QUASI-PERIODIC SOLUTIONS IN A NONLINEAR SCHR ODINGER
EQUA TION

JIANSHENG GENG AND YINGFEI YI

Abstra ct. In this paper, one-dimensional (1D) nonlinear Schrodinger equation
iUt  Ux + mu + juj*u=0

with the periodic boundary condition is considered. It is proved that for each given constant
potential m and each prescibed interger N > 1, the equation admits a Whitney smooth family
of small-amplitude, time quasi-periodic solutions with N Diophantine frequencies. The proof is
based on a partial Birkho normal form reduction and an improved KAM method.

1. Intr oduction and Main Result

Consider a nonlinear Schredinger equation

, o
+ + —(u;u) =
(1.2) iug + Au @ (yuy=0
with either the homogeneoudDiric hlet boundary condition on a domain RY or the periodic
boundary condition on RY, where
A +V

is a self-adjoint operator on X =Hg() or HY(T%) and F consistsof higher order and perturbativ e
terms. The equation de nes an in nite dimensional Hamiltonian system

Uy = |@

@

assaiated with the Hamiltonian
H = PAu; ui + F(u;u);
where Z
F=  F(u;u)dx

integrating either over in the caseof the Diric hlet boundary condition or over T¢ in the caseof
the periodic boundary condition.

Let ., n,n 2 Z9 denotethe eigernvalues, eigenfunctionsof A respectively. The problem of
the existenceof (time-) quasi-periodic solution for (1.1) is to nd, for a givenintegerN > 1, a
solution of the form X
ut; x) = G (t) n(x)

n2zd
sudh that all ¢,, n 2 Z9, are quasi-periodic with the same N -frequencies. With the symplectic
structure X
i do, N dop;

n
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it is clearthat q= (t,),. 7« Satis es the Hamiltonian lattice equations

(1.2) b= G
. _ i@ . d.
G =g n2ze
where X X
(1.3) H=H(@a=H( & n; & n)
n n

Motivated by the classical KAM (Kolmogorov{Arnold{Moser) theory in nite dimensional
Hamiltonian systems,a natural way to obtain quasi-periodic solutions for (1.2) is to re-formulate
the systeminto a perturbation of a non-degenerate partially integrable system, for which param-
eters need to be introduced in order to adjust frequenciesto encourter small divisors problem.
More precisely given an integer N > 1, one nds a parameter space RN and (symplectic)
action-angle-normal coordinates | = (I1;  ;In), = (1; 5 N)» Z= (Zn)n2ze Sud that the
Hamiltonian (1.3) can be transformedxinto a parametrized Hamiltonian normal form

(1.4) H=Hh(()li+ n()znzn + P( 515252 ), 2
n

where! : | RN is alocal di eomorphism and P is viewed as a perturbation. The existence
problem for quasi-periodic solutions then becomes nding a positive measuresubset ~ of suc
that eadh 2 ~ corrspondsto a quasi-periodic, invariant N -torus of (1.4) which is a small pertur-
bation of the unperturb ed, quasi-periodic N-torus T = f0g f o+ ! ( )tg fOg corresponding to
P=0.

There are seweral ways of intro ducing parametersinto (1.1) or (1.2). For perturbations of linear
Sdredinger equations, one way is to consider parametrized potentials, i.e.,

V=V( )
where is a N-dimensional parameter, for which the unperturbed non-degeneracyis a generic

condition on potentials. In this setting, onedealswith a family of nonlinear Schredinger equations
with genericpotentials. Another way is to consider Floquet operator potentials

V=M
whereM is a Floquet multiplier de ned by
M eihn;xi — neihn;xi. n2 Zd.
for a set of real numbersf ,;n 2 Z9 such that N of them can be treated as parameters. In this

setting, one considersnonlinear Schredinger equations in operator forms. To deal with a single
nonlinear Schredinger equation with the potential

V = V(x);
a natural way of intro ducing parameters,aswhat have beendonein nite dimensions,is to reduce
the lattice Hamiltonian (1.3) to a partial Birkho normal form then further to a parametrized
normal form (1.4) having N non-degeneratejntegrable directions whoseamplitudes becomenatural
parameters.

With the availability of a parametrized normal form (1.4), both KAM (Kolmogorov{Arnold{
Moser) and CWB (Craig{W ayne{Bourgain) methods have beendevelopedin studying the existence
of quasi-periodic solutions for nonlinear Schredinger equations as well as for other in nite dimen-
sional Hamiltonian systemslike nonlinear wave, KdV, beam equations, and Hamiltonian lattices.

The KAM method concernsthe construction of a sequenceof symplectic transformations to
(1.4) sothat at eadh KAM step resonart terms in the perturbation are removed, quadratic terms
in the perturbation are averagedand added to the new normal form, and angular-dependert-
terms in the perturbation are pushedinto higher order. Basedon original works of Melnikov [24],
Eliasson [12], Kuksin [18], and Pesdel [25], the KAM method has been extensively developed
in nite dimensionsconcerningthe persistenceof lower dimensional tori in Hamiltonian systems
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(see[2, 3, 16, 23, 29, 31, 37] and referencegherein). Recerily, the KAM method was extendedto
in nite dimensionsin works of Kuksin [19], Wayne [3(], and Pesdel [27] in studying quasi-periodic
solutions for 1D nonlinear Schredinger and wave equationswith the Diric hlet boundary condition
and parametrized potentials.

The CWB method was rst introduced by Craig{W ayne [10, 11] in studying periodic solutions
for 1D nonlinear wave equations with the periodic boundary condition and later deweloped by
Bourgain [4, 5, 6, 7, 8] in studying quasi-periodic solutions for nonlinear Schredinger and wave
equationswith periodic boundary conditions and either parametrized potentials in 1D or Floquet
operator potentials in any space dimension. Unlike 1D Scredinger and wave equations with
the Dirichlet boundary condition, multiple eigervalues always occur in caseswith the periodic
boundary condition even in one spacedimension, which causesadditional di culties in studying
the existenceof quasi-periodic solutions. To overcomethe di culties, the CWB method tracesbadk
to the origin of the KAM method by using Newton iteration for solving in nitely many homological
equations and usesLyapunov-Schmidt decomposition of amplitude-frequency equations together
with techniques of Frehlich{Spencer[13] concerning analysis of Green's functions. With respect
to the normal form (1.4), the CWB method diers from the KAM method by only considering
elimination of rst order resonart terms in ead iteration step.

The KAM method is more restrictive than the CWB one, that is, if the existence of quasi-
periodic solutions in a Hamiltonian systemcan be shovn by the KAM method, then it can be also
shown by the CWB method. Howewer, the KAM method, if applicable, can capture more proper-
ties of quasi-periodic solutions such astheir continuous (in fact, Whitney smooth) dependenceon
parameters, their Floquet forms and linear stability, while CWB method mainly yields the exis-
tence. Both methods sharesomecommon di culties in in nite dimension, for instance, estimates
on the inverseof an in nite dimensional matrix which has small divisors on the diagonal, measure
estimate involving in nitely many small divisor conditions for a xed Fourier mode, multiplicit y
of eigervaluesunder the periodic boundary condition, and non-improvemert of regularities (decay
rate of Fourier coe cien ts) after iterations.

Besidesnonlinear Schredinger and wave equations with parameterized and Flogquet operator
potentials, there have beenalsostudieson quasi-periodic solutions of a single nonlinear Schredinger
or wave equation with a constart potential using either the CWB or the KAM method. By deriving
a partial Birkho normal form of order four, Kuksin{Psosdel [21], Pesdcel [26] further dewveloped
the KAM method to study the existenceof small amplitude quasi-periodic solutions corresponding
to any nite number of Fourier modesfor perturbations of the 1D nonlinear Schredinger and wave
equations

(1.5) iUy Uy + MU+ juj?u=0, m2R;
(1.6) Ui Ugx +mu+u®=0 m>0;

with the Diric hlet boundary condition. Using the CWB method, similar existenceresults of quasi-
periodic solutions were shovn by Bourgain [6, 8] with respect to the periodic boundary condition.
A KAM type of theorem was later given by Chierchia{Y ou [9] for the 1D wave equation (1.6) with

the periodic boundary condition, which, dueto a spectral gap condition and a regularity condition
assumed,doesnot hold for the 1D Schredinger equation (1.5) with the periodic boundary condi-
tion. Recerly, a generalKAM type of result is obtained by Geng{You [14] which is particularly

applicable to the 1D Schredinger equation (1.5) with the periodic boundary condition. We note
that the 1D Schredinger equation (1.5) with cubic nonlinearities are completely integrable, hence
one can perturb any nite number of Fourier modesto obtain small amplitude quasi-periodic so-
lutions, which is however not the caseif the nonlinearities are of higher order. In a recernt work,
Liang{Y ou [22] made use of some complicated Birkho normal form reductions and KAM tech-
nigues to obtain small amplitude quasi-periodic solutions corresponding to any nite number of
admissible Fourier modesfor the nonlinear Schredinger equation

(1.7) iUy Uy + Mu+jujiu=0, m2R;
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with the Dirichlet boundary condition.

There are also someworks on the existence of quasi-periodic solutions in higher dimensional
nonlinear Schredinger equations and other type of in nite dimensional Hamiltonian systemssuch
as quasi-linear KdV equations, nonlinear beam equations and Hamiltonian lattices. For instance,
the existenceof two-frequency quasi-periodic solutions was shonvn by Bourgain [6, 8] for the 2D
nonlinear Schredinger equation

iuu 4 u+ mu+jujlu=0;

by using CWB method and normal form reductions. Geng{You [15] proveda KAM type of theorem
which is applicable to certain Hamiltonian partial di erential equationsin higher spacedimension
including beam equationsand Scredinger equationswith nonlocal nonlinearity. Recerily, Kuksin
[20], Kappeler{Posdel [17] shoved the existenceof quasi-periodic solutions for quasi-linear KdV
equations.

In this paper, we will study the 1D Scredinger equation (1.7) with the periodic boundary
condition

(1.8) ut; x) = u(t; x+2)
and show the existence of small amplitude quasi-periodic solutions corresponding to any nite
number of admissible Fourier modes. More precisely let

hn=n’+m n2Z;
be the eigernvaluesof A = @y + m with the periodic boundary condition (1.8). For any xed
integer N > 1 and any ordered N -index fng;ny; ;Nng, where0 < ny < np < < ny, it

is clear that the linear equation assaiated with (1.7) with the sameperiodic boundary condition
(1.8) has quasi-periodic solutions

p T .
u(t; x) = ettt i) o= nZem; >0
i=1
An orderedN -index fnq; no; ;NN g is said to be admissibleif whenewer i; j; k;1; m; n are integers
suchthat i+j+k = 1+m+n,(i; j; k) 6 (I;m; n), and at leastfour of them lying in fny;ny;  ;nNg,
then
it otk I m n6 0:

We let J denotethe set of all admissibleN -indexes. It is known that for any givenN > 1,J isa
in nite set (seethe Appendix of [22]). In particular, when N = 2, J is simply the set
J = ff ny;n2g: ny nyisoddg:
Our main result states as follows.
Theorem Consider the 1D nonlinear Schredinger equation (1.7) with the periodic boundary con-
dition (1.8). For givenN > 1, let fn;; ;nyg bea xed admissibleN -index. Then there exists

a Cantor subsetO = O(n1; ;ny) RN of positive Lelesguemeasure, suchthat each 2 O
correspnds to a real analytic, quasi-geriodic solution

X p_i('~'t+n>><) PSS
u(t; x) = et 40 j2)

i=1

of (1.7), (1.8) with Diophantine frequencies
=1+ 0( %) 1 0 N
Moreover, the quasi-geriodic solutions u are linearly stableand depend on  Whitney smaothly.
The proof of our result usesthe KAM method for which a partial Birkho normal form needs

to be derived. By taking advantage of the special form of the nonlinearity, the normal form will

be derived using argumerts of Liang{Y ou [22] for eliminating lower-order, non-integrable terms.
It turns out that not only is the normal form in the presen situation as simple as the casewith
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the Dirichlet boundary condition, but also its perturbation term has a so-called compact form
(see Section 2 for details) which is presened under the KAM iterations. Such a compact form
signi cantly simplies the KAM iteration. In particular, at each KAM step, the small divisor
conditions are similar to thosein nite dimensional casesand we do not needto shrink the decay
weight which is usually necessaryin in nite dimensional KAM problemsin order to put the less
regular terms in the perturbation into the next KAM cycle and to presene decay properties of the
coe cien t matrices of the homological equations. This is alsothe reasonfor obtaining Diophantine
tori in the presen case,which doesnot seemto be known in most Hamiltonian PDEs previously
studied.

With similar partial Birkho normal form reductions, our method equally applies to the 1D
beam equation

Ut + Usxxx + u>=0

with the periodic boundary condition to yield the existenceof quasi-periodic solutions. But with
respectto nding quasi-periodic solutions it applies neither to the 1D nonlinear Schredinger equa-
tions of higher order nonlinearities:

(1.9) iUy Uy + Mu+juj?fPu=0;p 3

with either the Dirichlet or the periodic boundary condition, nor to the completely resonart wave
equation

(1.10) Ui Uy +U3=0

with either the Diric hlet or the periodic boundary condition. For (1.9), the failure of our method is
due to the unavailabilit y of similar Birkho normal forms (seeSection 2 for details). However, our
method works in nding periodic solutions of (1.9) for any p 1 due to the availabilit y of partial
Birkho normal formsin the caseof N = 1 and the un-necessiy of small divisor conditions for the
existenceof periodic conditions. For (1.10), the failure of our method is due to the lack of super-
linear growth of eigenvaluesbecauseour method crucially depend on the spectral asymptotics ,
n?. We note that by avoiding Birkho normal form reductions, special quasi-periodic solutions
were discovered by Bambusi [1] for wave equations

Ug U +mu+u® t=0p 2

with the Diric hlet boundary condition, for typical m > 0. In general,it is certainly interesting to
know whether quasi-periodic solutions can exist for equations(1.9) with either the Diric hlet or the
periodic boundary condition if p 3.

The rest of the paper is dewvoted to the proof of the main result. For simplicity, we only treat the
caseN = 2. The generalcasecan be treated similarly. Section 2 is a preliminary sectionin which
we de ne the weighted norms and compact forms and study their basic properties. In Section 3,
we derive a partial Birkho normal form of order six for the lattice Hamiltonian assaiated with
(1.7), (1.8) then transform it into a parameterized Hamiltonian normal form. In Sections4, we
give details for one step of KAM iteration. Proof of the Theorem is completed in Section 5 by
shaowing an iteration lemma, convergence,and conducting measureestimate.

2. Preliminar y

2.1. Weighted norms. For agiven > 0, welet ™ be the Banach spaceof bi-in nite, complex
valued sequences = (f ¢,0), endowved with thexweigrted norm

kak = jonje™ :
n2z

P
Similarly, let L be the Banach spaceof functions u(x) = ,,, 0 n(x) for (fohg) 2 ° , endoved
with the norm kuk = kgk . ThenL and® areisometric, and the product of two functions u(x) =
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P P _ . P
n2zPn n(X), V(X) = 5,70h n(X)inL denesthecorvolution g p: (0 Pn= % mPm.,
n2Z,in  ,underwhich® becomesa Banach algebra. In particular,
kg pk  kgk kpk ;

for any p;q2 .

Let j j denotethe sup-norm of complexvectors. For givenr;s > 0, welet D(r;s) bethe complex
neighborhood

D(r;s)=f( ;1;z;2) :jlm j<r;jlj< s?;kzk < s;kzk < sg

of T2 fl=0g fz=0g fz=0ginT? R? . Alsolet O beaboundedsetin R?.

Let F( ;1;z;2) be a real analytic function on D(r;s) which dependson a parameter 2 O
Whitney smoothly (i.e., C! in the senseof Whitney). We expand F into the Taylor-Fourier series

with respectto ;l1;z;z: X
F(;l;z;2) = F zz;
where, for multi-indices ( ; n; N ( 5 ny )y n; n 2 Nwith nitely many
non-vanishing componerts, X
F o= Fa (1™
k22212 N2
We de ne the weighted norm of F as X
KFko(ayo  Sup  KF kjz jiz j
kik <§ ;
where X
KE Kk - 2ligkir. : - L Iy
jFa jos?EY JFa jo  sup(iFw ] 0:
kil 20 @

In the above and for the rest of the paper, derivativesin 2 O are in the senseof Whitney.
For a vector-valued function G:D(r;s) O! C™,m < 1, wesimply de ne its weighednorm
by
xn
I(GkD(r;s);O I(GikD(r;s);O:
i=1
For the Hamiltonian vector eld
Xe = (F; F;fiF;,gf iFz 0)
assaiated with a function F on D(r;s) O, we de ne its weighted norm by
1 1 X X .
kXFKD(r;s);O kFI IﬂJ(r;s);O + S_sz IﬂJ(r;s);O + g( I(an KD(r;s);O ean + kFZI‘I KD(r;s);O ean )
n n
Let F; G be two real analytic functions on D (r;s) which depend on a parameter 2 O Whitney
smoothly.

Lemma 2.1.
P I(FGkD(r;s);O kF I(D(r;s);OkG‘kD(r;s);O:
Proof. Since(FG)xi = o0 o oFk ko4 10, o oGgopo o o, we have
X o
kF Gkp (r:s);:0 = kSkUp J(FG)xi jOSZIJZ jiz jék”
ok < kil
X o
sup ij Kol 10 o on0|o 0 ojoSZIjZ j]Z je'k” kF kD(r;s);OkaD(r;s);O:

kzk <s

00 0- 0
kzk <s Kl KOO O
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Lemma 2.2. (Cauchy inequalities)
1
KF I(D(r s) —kF kD(r;s);
4
kF| kD(I’;%S) S—sz kD(I’;S);

and 9
kFZn kD(I’;%S) ng kD(I‘;S)eInJ ,

2 .
kFZn kD(I’;%S) ngkD(r;S)ean .

Proof. It follows from the standard Cauchy estimate.

Consider the Poissonbracket

X
fF,Gg= h%;%| h%;%| +i n (%% %%):
Lemma 2.3. There exists a constant ¢ > 0 suchthat if
kXr ko (50 < "% kXekp(rsy0 < "%
for some"%"%> 0, then
kXtrggko(r :so<c b 2%
fczr any0< <rand0< 1. In particular, if "y, "0m00 n then kXtrGgko(r : s)0
i
Proof. See[14].
2.2. Compact form. Givenni;ny 2 Z. A real g(nalytic function
F=F(;l;z;2) = Frh €%izz
K;;
on D(r;s) is said to admit a compact form with respect to n>%; n, if
F«. =0 whenewer kini + kons + ( n n)n 6 O;

n
wherek = (kq;k2) 2 Z2, and, C 5 on; ) (5 n; )y n: n2N,with nitely many
non-vanishing componerts. In the casethat n; = n, = 0, we simply say that F has a compact
form.
Let F has a compact form with respect to ny;n,. We considerthe term Fr'f(lln)eihk? 17,z o in

the Taylor-Fourier expansionof F. It is clear that F'*,, = 0, and even whenk & 0, Fr'j(“n) =0
if jnj > %maxfj nij;jn2jgjkj (becausekiny + kongy + ZB 6 0 in this case). Hence,for ead k, there
are only nitely many coupledterms z,z , in Fx = . Fx z z . A crucial ideain the proof

of our main Theorem is to show that compact forms will be presened by KAM iterations. This
property, enabling the consideration of essetially nite small divisors in eadh KAM step, will play
an important role in the measureestimate later on.

Lemma 2.4. Given ni;n, 2 Z and consider two real analytic functions F( ;1;z;2);G( ;1;z;2)
on D(r;s). If both F and G have compact forms with respect to nq;n,, then sodoesfF; Gg.

Proof. Let X
F= Fi .. ()e™iz1zz
X! .
G= Gy, , ()% iz 27 2
Az
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where X
Ai = f(ki; i i) tkitng+ kino+ (in in)n = 0g;
n
ki = (kis;Ki2);
i = (f inOn2z);
i = (f in0On22);
for i = 1;2 respectively. A straightforward calculation yields that
. _ X X @Fu, . ()., . ihk1; i 15 14k2; o 25 2
fF,Gg = h———=;ik2i Gy, , ,(I)€ z 'z e z %z
A Ay @
XX hkl;i@skz 2 2(I)iFk1 L, ()ehk Tz 1z aglhkei 17 27 2
+ Fio o 1(1)Gk, , ,(1)eMiighkeiiz 1 emz 1z 27 2 em
X R L
i Fi, . ,(1)Gk, , ,(1)eMiTghkeiiz 172 emz 2 enz 2,
m g A
where for eah i = 1;2, m 2 Z, ey is the multi-index whose mth componert is 1 and other
componerts are all 0, X
A = A(m)="f(ki; i; i) :kitni+ Kiznz + (im im )m + (in in)n=0g;
n2Znfmg
ki = (ki1;ki2);

i (f i gnZanmg);

i - (f in gnZanmg):
Sinceall terms above have compact forms with respect to ni;n,, sodoesfF; Gg.
All the above notions and properties on weighted norms and compact forms can be similarly
extended to the case( ;1) 2 TN RN for any N 2. In particular, compact forms can be

similarly de ned with respectto any N integersny;n,;  ;ny. We treated the caseN = 2 only
becauseour main Theorem will be proved for an admissible 2-index.

3. Normal Form

Using the Hamiltonian formulation, we re-write the equation (1.7) with the periodic boundary
condition (1.8) asthe Hamiltonian system

"l
where z, 12 5
H= juyj? + mjuj? dx + = juj® dx:
0 3 0

Note that thqp&rator A = @ + m with the periodic boundary condition hasan orthonormal
basisf ,(x) = Zie”‘x g and corresponding eigernvalues
n = Nn%+m:
Let X
uxt) = () n(x):

n2z
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P
Then assaiated with the symplectic structure i | do, ~ do,, fhgn2z satis es the Hamiltonian
equations

@A
=i—; n27Z
=g,
where
(3.1) H= +G
with X -
= nJCh]™;
n2zZ
122 X
G = 3 i o onj®dx
30
n2z

Lemma 3.1. The gradient Gq is a real analytic map from a neighlwrhood of the origin of * into
©, with
kGgk = O(kgk®):

Proof. Let Gy = (f & ¢), wh

q=( or 0), where z,
@ -
@ = o ju
foru=" e, & = (juj* H
n2z%h n, i€, g (juj*u)n. Hence,

kGgk = Kjuj*uk  kuk® = kak®:
The analyticit y of G4 follows from the regularity of its componerts and its local boundednesg[28],
Appendix A).
Note that X
Gij kimn GG GG Om Ch;
ik ;hm;n
where z,

Wl

Gjj kimn = ij k1 m ndx
0
We immediately have the following.

Lemma 3.2. G hasa compact form, i.e.,
Gijkmn = Owheneweri+j+k | m n60:
Moreover,
1
Gij kijk = 172

To transform the Hamiltonian (3.1) into a partial Birkho normal form, we x fni;n,g2 J,
i.e.,n1 nsisodd, and considerthe indexsets , = 0;1;2;3, asfollows. Foreadh = 0;1;2,
is the set of indices (i; j; k;1; m; n) which have exactly components in fni;n,g. 3 is the set of
the indices (i; j; k;1; m; n) which have at least three componerts not in fn;;n,g. We also consider
the resonancesetsN = f(i; j; k;i; j; K)g\ o, M = f(i;]; k;i; j; K)g\ 2.
Lemma 3.3. Let(i;j; k;l;m;n)2 ( onN)[ 1] ( 2nM). If
(3.2) i+j+k | m n=0;
then

(3.3) it j*f k 1 0m n=i%+j%+k* I m? n?60
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Proof. We assumewithout loss of generality that fi; j; kg\ fl;m;ng= ;.
In the casethat (i; j; k;I;m;n) 2  onN, if (3.3) fails,theni = j = k=n;andl = m = n = ny,
or vice versa. This is a cortradiction to (3.2).

In the casethat (i; j; k;I;m;n) 2 i, wehavei=j =k=n;,l=m=nzandn 6 ng;ny, or
vice versa. Without lossof generality, we assumethat i = j = k=n3,l = m=nzandn 6 njp;n,.
Since

i+j+k I m n=3n; 2n, n=0;
we haven = 3n; 2n,. Consequetly,
i+ j+ k 1 m n=3n 203 (3n; 2ny)?
= 6n?+ 12nn; 6n3= 6(N; ny)’6 0

In the casethat (i; j; k;I;m;n) 2 >, nM, we either havea) i = j = k = ng, | = ny, and
m;n 6 ni;ny;orb)i=j=ng,I=m=ny andk;n 6 ny;n,.

In the casea), since

i+j+k I m n=3n; np m n=0Q0;
we haven = 3n; n; m. Consequetly,
i+ i+ k 1 m n o= 307 nZ m?® @Bny np; m)?

= 6n? 2n3+ 6niny+ 6nim  2n,m  2m?

5 ) 2(nl nz)“ 6 O

= 2(m
In the caseb), since

i+j+k I m n=2n; 2n,+k n=0;

we haven = 2n;  2n, + k. Consequetly,

i+ k 1 m n o= 207 2n3+k* (2n; 2n,+ k)2
= 2n?2 6n3 4nik+ 8niny + 4nyk
= 4k(nz n1) 2@8nz ng)(nz )
= 2(nz ny)(2k (Bnz ny)) 8 0;

i+

as3n, nj is odd.

Using theseindex sets, it is clear that G hasthe following decomposition
G=G+Gl+ G2+ G;
where 1 X
G =3 Gij kimn G G 00} On Ch ; =012
i:i:ij;; k;I;erm )Zn o
and 1 X
G= 3 Gij kimn GG GG Om Ch:

i+j+k | m n=0;
(k. skmin )2 3

Prop osition 3.1. Given fny;n,g 2 J, there exists a real analytic, symplectic change of coor-
dinates in a neightwrhood of the origin of © which transforms the Hamiltonian (3.1) into the
partial Birkho normal form

(3.4) H = +G+G6+K
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such that the correspnding Hamiltonian vector elds Xg, X4 and Xk are real analytic in a
neighlorhood of the origin in ~ , where

1 . 9 .
G = 5%+ i%h,i%) + =5 (. h,i% + jon,i%itn, %)
122770 12
9 o
t 3z (h, % + jon,i* + 4ion,i%ith,i?)iohi%;
néni;ny
1 X
¢ = 3 Gij kimn G G G0 Om Ch;

i+j+k I m n=0;
(ik kmin )2 3

jKj O(kagk'):
Moreover, K (g; q) hasa compact form.

Proof. Wewant to construct the symplectic transformation asthe time-1 map of the Hamiltonian
ow { assaiated with a Hamiltonian

1 X
F== Fij kimn G G Gk 9 Om Ch
Bk skmin
which eliminates all terms in G%; G; G2 that are not of the form jgj?jq j%jokj2. To do so, let
8 .
% i+j+GL’k'"‘|” —— i+j+k | m n=0(jklmn)2 onN;
. U i+j+k | m n=0(jkhmn2 i
iFj kimn = Rt om o
3 i+j+:k'ml“ — i+j+k I m n=0(;jkl;mn)2 2nM;
' otherwise

It follows from Lemma 3.3 that F is well de ned.
To show the analyticity of the transformation, we note that there exists a constart ¢ > 0 such
that foreadin 2 Z
L@ . X C o
J@J c 1GIG NG G)Gn)
i+j+k | m=n
= c(jog jog jg jo jopn;
wherejqi = (fj g jg).
Hence
KFok  ckjgj joi joi joj jok  ckok:
The analyticity of Fq then follows from that of ead of its componert and its local boundedness
(see[28], Appendix A).
Let = 1i.Then
H = +G+G+K;
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where
G = (G°+G'+G*+f ;Fg)

1 9 .
= oz 2(10;11“ 1%.0%) + 15700 ohad” + o] ion.]%)
9 o
+t (o, J* + jon, " + 4ion,i%i0h, )i
nénins
X
Gij kimn G G GG CGn Ch;

i+j+k | m n=0;
(ipk skmin )2 3

(0
I
Wik P

K = fG;Fg+ %ff ;FO,Fo+ %ffG;Fg;Fg

© oAl g Rer ot fGifg, iRer
n n
It is clear that jKj = O(kgk'®). To show that K hasa compact form, we note that sinceG has
a compact form, sodoesF. Henceby Lemma 2.4, f G; Fg has a compact form. Note that is
already in a compact form. Repeated applications of Lemma 2.4 show that all terms in K have
compact forms, so doesK .

Remark 3.1. 1) The alove partial Birkho normal form reduction does not hold if the 7th order
nonlinearity juj®u is considered, simply because Lemma 3.3 is not valid. To see this, leti = j =
K=n,m=n=p=ny|l=2n, ni;,q=2n; ny. Theni+j+k+l m n p gq=0
and (i; j; k;I;m;n;p;g) 2 ,nM . But wealso havei?+ j2+ k?+12 m? n?2 p?> o =0.
Thus when transforming the Hamiltonian assaiated with the 7th order nonlinearity into a partial
Birkho normal form, many non-integrable terms haveto be included into the normal form. This
makesthe normal form very complicated.

2) If we look for periodic solutions for a nonlinear Schredinger equation of form (1.9) with a
higher order nonlinearity, then a normal form reduction similar to the above can be carried out
regardless the order of the nonlinearity. Therefore, it seems that there are essential di er ence
between nding quasi-periodic solutions and periodic onesin problem of this nature.

3) As we will show later, the compact form of K leadsto a compact form of the perturbation
at each KAM step, in particular, no term of the form jon,j?  joh,j?chq n Will be involved in the
perturbation at each KAM step. This property enablesus to actually considera nite small divisor
problemat each KAM step, hen@ to make the measure estimate work.

Next, we intro duce action-angle-normalvariables and parametersto the partial Birkho normal

form (3.4). Let = ( 1; 2) 2 R2 beaparameterand (I; ) 2 R?> T2 bethe standard action-angle
variablesin the (th,; th,; th,; th,)-Spacearound . Then
O, Ch, = i+ §; i=1,2:

Also let z, = ¢, for n 6 ny;n,. Then the)EJartiaI Birkho normal form (3.4) becomes

H=h=()li+ “n()zazn + P( 12,2, ),

where ~( ) = (~1( ); () with

i?; i= 12

3
H():”iz*'m*'ﬁ(l*' 2)° 7721
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and,

- 6 3 3
n() = n2+m+ﬁ(1+ 2)° ﬁ% — 5

K + O(jlj®) + O( jjlj?) + O jjl jkzk?) + O(jl j*kzk?)
+ O jzkzk®) + O(j jkzk*)

with the variables g, ; tn, in K expressedn terms of | ; .
Consider the Taylor-Fourier expansio)r(1 of P

P= P (Ne™ iz z:
K

P

It follows from the compact forms of G and K that P has a compact form with respect to ny;n»,
ie.
' X
Px (I)=0; whenewr kin;+ kyns+ ( n n)n 6 O:
n2zZnfni;nag

This particularly implies that P contains no terms of the form z,z ,. As to be seenbelow, suc
a compact form of the perturbation will be presened under the KAM iteration.

Now, let " > 0 be sucien tly small. By considering the re-scalings: j ! w2P _j, i =12,
z! "?z,and 1! "4, we obtain the rescaledHamiltonian
p- ,P-
H(S szizi) = 0 PR 2Pz )
(3.5) = b ()3li+y G Ozaza + P (15 520z 37
n
where! ()= (141();!5()) with
. 3 P— P— 2
() = 4(n§+m)+ﬁ( 1+ )P 72U
. 3 P— P— 2
() = 4(n§+m)+ﬁ( 1+ 2)? 7272
and,
6 P— P— 3
L) = 4(n2+m)+ﬁ( Fl)+ E))2 7Z1 zz2 NEnuny
P = " TP vttt )
R
p Note that the nonlinear Schredinger equation (1.7) hasanother consened quantit y 02 juj?dx =
WhiZ= e, X
i+ jon,i” + joni® =

n2Znfni;nag

The above re-scalingsyields that X

IR RPTRL PRt 72 =
n2Znfni;nag
PP s e =+ 00
n2Znfni;nag
Let!()=("120):'20), n()= n(), n6 ng;ny, where
3, 2

() =" 4(n§+m)+ﬁ 220
" 3 2
Lo() = 4(n§+m)+ﬁ2 1272
6 3 3
n() = "AMEPem)+ = 2 =1 =, n6ngn:

SN
N

4 2 4 2
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We can rewrite (3.5) as

X
(3.6) HO: szizo )= R ()li+ aOzaza + P> 5237 30
n
where
n 3 n2 X H 2 X H 2
P = "P 57 (la+ 12+ jZaj )1+ 12+ 2 iznj%)
n2Znfni;nzg n2Znfni;nag
3 X X
+ ﬁ"“(ll +l+ jZaj?)?(la+ 12+ 2 jznj?):
n2zZnfni;nag n2zZnfni;n2g
Let O be a neighborhood of the origin in R2, = "s,and > 4 be xed. We considerthe set
Op consistingof all 2 O sudc that
jhi; V()i = k6 0
jhi; ()i 5
st )i+ n()i W; k& 0; jnj = jkina + kanyj;
jk; )i+ n( )+ m()j JW k6 0; jn+ mj= jkiny + kanyj;
jik; b ()i+ n() m()j JW k6 0; jn mj= jkiny + kanyj:

Prop osition 3.2. meas© nOg) = O( ).

Proof. We rst considerthe following non-resonanceconditions:
h;! ()i 6 0 k6 0;
;! ()i+ ()6 0; 8k 2 Z;
H;P()i+ n()+ m()60; 8k 2 Z;
ot ()i+ n() m()60 8k2Z; jnjé jmj:
Rewrite ! ( )v ( )= (f n( )gnZannl;ngg) as

I() = + A
(): + B ;
where =("4n1+4—322, 4n2+4—372), = "4n+4—622)n6n1;n2,
2
A = ‘6_2_ 02
47
= iz
P
B =

néni;ns

Sincedet(A) = 4% 6 0, we havethat hk;! ( )i 6 Ofor k 6 O.

To shaow the validity of the remaining three non-resonanceconditions, we needto ched that
foralk2Zand1l jlj 2,h; ki+ h ;li and Ak + BT do not vanish simultaneously. Suppose
Ak + BTl = Ofor somek 2 Zand1 jlj 2. We let d be the sum of at most two non-zero
componerts of |. Then

2. 3 o
ﬁki ﬁd = O, | = 1, 2,
ie., 3
ki = Qd; i=1;2

which have the following integer solutions:
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() d= 0ky = k2 = 0;

(i) d= 2ki=ky= 3
In the case(i), k = 0, | hasone\1" and one\ 1", but then h; ki + h ;li =" 4( , m) =
" 4n? m?) 6 0. Inthecase(ii), 7% 2 4% 26 0, henceh; ki + h ;li & 0. Similarly, if
h; ki+ h ;li = 0forsomek2 Zand1 jlj 2,then onecanshow that Ak + BT 6 0.

The validity of all these non-resonanceconditions implies that these functions are nontrivial
ane functions of 2 O. The desired measureestimate of measQ© n Og) then follows from the
sameargumert asthat in Section5.

4. KAM Step

In what follows, we will perform KAM iterations to (3.6) which involvesin nite many successie
steps,called KAM steps,of iterations, to eliminate lower order -dependen termsin P. Each KAM
stepwill makethe perturbation smallerthan the previousoneat a costof excluding a small measure
set of parameters. At the end, the KAM iterations will be corvergert and the measureof the total
excluding set will remain to be small.

To begin with the KAM iteration, we x r;s; > 0 and restrict the Hamiltonian (3.6) to the
domain D (r;s) and restrict the parameterto the setOy. Initially , weseteg = 0,1 o="1, 0=,
Po=P,rg=r,s9=5s, o= ,and

X
No=eo+ Ho();li+ %()znza;

Ho = No + Po:

Hence,Hy is real analytic on D (ro;Sp) and alsodepend on 2 Ogp Whitney smoothly. It is clear
that there is a constart ¢y > 0 such that

kXPOkD(I’o;So);OQ CO 0:
We recall tgat

: ; 9
3 jiito()if s k60 3
O = bk to( )i+ 9()i " k6 0; jnj = jking + konyj -
Tz o ibkloO)i* fO)*+ RO mm o k80 jn+mj= jking+ kengj 3
' jpclo()i+ 2C) RO s k60 jn mj= jking+ kongj
P .
and,Po = .. P2 (1)é™ 'z z hasa compactform with respectto ni;n,, i.e.,
P =0 whenewer kini + kon, + (n n)N6O:
n2Znfni;nag
Supposethat after a th KAM step, we arrive at a Hamiltonian
H=H =N+ P( ;I;z;z);X
N=N =e()+H()li+ n( )Znzn;
n
which is real analytic in ( ;1;z;z) 2 D = D = D(r;s) for somer = r ro;S=$s So, and
dependson8 20=0 Op Whitney smoothly, where 9
% jhik; E (i) K k6O 3
oo KO ROF g K80 jnj= jkiny+ kengj =
3 St O)it W ()t mO) k6 0; jn+ mj = jkiny + kanyj 3 '
T Qi+ a() w()i s k80 jn mj= jkang + kengj
for some = o. We also assumethat

kXpkp:o '
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P N
for some0 < " =" "o, and that P = .. Pc (1)é™ 'z z hasa compact form with

respect to ny;ny, i.e., X

P« =0 whenewer kini + kon, + ( n n)n 6 O:
n2Znfni;nag
We will construct a symplectic transformation =, which, in smaller frequency and phase
domains, carriesthe above Hamiltonian into the next KAM cycle. Thereafter, quartities (domains,
normal form, perturbation, etc.) in the next KAM cycle will be simply indexedby + (= + 1).
Also, all constarts ¢;  ¢5 below are positive and independert of the iteration process.

4.1. Truncation. We expandP into thg Fourier-Taylor series
P= Pa €™ i1z z;
kil
wherek 2 Z%12N%and =(1; ;n; ) =0(C1, 5 n; ) n, n2N,aremulti-indices
with nitely many non-vanishing componerts. We denote by 0 the multi-index whosecomponerts
are all zerosand by e, the multi-index whosenth componert is 1 and other componerts are all

zeros.
Let R be the following truncatio)r(w of P:

R(:l;zi2) = Piioo€™ 1!
Kilj 1
+ (PK107, + pKOLZ gk |
k:n
+ (PX20z,20m + PXz0 720 + PA%2, 25 )™ T
k;n;m
where P10 = P, with =e,; =0;P =P, with =0, = e PX0 =P, with
e +en; =0,P=Py with =e; =en P2=pPy with =0 =¢e,+en.
SinceP hasa compact form with respectto nj;ny,
Pxioo = O; if k1n1+ k2n2 6 0;
Pki0 = q; if kiny+ konp, + N6 O;
pPkol = 0, if kiny+ kon, n6 O;
PX20 = (; if kiny+ kon,+ n+ m6 O;
P#n]q'l =0 if king+ kono+n mé6 0
Prlf,gz =0 if kini+kon, n mé6 O:

In particular PXI* = 0if jkj= 0 andn 6 m.
By de nition of the weighted-norms, we clearly have

kakD(r;s);O I(XPkD(r;s);O

Let = "3. It follows from Caucdhy estimate that

KX(p r)Kp(r:s) C1

4.2. The homological equation. Letr. = 5+ 2. We now look for areal analytic function F,
de ned in the smaller domain D(r. ;s) such that the time-1 map = % :D(r.;s)! D ofthe

Hamiltonian ow L assaiated with F transforms H into the Hamiltonian H. in the next KAM
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cycle. Let F have the form

F(;l;z;2) = Fot+tFi1+F;
X ihk; il X k10 ko1 ihk; i
Fk|00e| ol I + (Fn Zn + Fn Zn)el o
k60 ;jlj 1 k;n
k20 k02 ihk; i X k11 ihk; i
+ (Fueznzm + Fo©znzm )e™ ! + Fao Znzme™ !
kinim jki+jinjj mijje0

which satis es

Fxioo = 0; if k1n1+ k2n2 6 0;
F#lo =0 if kiny+ kon,+ n6 0
F#Ol =0 if king+ kon, n6 0
FX20 = ; if kiny + kono+ N+ m 8 0O;
FXll = 0 if kiny+ konpo+n m6 O;
FX02 = 0, if kingi+ konp, n m6O;
and the homological equation X
(4.1) fN;Fg+ R Pgogo H C%1i PMz,z, = 0;
n
where Z
10= Qd Jz=z=0y1=0"
2 @ ’

By comparing coe cien ts, it is easyto seethat the homological equation (4.1) is equivalert to
hk;! iFkioo = iPkioo; k6 0;jlj 1

(hti g)Fat0 = iPgo;

(h; i+ RO = iPx®,

(;!i n m)Faad = iPa2Y;

(iti o+ m)Fant = iPagts Jkj+ jinj  jmijj 6 0;

(HGli+ o+ m)FAS = iPA2:

Hencethe homological equation (4.1) is uniquely solvable on O to yield the function F which
is real analytic in ( ;1;z;z) and Whitney smooth in! 2 O.

The following two lemmasfollow from standard argumerts using Cauchy estimate. We refer the
readersto [9, 14, 19, 27] for details.
Lemma 4.1. LetD; = D(r+ + iZ(r r+);+s), 0< i 4. Then there is a constant ¢, > 0 such
that

kKXpkpso € A(r ry) @2 0m

Lemma 4.2. LetD; =D(rs + 5(r r:);58),0<i 4 If

C1 "< (& 2 1?2 )E,
then

F:D2 ! D3 jtj L
and moreover,
kD L lkp, <c 2(r ry) @2)m

Nowlet = },s, =1 s Dy =D(rs;s:) and
Ny = N+ Pgggo + h 0;|i + P,?nllznzn;
Z, " Z,
P, = (1 ®©ff N;Fg;Fg Ltdt+ fR;Fg Ldt+(P R) &:
0 0
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Then :D, O! D, and, by the secondorder Taylor formula,

H. H =(N+R) t+(P R% L=N+fN;Fg+R
Zl 1

+ (1 ©ff N;Fg;Fg Ltdt+ fR;Fg Ltdt+(P R) ¢
0 0

X
= Ni+P: +fN;Fg+ R Pooo H %Ii Pz,2,

= Ny + Py

4.3. The new Hamiltonian.  Below, we show that the new Hamiltonian H. enjoys similar prop-
ertiesasH.

Due to the compact form of P with respectto ny;n;, z, and z , are not coupledin P for any
n. This leadsto the following simple new normal form

N. = N+Pooo+h%li+ Pz z,
n
= e +h4 i+ N ZnZn;
n
where
e. = e+ Poooo; !+ = ! + (fPojooGjij=1); 5 = n+ PO
By the assumptionson P, we have that there is a constart ¢4 > 0 suc that
"'+ lio<ca" oo njo < 4™
Let . = 5+ 2 and K > 0 be suc that
C2) ¢4'"K *1 ..
We have that
jhk; T4 jhk; i jhk; (f PoiooGjij=1 )] K Ca"JK] Jﬁ
it ci+ f jk; i+ nj o jhk; (fPoiooGjij=1 )i + PO Jﬁ jnj = jkang + kangj;
forall 0< jkj K. Similarly,
jhiG i+ &+ ijT © 0<jkj K;jn+ mj= jking + konyj
jk; i+ 7 i Jﬁ 0<jkj K;jn mj=jking+ Kanyj:
This meansthat in the next KAM step, small divisor conditions are automatically satis ed for
jkj K. Let
8 ) . 9
3 O g k60 3
o. = ke )i+ S ()] TR k6 0; jnj = jking + kanyj T
"Ty G Oir sOF RO g k80 jn+mi= jkiny+ konyj
' jcte )i+ 1) RO g k80 jn mj= jkang + kangj
Then [
O+ = On( R (+));
jkj>K
where,
8 : ; 9
E Jrk;!+|j<ﬁ; or 3
Ry(+)=_ 20: it ;j<jk—}.;jnj=j.k1n1+_k2r?2j; of . B
k 3 jhk;tei+ P+ fj< T N+ mj = jking + kangj; or 3

n
jH(;! s+ ; ;ﬂ,j < Jﬁ’ jn mj = jk1n1+ kznzj !
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We rewrite P, as 7
1

P. = fR(t);Fg Fdt+ (P R) };
0
whereR(t) = (1 t)(N. N)+ tR. Hence
A

1
Xp, = (F) Xtryrgdt+ ( F) Xp r):
0
By Lemma 4.2, if
C3) ¢ 2(r ry) @2 1
then
kD Lkp, 1+kD £ ldkp, 2t L
It follows from Lemma 2.3 that
kKXtrtyFgkp, G 2(r r+) @2 ) 22,
and

KX(p r)kp, C1
Let co = maxfc;; ;csgand”y = 2co 2(r ry) ©*2 )"3 Wethen have
kXp, kp,:0. € "+0C Z(r ry) G20 22w,

Lemma 4.3. P, hasa compact form with respect to ny; n,.

Proof. Note that

P. = P R+fP;Fg+ %ﬁN;Fg;Fg+ %ffP;Fg;Fg

1 1
Yot N9 Rer ot TR, iR
n

19

ginceP has a compact form with respectto ni;n,, sodoP R and fN;Fg= Pgog + H %1i +

2 P91z,z, R. The lemma then follows from Lemma 2.4.

This completesone step of KAM iterations.

5. ltera tion Lemma and Conver gence

For any given sg;ro;"o; o, We de ne, for all 1, the following sequences
Xt
ro=ro(l 2"
i=2
- 200 21(r 1 r ) (3+2 )n% N

Xt
= o(1 2,
i=2
= "%'
1
s = 1 1S 1=2 3¢ "i)%SO;
8 )
i=0
K = (e X 1)) 7T
D =D(r ;s);

1 1
D =D(r +1+Z(r r+1);Z s );
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8 _ 9
3 Mg keo | :
o = 1L SR I S B vk k& 0; jnj = jkiny + kany) -
_§ LU ST I Y R k& 0; jn+ mj= jking+ konaj 3
: ji;t i+ ml K k8 0; jn  mj= jkiny + kanyj °

5.1. lteration lemma. The precedinganalysismay be summarized as follows.

Lemma 5.1. The following holdsif "¢ is su ciently small. Supmsefor any OOH =N +P
is given on D O whichis real analytic in ( ;1;z;z) 2 D and Whithey smothin 2 O ,
where X
N =e +h ()li+ n()znzn;

P hasa compact form with respect to nq;n,, and
kXP kD(r s );0
Then there is a symplectic transformation

:D o! D,
which is real analytic in ( ;1;z;z) 2 D and Whitney smath in 2 O, suchthat H 4, =
H =N, +P 4 isdenedonD ;3 O 4 andenjoyssimilar propertiesasH ,i.e., N 41
has the form X
N+1:e+1+H +1;|i+ n+1ZnZn
n
with
j! +1 ! jO Co" ; J n+l nlo C" ;
P .1 hasa compact form with resgect to ny;n,, and
KXp i KD(r s )0 "1
Moreover, [
0.1 =0 n( R™ (0 +1));
jkj>K

wher,

8 , ) 9

% jhk; b 4 j < # or 3

R 1 _ T oo Nk < gsing = jkang + Keno or -
O T 2O TG i e < s in mi = jkang + kengjor g
it i+ e < gEin mj = jkang + kongj

Proof. It is su cien t to verify the conditions C1){ C3) for all = 0;1; . The condition C2) is

automatically satis ed by the choice of K . The condition C3) easily follows from the condition
C1). To verify the condition C1), we rst choose

120

o< (¥t 3 (Loyae2 ),

(f)

where v
(ro)= [(r 1 1) 82

i=1
is easily seento be well-de ned. Then
" r 52 ) 1 r Xz )
§ < (—) S (D)
Hence w
3 3
"o < o( (0)2+2 ) = (— a(ro r1)?*? )z;

C2
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i.e., C1) holds for

0. Now, for any 1, we have by induction that

200 (r 1 r) ©FOME L (20 2 (r0)0)
1 3 1

(200 o2 ( 10)"0)'3) © (2c0 §( r0)"§)E

Uy
(267 §(3)

1
n

(2+2 ))(%) 1 (i Z(r r o4 )2+2 )%,
C2
i.e.,, C1) holds.

5.2. Convergence. Let = 3 1 1, = 1;2; . Inductively, we have that
D O ! Dgand
Ho =H =N +P
for all 1.
Let O=\1_,0 . We apply Lemma 5.1 and standard argumerts (e.g. [9, 26]) to concludethat
H;e;N;P; ;D ;! ; ,convergeuniformly onD(%ro;O) O,sayto, Hy ;e; ;Np ;P71
D 1;1y1; I respectively. It is clearthat

Ny =e +Hhq;li+ L z0zy:

Since

2 1

=26 A0 1 r) 82" 20 42 (o))
we have by Lemma 5.1 that
Xpylp(iren) o O
Let }4 denotethe o w of any Hamiltonian vector eld Xy . SinceHg = H , we have that

t - to.
Ho - H -

The uniform corvergenceof ;D ;Xy imply that one can passthe limit in the above to
concludethat
Ho = Hi
onD(3ro;0) O. It follows that
ho( 1(T2 fgp= ' {, (T fg= (T fg

forall 2 O. Hence ! (T? f @) is an embedded invariant torus of the original perturbed

Hamiltonian systemat 2 O. Weremark that the frequencied ; ( ) ass@iatedwith * (T2 f @)

are slightly deformedfrom the unperturbed ones! ( ). The normal behaviors of the invariant tori
1 (T2 f g) are governedby their respective normal frequencies } ().

5.3. Measure Estimate. For each k 2 Z nf0g, denote
R =f 20 :jhk;! 4 ()ij < —=g;

iKj
Ral=f 20 :jhk! w()i+ i< ﬁ:]njzjk1n1+ kan2ig;

Rih =1 20 1l wOi+ 7+ i< —2ijns mi = jlans + kang

Rgm = 20 :jkl o ()i+ 0 < jk}rl ;jn mj = jking + kongjg:
Then +1 +1 [ [ +1 [ +1 [ +1

Rk ( +1):Rk (Rkn Rknm R'knm):
n,m
Let +1 [ +1
R " = R( )
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Then [
OpnO = R *1:
0

Lemma 5.2. Thereis a constant C; > 0 suchthat

meagR," R, R, 1) Cljkj—++11

for all jkj > K , n, and m.
Proof. Let j j denotethe “'-norm. By Lemma 5.1 and the de nitions of ! o, f %g, we have that
j@H(;! a()i+l T+ m+1)j }jkj;
@ 2
as'o 1, for all jkj > K , n, m, and I3;l, = 0; 1. The lemma then follows from the standard
measureestimate using Fubini's Theorem (seee.g. [19, 23, 27)).

Lemma 5.3. [
measQonO) = meag R *1)= O( o):
0

Proof. By Lemma 5.2, we immediately have that meas(sjkj>K R, C; P ikj>k k- for some
constart C, > 0.

Now, for eadl1;1, = 0; 1,jkj > K , n,andm, with jl1j+jloj 6 Oandjlin+1,mj = jkini+ kanyj,
we consider

R = f 20 tjhiGl s ()it o™+l i< ﬁg:

First, considerthe casesthat jnj 6 jmj. It is easyto seefrom the de nitions of ! ,;; n;T% K
that there is a constart C3 > 0 such that R}*'2" *! = ; if maxfj nj;jmjg > Cajkj. By Lemma 5.2,
there exists a constart C, > 0 such that

meag Rz 1
[ [

= meag Rix' " Rgm Riom))

jkj>K
jnjejmjinj;jmj  Cgjkj

0o .
KT

jkj>K inj&jmjiliila

Cy
jkj>K

Next, considerthe casesthat jnj = jmj. If I;n+ I,m = O, then eithera)l; =1, = 1,n= m;
orb)l;= 1,= 1,n=m. In the casea), there is a constart Cs > 0 such that R2!2 *1 =+ jf

knm
jnj = jmj > Csjkj. By Lemma 5.2, there exists a constart Cg > 0 such that
qa X
meag R ) meag R.1) Ce jk—jo:
jKi>K n= mili=l= 1 jki>K sinj=jmj Csjkj jkj>K

In the caseb), we havel; ,*1 + 1, 1 =0, henceR.12 ™ = R, * . It follows that

o +1 1 X 0
meas( R.120 ") = meas( R,™) = O( ):

knm Jk]
jki>K  sn=m;l 1= I= 1 jkj>K jkj>K
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If In + 1,m 6 O, then it follows from the identity jlin + l,mj = jking + konyj that RiE!2 ™ =

knm '
if jnj = jmj > maxfj nij;jn2jgjkj. Henceby Lemma 5.2, there exists a constart C; > 0 such that
l15l2; +1
meag Rz ™)
RER
[ N N
meai kn knm knm)
jkj>K
jnj=jmj max fi ngjiin2jgi kj
0
C7 —
jkj>K ikj
Note that > 4 and [ [ [
— I1l2; +1 .
R ™= ( R ( Riam )
jkj>K jkj>K dlan+lomij=jkong+kongj

1111220 ; 15jlqj+jlj60

We have by the above analysis that

X
meagOp nO) = meai[ R *1) = O K—O) = 0( o):
0 0

S
Finally, sinceOnO = (O n0Og) (OpnO), we have by Proposition 3.2 and Lemma 5.3 that
meagO nO) = O( o). This completesthe measureestimate.
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