentials

V = M �

where M � is a Floquet multiplier de�ned by

M � eihn;x i = � n eihn;x i ; n 2 Z d;

for a set of real numbers f � n ; n 2 Z dg such that N of them can be treated as parameters. In this
setting, one considersnonlinear Schr•odinger equations in operator forms. To deal with a single
nonlinear Schr•odinger equation with the potential

V = V (x);

a natural way of intro ducing parameters,aswhat have beendone in �nite dimensions,is to reduce
the lattice Hamiltonian (1.3) to a partial Birkho� normal form then further to a parametrized
normal form (1.4) having N non-degenerate,integrabledirections whoseamplitudes becomenatural
parameters.

With the availabilit y of a parametrized normal form (1.4), both KAM (Kolmogorov{Arnold{
Moser) and CWB (Craig{W ayne{Bourgain) methodshavebeendeveloped in studying the existence
of quasi-periodic solutions for nonlinear Schr•odinger equations as well as for other in�nite dimen-
sional Hamiltonian systemslike nonlinear wave, KdV, beam equations, and Hamiltonian lattices.

The KAM method concernsthe construction of a sequenceof symplectic transformations to
(1.4) so that at each KAM step resonant terms in the perturbation are removed, quadratic terms
in the perturbation are averaged and added to the new normal form, and angular-dependent-
terms in the perturbation are pushedinto higher order. Basedon original works of Melnikov [24],
Eliasson [12], Kuksin [18], and P•oschel [25], the KAM method has been extensively developed
in �nite dimensionsconcerning the persistenceof lower dimensional tori in Hamiltonian systems
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(see[2, 3, 16, 23, 29, 31, 32] and referencestherein). Recently , the KAM method was extended to
in�nite dimensionsin works of Kuksin [19], Wayne [30], and P•oschel [27] in studying quasi-periodic
solutions for 1D nonlinear Schr•odinger and wave equationswith the Dirichlet boundary condition
and parametrized potentials.

The CWB method was �rst intro duced by Craig{W ayne [10, 11] in studying periodic solutions
for 1D nonlinear wave equations with the periodic boundary condition and later developed by
Bourgain [4, 5, 6, 7, 8] in studying quasi-periodic solutions for nonlinear Schr•odinger and wave
equations with periodic boundary conditions and either parametrized potentials in 1D or Floquet
operator potentials in any space dimension. Unlike 1D Schr•odinger and wave equations with
the Dirichlet boundary condition, multiple eigenvalues always occur in caseswith the periodic
boundary condition even in one spacedimension, which causesadditional di�culties in studying
the existenceof quasi-periodic solutions. To overcomethe di�culties, the CWB method tracesback
to the origin of the KAM method by using Newton iteration for solving in�nitely many homological
equations and usesLyapunov-Schmidt decomposition of amplitude-frequency equations together
with techniques of Fr•ohlich{Spencer [13] concerning analysis of Green's functions. With respect
to the normal form (1.4), the CWB method di�ers from the KAM method by only considering
elimination of �rst order resonant terms in each iteration step.

The KAM method is more restrictiv e than the CWB one, that is, if the existence of quasi-
periodic solutions in a Hamiltonian systemcan be shown by the KAM method, then it can be also
shown by the CWB method. However, the KAM method, if applicable, can capture more proper-
ties of quasi-periodic solutions such as their continuous (in fact, Whitney smooth) dependenceon
parameters, their Floquet forms and linear stabilit y, while CWB method mainly yields the exis-
tence. Both methods sharesomecommon di�culties in in�nite dimension, for instance, estimates
on the inverseof an in�nite dimensional matrix which has small divisors on the diagonal, measure
estimate involving in�nitely many small divisor conditions for a �xed Fourier mode, multiplicit y
of eigenvaluesunder the periodic boundary condition, and non-improvement of regularities (decay
rate of Fourier coe�cien ts) after iterations.

Besidesnonlinear Schr•odinger and wave equations with parameterized and Floquet operator
potentials, there havebeenalsostudieson quasi-periodic solutions of a singlenonlinear Schr•odinger
or waveequation with a constant potential usingeither the CWB or the KAM method. By deriving
a partial Birkho� normal form of order four, Kuksin{P•oschel [21], P•oschel [26] further developed
the KAM method to study the existenceof small amplitude quasi-periodic solutions corresponding
to any �nite number of Fourier modesfor perturbations of the 1D nonlinear Schr•odinger and wave
equations

iut � uxx + mu + juj2u = 0; m 2 R;(1.5)

utt � uxx + mu + u3 = 0; m > 0;(1.6)

with the Dirichlet boundary condition. Using the CWB method, similar existenceresults of quasi-
periodic solutions were shown by Bourgain [6, 8] with respect to the periodic boundary condition.
A KAM type of theorem was later given by Chierchia{Y ou [9] for the 1D wave equation (1.6) with
the periodic boundary condition, which, due to a spectral gap condition and a regularity condition
assumed,does not hold for the 1D Schr•odinger equation (1.5) with the periodic boundary condi-
tion. Recently , a general KAM type of result is obtained by Geng{You [14] which is particularly
applicable to the 1D Schr•odinger equation (1.5) with the periodic boundary condition. We note
that the 1D Schr•odinger equation (1.5) with cubic nonlinearities are completely integrable, hence
one can perturb any �nite number of Fourier modes to obtain small amplitude quasi-periodic so-
lutions, which is however not the caseif the nonlinearities are of higher order. In a recent work,
Liang{Y ou [22] made use of somecomplicated Birkho� normal form reductions and KAM tech-
niques to obtain small amplitude quasi-periodic solutions corresponding to any �nite number of
admissibleFourier modesfor the nonlinear Schr•odinger equation

(1.7) iut � uxx + mu + juj4u = 0; m 2 R;
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with the Dirichlet boundary condition.
There are also some works on the existenceof quasi-periodic solutions in higher dimensional

nonlinear Schr•odinger equations and other type of in�nite dimensional Hamiltonian systemssuch
as quasi-linear KdV equations, nonlinear beam equations and Hamiltonian lattices. For instance,
the existenceof two-frequency, quasi-periodic solutions was shown by Bourgain [6, 8] for the 2D
nonlinear Schr•odinger equation

iut � 4 u + mu + juj2u = 0;

by usingCWB method and normal form reductions. Geng{You [15] proveda KAM typeof theorem
which is applicable to certain Hamiltonian partial di�eren tial equations in higher spacedimension
including beamequationsand Schr•odinger equationswith nonlocal nonlinearity. Recently , Kuksin
[20], Kappeler{P•oschel [17] showed the existenceof quasi-periodic solutions for quasi-linear KdV
equations.

In this paper, we will study the 1D Schr•odinger equation (1.7) with the periodic boundary
condition

(1.8) u(t; x) = u(t; x + 2� )

and show the existence of small amplitude quasi-periodic solutions corresponding to any �nite
number of admissibleFourier modes. More precisely, let

� n = n2 + m; n 2 Z;

be the eigenvalues of A = � @xx + m with the periodic boundary condition (1.8). For any �xed
integer N > 1 and any ordered N -index f n1; n2; � � � ; nN g, where 0 < n1 < n2 < � � � < nN , it
is clear that the linear equation associated with (1.7) with the sameperiodic boundary condition
(1.8) has quasi-periodic solutions

u(t; x) =
NX

i =1

p
� i ei( ! i t + n i x ) ; ! i = n2

i + m; � i > 0:

An orderedN -index f n1; n2; � � � ; nN g is said to be admissibleif whenever i; j; k; l ; m; n are integers
such that i + j + k = l+ m+ n, (i; j; k) 6= (l ; m; n), and at least four of them lying in f n1; n2; � � � ; nN g,
then

� i + � j + � k � � l � � m � � n 6= 0:
We let J denote the set of all admissibleN -indexes. It is known that for any given N > 1, J is a
in�nite set (seethe Appendix of [22]). In particular, when N = 2, J is simply the set

J = ff n1; n2g : n1 � n2 is oddg:

Our main result states as follows.

Theorem Consider the 1D nonlinear Schr•odinger equation (1.7) with the periodic boundary con-
dition (1.8). For given N > 1, let f n1; � � � ; nN g be a �xed admissibleN -index. Then there exists
a Cantor subset ~O = ~O(n1; � � � ; nN ) � RN

+ of positive Lebesguemeasure, such that each � 2 ~O
corresponds to a real analytic, quasi-periodic solution

u(t; x) =
NX

i =1

p
� i ei( ~! i t + n i x ) + O(j� j

5
2 )

of (1.7), (1.8) with Diophantine frequencies

~! i = ! i + O(j� j2); 1 � i � N :

Moreover, the quasi-periodic solutions u are linearly stableand depend on � Whitney smoothly.

The proof of our result usesthe KAM method for which a partial Birkho� normal form needs
to be derived. By taking advantage of the special form of the nonlinearity, the normal form will
be derived using arguments of Liang{Y ou [22] for eliminating lower-order, non-integrable terms.
It turns out that not only is the normal form in the present situation as simple as the casewith
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the Dirichlet boundary condition, but also its perturbation term has a so-called compact form
(see Section 2 for details) which is preserved under the KAM iterations. Such a compact form
signi�can tly simpli�es the KAM iteration. In particular, at each KAM step, the small divisor
conditions are similar to those in �nite dimensional casesand we do not needto shrink the decay
weight which is usually necessaryin in�nite dimensional KAM problems in order to put the less
regular terms in the perturbation into the next KAM cycle and to preserve decay properties of the
coe�cien t matrices of the homologicalequations. This is alsothe reasonfor obtaining Diophantine
tori in the present case,which doesnot seemto be known in most Hamiltonian PDEs previously
studied.

With similar partial Birkho� normal form reductions, our method equally applies to the 1D
beam equation

utt + uxxxx + u5 = 0
with the periodic boundary condition to yield the existenceof quasi-periodic solutions. But with
respect to �nding quasi-periodic solutions it applies neither to the 1D nonlinear Schr•odinger equa-
tions of higher order nonlinearities:

(1.9) iut � uxx + mu + juj2pu = 0; p � 3

with either the Dirichlet or the periodic boundary condition, nor to the completely resonant wave
equation

utt � uxx + u3 = 0(1.10)

with either the Dirichlet or the periodic boundary condition. For (1.9), the failure of our method is
due to the unavailabilit y of similar Birkho� normal forms (seeSection2 for details). However, our
method works in �nding periodic solutions of (1.9) for any p � 1 due to the availabilit y of partial
Birkho� normal forms in the caseof N = 1 and the un-necessity of small divisor conditions for the
existenceof periodic conditions. For (1.10), the failure of our method is due to the lack of super-
linear growth of eigenvaluesbecauseour method crucially depend on the spectral asymptotics � n �
n2. We note that by avoiding Birkho� normal form reductions, special quasi-periodic solutions
were discovered by Bambusi [1] for wave equations

utt � uxx + mu + u2p� 1 = 0; p � 2;

with the Dirichlet boundary condition, for typical m > 0. In general, it is certainly interesting to
know whether quasi-periodic solutions can exist for equations(1.9) with either the Dirichlet or the
periodic boundary condition if p � 3.

The rest of the paper is devoted to the proof of the main result. For simplicit y, we only treat the
caseN = 2. The generalcasecan be treated similarly. Section 2 is a preliminary section in which
we de�ne the weighted norms and compact forms and study their basic properties. In Section 3,
we derive a partial Birkho� normal form of order six for the lattice Hamiltonian associated with
(1.7), (1.8) then transform it into a parameterized Hamiltonian normal form. In Sections4, we
give details for one step of KAM iteration. Proof of the Theorem is completed in Section 5 by
showing an iteration lemma, convergence,and conducting measureestimate.

2. Preliminar y

2.1. W eigh ted norms. For a given � > 0, we let ` � be the Banach spaceof bi-in�nite, complex
valued sequencesq = (f qn g), endowed with the weighted norm

kqk� =
X

n 2 Z

jqn jej n j � :

Similarly, let L � be the Banach spaceof functions u(x) =
P

n 2 Z qn � n (x) for (f qn g) 2 ` � , endowed
with the norm kuk� = kqk� . Then L � and ` � are isometric, and the product of two functions u(x) =
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P
n 2 Z pn � n (x), v(x) =

P
n 2 Z qn � n (x) in L � de�nes the convolution q � p: (q � p)n =

P
m qn � m pm ,

n 2 Z, in ` � , under which ` � becomesa Banach algebra. In particular,

kq � pk� � kqk� kpk� ;

for any p;q 2 ` � .
Let j � j denotethe sup-norm of complexvectors. For given r; s > 0, we let D (r; s) be the complex

neighborhood
D(r; s) = f (� ; I ; z; �z) : jIm� j < r; jI j < s2; kzk� < s; k�zk� < sg

of T2 � f I = 0g � f z = 0g � f �z = 0g in T2 � R2 � ` � . Also let O be a bounded set in R2
+ .

Let F (� ; I ; z; �z) be a real analytic function on D(r; s) which depends on a parameter � 2 O
Whitney smoothly (i.e., C1 in the senseof Whitney). We expand F into the Taylor-Fourier series
with respect to � ; I ; z; �z:

F (� ; I ; z; �z) =
X

�;�

F�� z� �z� ;

where, for multi-indices � � (� � � ; � n ; � � � ), � � (� � � ; � n ; � � � ), � n ; � n 2 N with �nitely many
non-vanishing components,

F�� =
X

k2 Z2 ;l 2 N2

Fk l�� (� )I l eihk ;� i :

We de�ne the weighted norm of F as

kF kD (r ;s) ;O � sup
k z k � <s
k �z k � <s

X

�;�

kF�� k jz� jj �z� j;

where

kF�� k �
X

k ;l

jFk l�� jO s2j l j ej k j r ; jFk l�� jO � sup
� 2O

(jFk l�� j + j
@Fk l��

@�
j):

In the above and for the rest of the paper, derivativesin � 2 O are in the senseof Whitney.
For a vector-valued function G : D(r; s) � O ! Cm , m < 1 , we simply de�ne its weighednorm

by

kGkD (r ;s) ;O �
mX

i =1

kGi kD (r ;s) ;O :

For the Hamiltonian vector �eld

X F = (FI ; � F� ; f iFzn g; f� iF �zn g)

associated with a function F on D(r; s) � O, we de�ne its weighted norm by

kX F kD ( r ;s ) ; O � kFI kD ( r ;s ) ; O +
1
s2 kF� kD ( r ;s ) ; O +

1
s

(
X

n

kFzn kD ( r ;s ) ; O ej n j � +
X

n

kF �zn kD ( r ;s ) ; O ej n j � ):

Let F; G be two real analytic functions on D(r; s) which depend on a parameter � 2 O Whitney
smoothly.

Lemma 2.1.
kF GkD (r ;s) ;O � kF kD (r ;s) ;O kGkD (r ;s) ;O :

Proof. Since(F G)k l�� =
P

k 0;l 0;� 0;� 0 Fk � k 0;l � l 0;� � � 0;� � � 0Gk 0l 0� 0� 0, we have

kF GkD (r ;s) ;O = sup
k z k � <s
k �z k � <s

X

k ;l;�;�

j(F G)k l�� jO s2l jz� jj �z� jej k j r

� sup
k z k � <s
k �z k � <s

X

k ;l;�;�

X

k 0;l 0;� 0;� 0

jFk � k 0;l � l 0;� � � 0;� � � 0Gk 0l 0� 0� 0jO s2l jz� jj �z� jej k j r � kF kD (r ;s) ;O kGkD (r ;s) ;O :

�
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Lemma 2.2. (Cauchy inequalities)

kF� kD (r � � ;s) �
1
�

kF kD (r ;s) ;

kFI kD (r ; 1
2 s) �

4
s2 kF kD (r ;s) ;

and
kFzn kD (r ; 1

2 s) �
2
s

kF kD (r ;s)e
j n j � ;

kF �zn kD (r ; 1
2 s) �

2
s

kF kD (r ;s)e
j n j � :

Proof. It follows from the standard Cauchy estimate. �

Consider the Poissonbracket

f F; Gg = h
@F
@I

;
@G
@�

i � h
@F
@�

;
@G
@I

i + i
X

n

(
@F
@zn

@G
@�zn

�
@F
@�zn

@G
@zn

):

Lemma 2.3. There exists a constant c > 0 such that if

kX F kD (r ;s) ;O < "0; kX GkD (r ;s) ;O < "00

for some" 0; "00> 0, then
kX f F ;G gkD (r � � ;� s) ;O < c� � 1� � 2"0"00;

for any 0 < � < r and 0 < � � 1. In particular, if � � "
1
3 , "0; "00� " , then kX f F ;G gkD (r � � ;� s) ;O �

"
4
3 .

Proof. See[14]. �

2.2. Compact form. Given n1; n2 2 Z. A real analytic function

F = F (� ; I ; z; �z) =
X

k ;�;�

Fk �� eihk ;� i z� �z�

on D(r; s) is said to admit a compact form with respect to n1; n2 if

Fk �� = 0; whenever k1n1 + k2n2 +
X

n

(� n � � n )n 6= 0;

where k = (k1; k2) 2 Z2, and, � � (� � � ; � n ; � � � ), � � (� � � ; � n ; � � � ), � n ; � n 2 N, with �nitely many
non-vanishing components. In the casethat n1 = n2 = 0, we simply say that F has a compact
form.

Let F has a compact form with respect to n1; n2. We consider the term F k11
n ( � n ) e

ihk ;� i zn �z� n in

the Taylor-Fourier expansionof F . It is clear that F 011
n ( � n ) = 0, and even when k 6= 0, F k11

n ( � n ) = 0

if jnj > 1
2 maxfj n1j; jn2jgjkj (becausek1n1 + k2n2 + 2n 6= 0 in this case). Hence,for each k, there

are only �nitely many coupled terms zn �z� n in Fk =
P

�;� Fk �� z� �z� . A crucial idea in the proof
of our main Theorem is to show that compact forms will be preserved by KAM iterations. This
property, enabling the considerationof essentially �nite small divisors in each KAM step, will play
an important role in the measureestimate later on.

Lemma 2.4. Given n1; n2 2 Z and consider two real analytic functions F (� ; I ; z; �z); G(� ; I ; z; �z)
on D(r; s). If both F and G havecompact forms with respect to n1; n2, then so does f F; Gg.

Proof. Let
F =

X

A 1

Fk1 � 1 � 1 (I )eihk1 ;� i z� 1 �z� 1 ;

G =
X

A 2

Gk2 � 2 � 2 (I )eihk2 ;� i z� 2 �z� 2 ;
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where

A i = f (ki ; � i ; � i ) : ki 1n1 + ki 2n2 +
X

n

(� in � � in )n = 0g;

ki = (ki 1; ki 2);

� i = (f � in gn 2 Z);

� i = (f � in gn 2 Z);

for i = 1; 2 respectively. A straightforward calculation yields that

f F; Gg =
X

A 1

X

A 2

h
@Fk1 � 1 � 1 (I )

@I
; ik2 i Gk2 � 2 � 2 (I )eihk1 ;� i z� 1 �z� 1 eihk2 ;� i z� 2 �z� 2

�
X

A 1

X

A 2

hik1;
@Gk2 � 2 � 2 (I )

@I
i Fk1 � 1 � 1 (I )eihk1 ;� i z� 1 �z� 1 eihk2 ;� i z� 2 �z� 2

+ i
X

m

X

~A 1 [ ~A 2

Fk1 � 1 � 1 (I )Gk2 � 2 � 2 (I )eihk1 ;� i eihk2 ;� i z� 1 � em �z� 1 z� 2 �z� 2 � em

� i
X

m

X

~A 1 [ ~A 2

Fk1 � 1 � 1 (I )Gk2 � 2 � 2 (I )eihk1 ;� i eihk2 ;� i z� 1 �z� 1 � em z� 2 � em �z� 2 ;

where for each i = 1; 2, m 2 Z, em is the multi-index whose mth component is 1 and other
components are all 0,

~A i = ~A i (m) = f (ki ; � i ; � i ) : ki 1n1 + ki 2n2 + (� im � � im )m +
X

n 2 Znf m g

(� in � � in )n = 0g;

ki = (ki 1; ki 2);

� i = (f � in gn 2 Znf m g);

� i = (f � in gn 2 Znf m g):

Sinceall terms above have compact forms with respect to n1; n2, so doesf F; Gg. �

All the above notions and properties on weighted norms and compact forms can be similarly
extended to the case(� ; I ) 2 T N � RN for any N � 2. In particular, compact forms can be
similarly de�ned with respect to any N integers n1; n2; � � � ; nN . We treated the caseN = 2 only
becauseour main Theorem will be proved for an admissible2-index.

3. Normal Form

Using the Hamiltonian formulation, we re-write the equation (1.7) with the periodic boundary
condition (1.8) as the Hamiltonian system

ut = i
@H
@�u

;

where

H =
Z 2�

0
jux j2 + mjuj2 dx +

1
3

Z 2�

0
juj6 dx:

Note that the operator A = � @xx + m with the periodic boundary condition hasan orthonormal

basis f � n (x) =
q

1
2� einx g and corresponding eigenvalues

� n = n2 + m:

Let
u(x; t) =

X

n 2 Z

qn (t)� n (x):



QUASI-PERIODIC SOLUTIONS IN A NONLINEAR SCHR •ODINGER EQUA TION 9

Then associated with the symplectic structure i
P

n dqn ^ d�qn , f qn gn 2 Z satis�es the Hamiltonian
equations

_qn = i
@H
@�qn

; n 2 Z;

where

(3.1) H = � + G

with

� =
X

n 2 Z

� n jqn j2;

G =
1
3

Z 2�

0
j
X

n 2 Z

qn � n j6 dx:

Lemma 3.1. The gradient G �q is a real analytic map from a neighborhood of the origin of ` � into
` � , with

kG �qk� = O(kqk5
� ):

Proof. Let G �q = (f @G
@�qn

g), where

@G
@�qn

=
Z 2�

0
juj4u �� n dx

for u =
P

n 2 Z qn � n , i.e., @G
@�qn

= (juj4u)n . Hence,

kG �qk� = kjuj4uk� � kuk5
� = kqk5

� :

The analyticit y of G �q follows from the regularity of its components and its local boundedness([28],
Appendix A). �

Note that
G =

1
3

X

i;j;k ;l;m;n

Gij k lmn qi qj qk �ql �qm �qn ;

where

Gij k lmn =
Z 2�

0
� i � j � k

�� l
�� m

�� n dx:

We immediately have the following.

Lemma 3.2. G has a compact form, i.e.,

Gij k lmn = 0 whenever i + j + k � l � m � n 6= 0:

Moreover,

Gij k ij k =
1

4� 2 :

To transform the Hamiltonian (3.1) into a partial Birkho� normal form, we �x f n1; n2g 2 J ,
i.e., n1 � n2 is odd, and considerthe index sets� � , � = 0; 1; 2; 3, asfollows. For each � = 0; 1; 2, � �

is the set of indices (i; j; k; l ; m; n) which have exactly � components in f n1; n2g. � 3 is the set of
the indices (i; j; k; l ; m; n) which have at least three components not in f n1; n2g. We also consider
the resonancesetsN = f (i; j; k; i; j; k)g \ � 0, M = f (i; j; k; i; j; k)g \ � 2.

Lemma 3.3. Let (i; j; k; l ; m; n) 2 (� 0 n N ) [ � 1 [ (� 2 n M ). If

(3.2) i + j + k � l � m � n = 0;

then

(3.3) � i + � j + � k � � l � � m � � n = i 2 + j 2 + k2 � l2 � m2 � n2 6= 0:
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Proof. We assumewithout lossof generality that f i; j; kg \ f l ; m; ng = ; .
In the casethat (i; j; k; l ; m; n) 2 � 0 nN , if (3.3) fails, then i = j = k = n1 and l = m = n = n2,

or vice versa. This is a contradiction to (3.2).
In the casethat (i; j; k; l ; m; n) 2 � 1, we have i = j = k = n1, l = m = n2 and n 6= n1; n2, or

vice versa. Without lossof generality, we assumethat i = j = k = n1, l = m = n2 and n 6= n1; n2.
Since

i + j + k � l � m � n = 3n1 � 2n2 � n = 0;
we have n = 3n1 � 2n2. Consequently ,

� i + � j + � k � � l � � m � � n = 3n2
1 � 2n2

2 � (3n1 � 2n2)2

= � 6n2
1 + 12n1n2 � 6n2

2 = � 6(n1 � n2)2 6= 0:

In the casethat (i; j; k; l ; m; n) 2 � 2 n M , we either have a) i = j = k = n1, l = n2, and
m; n 6= n1; n2; or b) i = j = n1, l = m = n2, and k; n 6= n1; n2.

In the casea), since

i + j + k � l � m � n = 3n1 � n2 � m � n = 0;

we have n = 3n1 � n2 � m. Consequently ,

� i + � j + � k � � l � � m � � n = 3n2
1 � n2

2 � m2 � (3n1 � n2 � m)2

= � 6n2
1 � 2n2

2 + 6n1n2 + 6n1m � 2n2m � 2m2

= � 2(m �
3n1 � n2

2
)2 �

3
2

(n1 � n2)2 6= 0:

In the caseb), since

i + j + k � l � m � n = 2n1 � 2n2 + k � n = 0;

we have n = 2n1 � 2n2 + k. Consequently ,

� i + � j + � k � � l � � m � � n = 2n2
1 � 2n2

2 + k2 � (2n1 � 2n2 + k)2

= � 2n2
1 � 6n2

2 � 4n1k + 8n1n2 + 4n2k

= 4k(n2 � n1) � 2(3n2 � n1)(n2 � n1)

= 2(n2 � n1)(2k � (3n2 � n1)) 6= 0;

as 3n2 � n1 is odd. �

Using these index sets, it is clear that G has the following decomposition

G = G0 + G1 + G2 + Ĝ;

where
G� =

1
3

X

i + j + k � l � m � n =0 ;
( i;j;k ;l;m;n ) 2 � �

Gij k lmn qi qj qk �ql �qm �qn ; � = 0; 1; 2;

and
Ĝ =

1
3

X

i + j + k � l � m � n =0 ;
( i;j;k ;l;m;n ) 2 � 3

Gij k lmn qi qj qk �ql �qm �qn :

Prop osition 3.1. Given f n1; n2g 2 J , there exists a real analytic, symplectic changeof coor-
dinates � in a neighborhood of the origin of ` � which transforms the Hamiltonian (3.1) into the
partial Birkho� normal form

(3.4) H � � = � + �G + Ĝ + K
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such that the corresponding Hamiltonian vector �elds X �G , X Ĝ and X K are real analytic in a
neighborhood of the origin in ` � , where

�G =
1

12� 2 (jqn 1 j6 + jqn 2 j6) +
9

12� 2 (jqn 1 j4 jqn 2 j2 + jqn 2 j4jqn 1 j2)

+
9

12� 2

X

n 6= n 1 ;n 2

(jqn 1 j4 + jqn 2 j4 + 4jqn 1 j2 jqn 2 j2)jqn j2;

Ĝ =
1
3

X

i + j + k � l � m � n =0 ;
( i;j;k ;l;m;n ) 2 � 3

Gij k lmn qi qj qk �ql �qm �qn ;

jK j = O(kqk10
� ):

Moreover, K (q; �q) has a compact form.

Proof. We want to construct the symplectic transformation � asthe time-1 map of the Hamiltonian

o w � t

F associated with a Hamiltonian

F =
1
3

X

i;j;k ;l;m;n

Fij k lmn qi qj qk �ql �qm �qn

which eliminates all terms in G0; G1; G2 that are not of the form jqi j2jqj j2jqk j2. To do so, let

iFij k lmn =

8
>>><

>>>:

G ij k lmn

� i + � j + � k � � l � � m � � n
i + j + k � l � m � n = 0; (i; j; k; l ; m; n) 2 � 0 n N ;

G ij k lmn

� i + � j + � k � � l � � m � � n
i + j + k � l � m � n = 0; (i; j; k; l ; m; n) 2 � 1;

G ij k lmn

� i + � j + � k � � l � � m � � n
i + j + k � l � m � n = 0; (i; j; k; l ; m; n) 2 � 2 n M ;

0 otherwise:

It follows from Lemma 3.3 that F is well de�ned.
To show the analyticit y of the transformation, we note that there exists a constant c > 0 such

that for each n 2 Z

j
@F
@�qn

j � c
X

i + j + k � l � m = n

jqi jjqj jjqk jj �ql jj �qm j

= c(jqj � jqj � jqj � j �qj � j �qj)n ;

where jqj = (fj qj jg).
Hence

kF �qk� � ckjqj � jqj � jqj � j �qj � j �qjk � � ckqk5
� :

The analyticit y of F �q then follows from that of each of its component and its local boundedness
(see[28], Appendix A).

Let � = � 1
F . Then

H � � = � + �G + Ĝ + K ;
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where
�G = (G0 + G1 + G2 + f � ; F g)

=
1

12� 2 (jqn 1 j6 + jqn 2 j6) +
9

12� 2 (jqn 1 j4jqn 2 j2 + jqn 2 j4jqn 1 j2)

+
9

12� 2

X

n 6= n 1 ;n 2

(jqn 1 j4 + jqn 2 j4 + 4jqn 1 j2jqn 2 j2)jqn j2;

Ĝ =
1
3

X

i + j + k � l � m � n =0 ;
( i;j;k ;l;m;n ) 2 � 3

Gij k lmn qi qj qk �ql �qm �qn ;

K = f G; F g +
1
2!

ff � ; F g; F g+
1
2!

ff G; F g; F g

+ � � � +
1
n!

f� � � f � ; F g � � � ; F
| {z }

n

g +
1
n!

f� � � f G; F g � � � ; F
| {z }

n

g + � � � :

It is clear that jK j = O(kqk10
� ). To show that K has a compact form, we note that sinceG has

a compact form, so does F . Hence by Lemma 2.4, f G; F g has a compact form. Note that � is
already in a compact form. Repeated applications of Lemma 2.4 show that all terms in K have
compact forms, so doesK . �

Remark 3.1. 1) The above partial Birkho� normal form reduction does not hold if the 7th order
nonlinearity juj6u is considered, simply because Lemma 3.3 is not valid. To see this, let i = j =
k = n1, m = n = p = n2, l = 2n2 � n1, q = 2n1 � n2. Then i + j + k + l � m � n � p � q = 0
and (i; j; k; l ; m; n; p;q) 2 � 2 n M . But we also have i 2 + j 2 + k2 + l2 � m2 � n2 � p2 � q2 = 0.
Thus when transforming the Hamiltonian associated with the 7th order nonlinearity into a partial
Birkho� normal form, many non-integrable terms have to be included into the normal form. This
makesthe normal form very complicated.

2) If we look for periodic solutions for a nonlinear Schr•odinger equation of form (1.9) with a
higher order nonlinearity, then a normal form reduction similar to the above can be carried out
regardless the order of the nonlinearity. Therefore, it seems that there are essential di�er ence
between �nding quasi-periodic solutions and periodic ones in problem of this nature.

3) As we wil l show later, the compact form of K leads to a compact form of the perturbation
at each KAM step, in particular, no term of the form jqn 1 j2 � � � jqn d j2qn �q� n wil l be involved in the
perturbation at each KAM step. This property enablesus to actually consider a �nite small divisor
problem at each KAM step, hence to make the measure estimate work.

Next, we intro duceaction-angle-normalvariablesand parametersto the partial Birkho� normal
form (3.4). Let � = (� 1; � 2) 2 R2

+ be a parameter and (I ; � ) 2 R2 � T2 be the standard action-angle
variables in the (qn 1 ; qn 2 ; �qn 1 ; �qn 2 )-spacearound � . Then

qn i �qn i = I i + � i ; i = 1; 2:

Also let zn = qn for n 6= n1; n2. Then the partial Birkho� normal form (3.4) becomes

~H = h~! (� ); I i +
X

n

~
 n (� )zn �zn + ~P(� ; I ; z; �z; � );

where ~! (� ) = (~! 1(� ); ~! 2(� )) with

~! i (� ) = n2
i + m +

3
4� 2 (� 1 + � 2)2 �

2
4� 2 � 2

i ; i = 1; 2;
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and,

~
 n (� ) = n2 + m +
6

4� 2 (� 1 + � 2)2 �
3

4� 2 � 2
1 �

3
4� 2 � 2

2 ; n 6= n1; n2;

~P = K + O(jI j3) + O(j� jj I j2) + O(j� jj I jkzk2
� ) + O(jI j2kzk2

� )

+ O(j� j
3
2 kzk3

� ) + O(j� jkzk4
� )

with the variables qn 1 ; qn 2 in K expressedin terms of I ; � .
Consider the Taylor-Fourier expansionof ~P:

~P =
X

k ;�;�

~Pk �� (I )eihk ;� i z� �z� :

It follows from the compact forms of Ĝ and K that ~P has a compact form with respect to n1; n2,
i.e.,

~Pk �� (I ) = 0; whenever k1n1 + k2n2 +
X

n 2 Znf n 1 ;n 2 g

(� n � � n )n 6= 0:

This particularly implies that ~P contains no terms of the form zn �z� n . As to be seenbelow, such
a compact form of the perturbation will be preserved under the KAM iteration.

Now, let " > 0 be su�cien tly small. By considering the re-scalings: � j ! "2p
� j , j = 1; 2,

z ! "2z, and I ! " 4I , we obtain the rescaledHamiltonian

H (I ; � ; z; �z; � ) = " � 8 ~H ("4I ; � ; "2z; "2 �z; "2
p

� 1; "2
p

� 2)

= h! � (� ); I i +
X

n


 �
n (� )zn �zn + "P � (I ; � ; z; �z; � ; " );(3.5)

where ! � (� ) = (! �
1 (� ); ! �

2 (� )) with

! �
1 (� ) = " � 4(n2

1 + m) +
3

4� 2 (
p

� 1 +
p

� 2)2 �
2

4� 2 � 1;

! �
2 (� ) = " � 4(n2

2 + m) +
3

4� 2 (
p

� 1 +
p

� 2)2 �
2

4� 2 � 2;

and,


 �
n (� ) = " � 4(n2 + m) +

6
4� 2 (

p
� 1 +

p
� 2)2 �

3
4� 2 � 1 �

3
4� 2 � 2; n 6= n1; n2;

P � = " � 7 ~P("4I ; � ; "2z; "2 �z; "2
p

� 1; "2
p

� 2):

Note that the nonlinear Schr•odinger equation (1.7) hasanother conserved quantit y
R2�

0 juj2dx =P
n jqn j2 = � , i.e.,

jqn 1 j2 + jqn 2 j2 +
X

n 2 Znf n 1 ;n 2 g

jqn j2 = � :

The above re-scalingsyields that

"2I 1 +
p

� 1 + "2I 2 +
p

� 2 + "2
X

n 2 Znf n 1 ;n 2 g

jzn j2 = � ;

i.e., p
� 1 +

p
� 2 = � � " 2(I 1 + I 2 +

X

n 2 Znf n 1 ;n 2 g

jzn j2) = � + O(" 2):

Let ! (� ) = (! 1(� ); ! 2(� )), 
 n (� ) = 
 n (� ), n 6= n1; n2, where

! 1(� ) = " � 4(n2
1 + m) +

3
4� 2 � 2 �

2
4� 2 � 1;

! 2(� ) = " � 4(n2
2 + m) +

3
4� 2 � 2 �

2
4� 2 � 2;


 n (� ) = " � 4(n2 + m) +
6

4� 2 � 2 �
3

4� 2 � 1 �
3

4� 2 � 2; n 6= n1; n2:
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We can rewrite (3.5) as

(3.6) H (I ; � ; z; �z; � ) = h! (� ); I i +
X

n


 n (� )zn �zn + P(I ; � ; z; �z; � ; " );

where

P = "P � �
3

2� 2 "2� (I 1 + I 2 +
X

n 2 Znf n 1 ;n 2 g

jzn j2)( I 1 + I 2 + 2
X

n 2 Znf n 1 ;n 2 g

jzn j2)

+
3

4� 2 "4(I 1 + I 2 +
X

n 2 Znf n 1 ;n 2 g

jzn j2)2(I 1 + I 2 + 2
X

n 2 Znf n 1 ;n 2 g

jzn j2):

Let O be a neighborhood of the origin in R2
+ , 
 = "

1
8 , and � > 4 be �xed. We consider the set

O0 consisting of all � 2 O such that

jhk; ! (� )ij �



jkj �
; k 6= 0;

jhk; ! (� )i + 
 n (� )j �



jkj �
; k 6= 0; jnj = jk1n1 + k2n2j;

jhk; ! (� )i + 
 n (� ) + 
 m (� )j �



jkj �
; k 6= 0; jn + mj = jk1n1 + k2n2j;

jhk; ! (� )i + 
 n (� ) � 
 m (� )j �



jkj �
; k 6= 0; jn � mj = jk1n1 + k2n2j:

Prop osition 3.2. meas(O n O0) = O(
 ).

Proof. We �rst consider the following non-resonanceconditions:

hk; ! (� )i 6� 0; k 6= 0;

hk; ! (� )i + 
 n (� ) 6� 0; 8k 2 Z;
hk; ! (� )i + 
 n (� ) + 
 m (� ) 6� 0; 8k 2 Z;

hk; ! (� )i + 
 n (� ) � 
 m (� ) 6� 0; 8k 2 Z; jnj 6= jmj:
Rewrite ! (� ), 
( � ) = (f 
 n (� )gn 2 Znf n 1 ;n 2 g) as

! (� ) = � + A� ;


( � ) = � + B � ;

where � = (" � 4� n 1 + 3
4� 2 � 2; " � 4� n 2 + 3

4� 2 � 2), � = (" � 4� n + 6
4� 2 � 2)n 6= n 1 ;n 2 ,

A =
�

� 2
4� 2 0
0 � 2

4� 2

�
;

B =

 
� 3

4� 2 � 3
4� 2

...
...

!

n 6= n 1 ;n 2

:

Sincedet(A) = 1
4� 4 6= 0, we have that hk; ! (� )i 6� 0 for k 6= 0.

To show the validit y of the remaining three non-resonanceconditions, we need to check that
for all k 2 Z and 1 � jl j � 2, h�; ki + h� ; l i and Ak + B T l do not vanish simultaneously. Suppose
Ak + B T l = 0 for somek 2 Z and 1 � jl j � 2. We let d be the sum of at most two non-zero
components of l . Then

�
2

4� 2 ki �
3

4� 2 d = 0; i = 1; 2;

i.e.,

ki = �
3
2

d; i = 1; 2;

which have the following integer solutions:
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(i ) d = 0; k1 = k2 = 0;

(ii ) d = � 2; k1 = k2 = � 3:

In the case(i ), k = 0, l has one \1" and one \ � 1", but then h�; ki + h� ; l i = " � 4(� n � � m ) =
" � 4(n2 � m2) 6= 0. In the case(ii ), � 18

4� 2 � 2 � 12
4� 2 � 2 6= 0, henceh�; ki + h� ; l i 6= 0. Similarly, if

h�; ki + h� ; l i = 0 for somek 2 Z and 1 � jl j � 2, then one can show that Ak + B T l 6= 0.
The validit y of all these non-resonanceconditions implies that these functions are nontrivial

a�ne functions of � 2 O. The desired measureestimate of meas(O n O0) then follows from the
sameargument as that in Section 5. �

4. KAM Step

In what follows, we will perform KAM iterations to (3.6) which involvesin�nite many successive
steps,calledKAM steps,of iterations, to eliminate lower order � -dependent terms in P. Each KAM
stepwill makethe perturbation smaller than the previousoneat a costof excluding a small measure
set of parameters. At the end, the KAM iterations will be convergent and the measureof the total
excluding set will remain to be small.

To begin with the KAM iteration, we �x r; s; � > 0 and restrict the Hamiltonian (3.6) to the
domain D(r; s) and restrict the parameter to the set O0. Initially , we set e0 = 0, ! 0 = ! , 
 0

n = 
 n ,
P0 = P, r0 = r , s0 = s, 
 0 = 
 , and

N0 = e0 + h! 0(� ); I i +
X

n


 0
n (� )zn �zn ;

H0 = N0 + P0:

Hence,H0 is real analytic on D(r 0; s0) and also depend on � 2 O0 Whitney smoothly. It is clear
that there is a constant c0 > 0 such that

kX P0 kD (r 0 ;s0 ) ;O 0 � c0" � "0:

We recall that

O0 =

8
>>><

>>>:

� :

jhk; ! 0(� )ij � 
 0
j k j � ; k 6= 0

jhk; ! 0(� )i + 
 0
n (� )j � 
 0

j k j � ; k 6= 0; jnj = jk1n1 + k2n2j
jhk; ! 0(� )i + 
 0

n (� ) + 
 0
m (� )j � 
 0

j k j � ; k 6= 0; jn + mj = jk1n1 + k2n2j
jhk; ! 0(� )i + 
 0

n (� ) � 
 0
m (� )j � 
 0

j k j � ; k 6= 0; jn � mj = jk1n1 + k2n2j

9
>>>=

>>>;

;

and, P0 =
P

k ;�;� P0
k �� (I )eihk ;� i z� �z� has a compact form with respect to n1; n2, i.e.,

P0
k �� = 0; whenever k1n1 + k2n2 +

X

n 2 Znf n 1 ;n 2 g

(� n � � n )n 6= 0:

Supposethat after a � th KAM step, we arrive at a Hamiltonian

H = H � = N + P(� ; I ; z; �z);

N = N � = e(� ) + h! (� ); I i +
X

n


 n (� )zn �zn ;

which is real analytic in (� ; I ; z; �z) 2 D = D � = D(r; s) for somer = r � � r0; s = s� � s0, and
dependson � 2 O = O� � O0 Whitney smoothly, where

O =

8
>>><

>>>:

� :

jhk; ! (� )ij � 

j k j � ; k 6= 0

jhk; ! (� )i + 
 n (� )j � 

j k j � ; k 6= 0; jnj = jk1n1 + k2n2j

jhk; ! (� )i + 
 n (� ) + 
 m (� )j � 

j k j � ; k 6= 0; jn + mj = jk1n1 + k2n2j

jhk; ! (� )i + 
 n (� ) � 
 m (� )j � 

j k j � ; k 6= 0; jn � mj = jk1n1 + k2n2j

9
>>>=

>>>;

;

for some
 = 
 � � 
 0. We also assumethat

kX P kD ;O � ";
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for some 0 < " = " � � "0, and that P =
P

k ;�;� Pk �� (I )eihk ;� i z� �z� has a compact form with
respect to n1; n2, i.e.,

Pk �� = 0; whenever k1n1 + k2n2 +
X

n 2 Znf n 1 ;n 2 g

(� n � � n )n 6= 0:

We will construct a symplectic transformation � = � � , which, in smaller frequency and phase
domains,carriesthe above Hamiltonian into the next KAM cycle. Thereafter, quantities (domains,
normal form, perturbation, etc.) in the next KAM cycle will be simply indexed by + (= � + 1).
Also, all constants c1 � c5 below are positive and independent of the iteration process.

4.1. Truncation. We expand P into the Fourier-Taylor series

P =
X

k ;l;�;�

Pk l�� eihk ;� i I l z� �z� ;

wherek 2 Z2; l 2 N2 and � = (� 1; � � � ; � n ; � � � ), � = (� 1; � � � ; � n ; � � � ), � n ; � n 2 N, are multi-indices
with �nitely many non-vanishing components. We denoteby 0 the multi-index whosecomponents
are all zerosand by en the multi-index whosenth component is 1 and other components are all
zeros.

Let R be the following truncation of P:

R(� ; I ; z; �z) =
X

k ;j l j� 1

Pk l 00eihk ;� i I l

+
X

k ;n

(P k10
n zn + P k01

n �zn )eihk ;� i

+
X

k ;n;m

(P k20
nm zn zm + P k11

nm zn �zm + P k02
nm �zn �zm )eihk ;� i ;

where P k10
n = Pk l�� with � = en ; � = 0; P k01

n = Pk l�� with � = 0; � = en ; P k20
nm = Pk l�� with

� = en + em ; � = 0; P k11
nm = Pk l�� with � = en ; � = em ; P k02

nm = Pk l�� with � = 0; � = en + em .
SinceP has a compact form with respect to n1; n2,

Pk l 00 = 0; if k1n1 + k2n2 6= 0;
P k10

n = 0; if k1n1 + k2n2 + n 6= 0;
P k01

n = 0; if k1n1 + k2n2 � n 6= 0;
P k20

nm = 0; if k1n1 + k2n2 + n + m 6= 0;
P k11

nm = 0; if k1n1 + k2n2 + n � m 6= 0;
P k02

nm = 0; if k1n1 + k2n2 � n � m 6= 0:

In particular P k11
nm = 0 if jkj = 0 and n 6= m.

By de�nition of the weighted-norms, we clearly have

kX R kD (r ;s) ;O � kX P kD (r ;s) ;O � ":

Let � = "
1
3 . It follows from Cauchy estimate that

kX (P � R ) kD (r ;� s) � c1� ":

4.2. The homological equation. Let r + = r
2 + r 0

4 . We now look for a real analytic function F ,
de�ned in the smaller domain D(r + ; s) such that the time-1 map � = � 1

F : D (r+ ; s) ! D of the
Hamiltonian 
o w � t

F associated with F transforms H into the Hamiltonian H + in the next KAM
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cycle. Let F have the form

F (� ; I ; z; �z) = F0 + F1 + F2

�
X

k6=0 ;j l j� 1

Fk l 00eihk ;� i I l +
X

k ;n

(F k10
n zn + F k01

n �zn )eihk ;� i

+
X

k ;n;m

(F k20
nm zn zm + F k02

nm �zn �zm )eihk ;� i +
X

j k j+ jj n j�j m jj6=0

F k11
nm zn �zm eihk ;� i

which satis�es
Fk l 00 = 0; if k1n1 + k2n2 6= 0;
F k10

n = 0; if k1n1 + k2n2 + n 6= 0;
F k01

n = 0; if k1n1 + k2n2 � n 6= 0;
F k20

nm = 0; if k1n1 + k2n2 + n + m 6= 0;
F k11

nm = 0; if k1n1 + k2n2 + n � m 6= 0;
F k02

nm = 0; if k1n1 + k2n2 � n � m 6= 0;
and the homological equation

(4.1) f N ; F g + R � P0000 � h! 0; I i �
X

n

P011
nn zn �zn = 0;

where

! 0 =
Z

T2

@P
@I

d� jz= �z=0 ;I =0 :

By comparing coe�cien ts, it is easyto seethat the homological equation (4.1) is equivalent to

hk; ! i Fk l 00 = iPk l 00 ; k 6= 0; jl j � 1;

(hk; ! i � 
 n )F k10
n = iP k10

n ;

(hk; ! i + 
 n )F k01
n = iP k01

n ;

(hk; ! i � 
 n � 
 m )F k20
nm = iP k20

nm ;

(hk; ! i � 
 n + 
 m )F k11
nm = iP k11

nm ; jkj + jjnj � jmjj 6= 0;

(hk; ! i + 
 n + 
 m )F k02
nm = iP k02

nm :

Hencethe homological equation (4.1) is uniquely solvable on O to yield the function F which
is real analytic in (� ; I ; z; �z) and Whitney smooth in ! 2 O.

The following two lemmasfollow from standard arguments using Cauchy estimate. We refer the
readersto [9, 14, 19, 27] for details.

Lemma 4.1. Let D i = D(r+ + i
4 (r � r+ ); i

4 s), 0 < i � 4. Then there is a constant c2 > 0 such
that

kX F kD 3 ;O � c2
 � 2(r � r+ )� (2+2 � ) ":

Lemma 4.2. Let D i� = D(r+ + i
4 (r � r+ ); i

4 � s), 0 < i � 4. If

C1) " < ( 1
c2


 2(r � r+ )2+2 � )
3
2 ,

then
� t

F : D2� ! D3� ; jt j � 1;
and moreover,

kD � t
F � I kD 1� < c3
 � 2(r � r+ )� (2+2 � ) ":

Now let � = � 1
F , s+ = 1

8 � s, D+ = D(r+ ; s+ ), and

N+ = N + P0000 + h! 0; I i +
X

n

P011
nn zn �zn ;

P+ =
Z 1

0
(1 � t)ff N ; F g; F g � � t

F dt +
Z 1

0
f R; F g � � t

F dt + (P � R) � � 1
F :



18 JIANSHENG GENG AND YINGFEI YI

Then � : D+ � O ! D , and, by the secondorder Taylor formula,

H+ � H � � = (N + R) � � 1
F + (P � R) � � 1

F = N + f N ; F g + R

+
Z 1

0
(1 � t)ff N ; F g; F g � � t

F dt +
Z 1

0
f R; F g � � t

F dt + (P � R) � � 1
F

= N+ + P+ + f N ; F g + R � P0000 � h! 0; I i �
X

n

P011
nn zn �zn

= N+ + P+ :

4.3. The new Hamiltonian. Below, we show that the new Hamiltonian H + enjoys similar prop-
erties as H .

Due to the compact form of P with respect to n1; n2, zn and z� n are not coupled in P for any
n. This leadsto the following simple new normal form

N+ = N + P0000 + h! 0; I i +
X

n

P011
nn zn �zn

= e+ + h! + ; I i +
X

n


 +
n zn �zn ;

where
e+ = e+ P0000 ; ! + = ! + (f P0l00gj l j =1 ); 
 +

n = 
 n + P 011
nn :

By the assumptionson P, we have that there is a constant c4 > 0 such that

j! + � ! jO < c4"; j
 +
n � 
 n jO < c4":

Let 
 + = 

2 + 
 0

4 and K > 0 be such that

C2) c4"K � +1 � 
 � 
 + .
We have that

jhk; ! + ij � jhk; ! ij � jhk; (f P0l00gj l j =1 )ij �



jkj �
� c4" jkj �


 +

jkj �
;

jhk; ! + i + 
 +
n j � jhk; ! i + 
 n j � jhk; (f P0l00gj l j =1 )i + P 011

nn j �

 +

jkj �
; jnj = jk1n1 + k2n2j;

for all 0 < jkj � K . Similarly,

jhk; ! + i + 
 +
n + 
 +

m j �

 +

jkj �
; 0 < jkj � K ; jn + mj = jk1n1 + k2n2j

jhk; ! + i + 
 +
n � 
 +

m j �

 +

jkj �
; 0 < jkj � K ; jn � mj = jk1n1 + k2n2j:

This meansthat in the next KAM step, small divisor conditions are automatically satis�ed for
jkj � K . Let

O+ =

8
>>><

>>>:

� :

jhk; ! + (� )ij � 
 +

j k j � ; k 6= 0
jhk; ! + (� )i + 
 +

n (� )j � 
 +

j k j � ; k 6= 0; jnj = jk1n1 + k2n2 j
jhk; ! + (� )i + 
 +

n (� ) + 
 +
m (� )j � 
 +

j k j � ; k 6= 0; jn + mj = jk1n1 + k2n2j
jhk; ! + (� )i + 
 +

n (� ) � 
 +
m (� )j � 
 +

j k j � ; k 6= 0; jn � mj = jk1n1 + k2n2j

9
>>>=

>>>;

:

Then
O+ = O n (

[

j k j>K

R +
k (
 + )) ;

where,

R +
k (
 + ) =

8
>>><

>>>:

� 2 O :

jhk; ! + ij < 
 +

j k j � ; or
jhk; ! + i + 
 +

n j < 
 +

j k j � ; jnj = jk1n1 + k2n2j; or
jhk; ! + i + 
 +

n + 
 +
m j < 
 +

j k j � ; jn + mj = jk1n1 + k2n2j; or
jhk; ! + i + 
 +

n � 
 +
m j < 
 +

j k j � ; jn � mj = jk1n1 + k2n2j

9
>>>=

>>>;

:
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We rewrite P+ as

P+ =
Z 1

0
f R(t); F g � � t

F dt + (P � R) � � 1
F ;

where R(t) = (1 � t)(N+ � N ) + tR . Hence

X P+ =
Z 1

0
(� t

F )� X f R ( t ) ;F gdt + (� 1
F )� X (P � R ) :

By Lemma 4.2, if
C3) c3
 � 2(r � r+ )� (2+2 � ) " � 1,

then
kD � t

F kD 1� � 1 + kD � t
F � I dkD 1� � 2; jt j � 1:

It follows from Lemma 2.3 that

kX f R ( t ) ;F gkD 2� � c5
 � 2(r � r+ )� (3+2 � ) � � 2"2;

and
kX (P � R )kD 2� � c1� ":

Let c0 = maxf c1; � � � ; c5g and "+ = 2c0
 � 2(r � r+ )� (3+2 � ) "
4
3 . We then have

kX P+ kD + ;O + � c1� " + c5
 � 2(r � r+ )� (3+2 � ) � � 2"2 � "+ :

Lemma 4.3. P+ has a compact form with respect to n1; n2.

Proof. Note that

P+ = P � R + f P; F g +
1
2!

ff N ; F g; F g +
1
2!

ff P; F g; F g

+ � � � +
1
n!

f� � � f N ; F g � � � ; F
| {z }

n

g +
1
n!

f� � � f P; F g � � � ; F
| {z }

n

g + � � � :

SinceP has a compact form with respect to n1; n2, so do P � R and f N ; F g = P0000 + h! 0; I i +P
n P011

nn zn �zn � R. The lemma then follows from Lemma 2.4. �

This completesone step of KAM iterations.

5. Itera tion Lemma and Conver gence

For any given s0; r0; "0; 
 0, we de�ne, for all � � 1, the following sequences

r � = r0(1 �
� +1X

i =2

2� i );

" � = 2c0
 � 2
� � 1(r � � 1 � r � )� (3+2 � ) "

4
3
� � 1;


 � = 
 0(1 �
� +1X

i =2

2� i );

� � = "
1
3
� ;

s� =
1
8

� � � 1s� � 1 = 2� 3� (
� � 1Y

i =0

" i )
1
3 s0;

K � = (c� 1
0 " � 1

� (
 � � 
 � +1 ))
1

� +1 ;
D � = D(r � ; s� );

~D � = D(r � +1 +
1
4

(r � � r � +1 );
1
4

� � s� );
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O� =

8
>>><

>>>:

� :

jhk; ! � ij � 
 �
j k j � ; k 6= 0

jhk; ! � i + 
 �
n j � 
 �

j k j � ; k 6= 0; jnj = jk1n1 + k2n2j
jhk; ! � i + 
 �

n + 
 �
m j � 
 �

j k j � ; k 6= 0; jn + mj = jk1n1 + k2n2j
jhk; ! � i + 
 �

n � 
 �
m j � 
 �

j k j � ; k 6= 0; jn � mj = jk1n1 + k2n2j

9
>>>=

>>>;

:

5.1. Iteration lemma. The precedinganalysis may be summarizedas follows.

Lemma 5.1. The following holds if " 0 is su�ciently small. Supposefor any � � 0, H � = N � + P�

is given on D � � O� which is real analytic in (� ; I ; z; �z) 2 D � and Whitney smooth in � 2 O� ,
where

N � = e� + h! � (� ); I i +
X

n


 �
n (� )zn �zn ;

P� has a compact form with respect to n1; n2, and

kX P � kD (r � ;s � ) ;O � � " � :

Then there is a symplectic transformation

� � : ~D � � O� ! D � ;

which is real analytic in (� ; I ; z; �z) 2 ~D � and Whitney smooth in � 2 O� , such that H � +1 =
H � � � � = N � +1 + P� +1 is de�ned on D � +1 � O� +1 and enjoys similar properties as H � , i.e., N � +1

has the form
N � +1 = e� +1 + h! � +1 ; I i +

X

n


 � +1
n zn �zn

with
j! � +1 � ! � jO � � c0" � ; j
 � +1

n � 
 �
n jO � � c0" � ;

P� +1 has a compact form with respect to n1; n2, and

kX P � +1 kD (r � +1 ;s � +1 ) ;O � +1 � " � +1 :

Moreover,
O� +1 = O� n (

[

j k j>K �

R � +1
k (
 � +1 )) ;

where,

R � +1
k (
 � +1 ) =

8
>>><

>>>:

� 2 O� :

jhk; ! � +1 ij < 
 � +1

j k j � ; or
jhk; ! � +1 i + 
 � +1

n j < 
 � +1

j k j � ; jnj = jk1n1 + k2n2j or
jhk; ! � +1 i + 
 � +1

n + 
 � +1
m j < 
 � +1

j k j � ; jn + mj = jk1n1 + k2n2j or
jhk; ! � +1 i + 
 � +1

n + 
 � +1
m j < 
 � +1

j k j � ; jn � mj = jk1n1 + k2n2j

9
>>>=

>>>;

:

Proof. It is su�cien t to verify the conditions C1){ C3) for all � = 0; 1; � � � . The condition C2) is
automatically satis�ed by the choice of K � . The condition C3) easily follows from the condition
C1). To verify the condition C1), we �rst choose

"0 < (
1
c0

)
20
3 (

1
	( r0)

)
8
3 (

r0

4
)4(3+2 � ) ;

where

	( r0) =
1Y

i =1

[(r i � 1 � r i )� (3+2 � ) ](
3
4 ) i

is easily seento be well-de�ned. Then

"
5
8
0 < (

1
c0

)
3
2 (

r0

4
)

15(2+2 � )
8 � (

1
c2

)
3
2 (

r0

4
)

3(2+2 � )
2 :

Hence
"0 < "

3
8
0 (

1
c2

(
r0

4
)2+2 � )

3
2 = (

1
c2


 2
0 (r0 � r1)2+2 � )

3
2 ;
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i.e., C1 ) holds for � = 0. Now, for any � � 1, we have by induction that

" � = 2c0
 � 2
� � 1(r � � 1 � r � )� (3+2 � ) "

4
3
� � 1 � (2c0
 � 2

� � 1	( r0)"0)( 4
3 ) � � 1

� (2c0
 � 2
0 	( r0)"0)( 4

3 ) � � 1
� (2c0
 3

0 	( r0)"
3
8
0 )( 4

3 ) � � 1

� (2c
� 3

2
0 
 3

0 (
r0

4
)

3
2 (2+2 � ) )( 4

3 ) � � 1
� (

1
c2


 2
� (r � � r � +1 )2+2 � )

3
2 ;

i.e., C1) holds. �

5.2. Con vergence. Let 	 � = � 0 � � 1 � � � � � � � � 1, � = 1; 2; � � � . Inductiv ely, we have that
	 � : ~D � � O� ! ~D0 and

H0 � 	 � = H � = N � + P�

for all � � 1.
Let ~O = \ 1

� =0 O� . We apply Lemma 5.1 and standard arguments (e.g. [9, 26]) to concludethat
H � ; e� ; N � ; P� ; 	 � ; D 	 � ; ! � ; 
 �

n convergeuniformly on D( 1
2 r0; 0)� ~O, say to, H1 ; e1 ; N1 ; P1 ; 	 1 ;

D 	 1 ; ! 1 ; 
 1
n respectively. It is clear that

N1 = e1 + h! 1 ; I i +
X

n


 1
n zn �zn :

Since
" � = 2c0
 � 2

� � 1(r � � 1 � r � )� (3+2 � ) "
4
3
� � 1 � (2c0
 � 2

0 	( r0)"0)( 4
3 ) � � 1

;
we have by Lemma 5.1 that

X P1 jD ( 1
2 r 0 ;0) � ~O � 0:

Let � t
H denote the 
o w of any Hamiltonian vector �eld X H . SinceH0 � 	 � = H � , we have that

� t
H 0

� 	 � = 	 � � � t
H �

:

The uniform convergenceof 	 � ; D 	 � ; X H � imply that one can pass the limit in the above to
concludethat

� t
H 0

� 	 1 = 	 1 � � t
H 1

on D( 1
2 r0; 0) � ~O. It follows that

� t
H 0

(	 1 (T2 � f � g)) = 	 1 � t
N 1

(T2 � f � g) = 	 1 (T2 � f � g)

for all � 2 ~O. Hence 	 1 (T2 � f � g) is an embedded invariant torus of the original perturb ed
Hamiltonian systemat � 2 ~O. We remark that the frequencies! 1 (� ) associated with 	 1 (T2 � f � g)
are slightly deformedfrom the unperturb ed ones! (� ). The normal behaviors of the invariant tori
	 1 (T2 � f � g) are governed by their respective normal frequencies
 1

n (� ).

5.3. Measure Estimate. For each k 2 Z n f 0g, denote

R � +1
k = f � 2 O� : jhk; ! � +1 (� )ij <


 � +1

jkj �
g;

R � +1
kn = f � 2 O� : jhk; ! � +1 (� )i + 
 � +1

n j <

 � +1

jkj �
; jnj = jk1n1 + k2n2jg;

R � +1
knm = f � 2 O� : jhk; ! � +1 (� )i + 
 � +1

n + 
 � +1
m j <


 � +1

jkj �
; jn + mj = jk1n1 + k2n2jg;

~R � +1
knm = f � 2 O� : jhk; ! � +1 (� )i + 
 � +1

n � 
 � +1
m j <


 � +1

jkj �
; jn � mj = jk1n1 + k2n2jg:

Then
R� +1

k (
 � +1 ) = R � +1
k

[ [

n;m

(R � +1
kn

[
R � +1

knm

[
~R � +1

knm ):

Let
R � +1 =

[

j k j>K �

R� +1
k (
 � +1 ):
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Then
O0 n ~O =

[

� � 0

R � +1 :

Lemma 5.2. There is a constant C1 > 0 such that

meas(R � +1
k

[
R � +1

kn

[
R � +1

knm ) � C1

 � +1

jkj � +1

for all jkj > K � , n, and m.

Proof. Let j � j denote the `1-norm. By Lemma 5.1 and the de�nitions of ! 0, f 
 0
n g, we have that

j
@(hk; ! � +1 (� )i + l1
 � +1

n + l2
 � +1
m )

@�
j �

1
2

jkj;

as "0 � 1, for all jkj > K � , n, m, and l1; l2 = 0; � 1. The lemma then follows from the standard
measureestimate using Fubini's Theorem (seee.g. [19, 23, 27]). �

Lemma 5.3.
meas(O0 n ~O) = meas(

[

� � 0

R � +1 ) = O(
 0):

Proof. By Lemma 5.2, we immediately have that meas(
S

j k j>K �
R � +1

k ) � C2
P

j k j>K �


 0
j k j � for some

constant C2 > 0.
Now, for each l1; l2 = 0; � 1, jkj > K � , n, and m, with jl1j+ jl2 j 6= 0 and jl1n+ l2mj = jk1n1+ k2n2j,

we consider
R l 1 ;l 2 ;� +1

knm = f � 2 O� : jhk; ! � +1 (� )i + l1
 � +1
n + l2
 � +1

m j <

 � +1

jkj �
g:

First, consider the casesthat jnj 6= jmj. It is easyto seefrom the de�nitions of ! � +1 ; 
 � +1
n;m ; K �

that there is a constant C3 > 0 such that R l 1 ;l 2 ;� +1
knm = ; if maxfj nj; jmjg > C3jkj. By Lemma 5.2,

there exists a constant C4 > 0 such that

meas(
[

j k j>K � ;j n j6= jm j ;l 1 ;l 2

R l 1 ;l 2 ;� +1
knm )

= meas(
[

j k j >K �
j n j6= j m j ; j n j ; j m j� C 3 j k j

(R � +1
kn

[
R � +1

knm

[
~R � +1

knm ))

� C4

X

j k j>K �


 0

jkj � � 1 :

Next, consider the casesthat jnj = jmj. If l1n + l2m = 0, then either a) l1 = l2 = � 1, n = � m;
or b) l1 = � l2 = � 1, n = m. In the casea), there is a constant C5 > 0 such that R l 1 ;l 2 ;� +1

knm = ; if
jnj = jmj > C5 jkj. By Lemma 5.2, there exists a constant C6 > 0 such that

meas(
[

j k j>K � ;n = � m;l 1 = l 2 = � 1

R l 1 ;l 2 ;� +1
knm ) � meas(

[

j k j>K � ;j n j= jm j� C5 j k j

R � +1
knm ) � C6

X

j k j>K �


 0

jkj �
:

In the caseb), we have l1
 � +1
n + l2
 � +1

m = 0, henceR l 1 ;l 2 ;� +1
knm = R � +1

k . It follows that

meas(
[

j k j>K � ;n = m;l 1 = � l 2 = � 1

R l 1 ;l 2 ;� +1
knm ) = meas(

[

j k j>K �

R � +1
k ) = O(

X

j k j>K �


 0

jkj �
):
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If l1n + l2m 6= 0, then it follows from the identit y jl1n + l2mj = jk1n1 + k2n2j that R l 1 ;l 2 ;� +1
knm = ;

if jnj = jmj > maxfj n1j; jn2jgjkj. Henceby Lemma 5.2, there exists a constant C7 > 0 such that

meas(
[

j k j >K � ; j n j = j m j
l 1 n + l 2 m 6=0 ;l 1 ;l 2

R l 1 ;l 2 ;� +1
knm )

� meas(
[

j k j >K �
j n j = j m j� max fj n 1 j ; j n 2 jgj k j

R � +1
kn

[
R � +1

knm

[
~R � +1

knm )

� C7

X

j k j>K �


 0

jkj �
:

Note that � > 4 and

R � +1 = (
[

j k j>K �

R � +1
k )

[
(

[

j k j >K � ; j l 1 n + l 2 m j = j k 1 n 1 + k 2 n 2 j
l 1 ;l 2 =0 ; � 1 ; j l 1 j + j l 2 j6=0

R l 1 ;l 2 ;� +1
knm ):

We have by the above analysis that

meas(O0 n ~O) = meas(
[

� � 0

R � +1 ) = O(
X

� � 0


 0

K �
) = O(
 0):

�

Finally, since O n ~O = (O n O0)
S

(O0 n ~O), we have by Proposition 3.2 and Lemma 5.3 that
meas(O n ~O) = O(
 0). This completesthe measureestimate.
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