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1 Intro duction

There have been extensive investigations on traveling waves and the asymp-
totic (long-time) behavior in terms of asymptotic speedsof spread for various
ewolution systems arising in applied sciences,see, e.g., [1K[4], [6], [10){[13],
[18{[20], [22]{[26], [29] and referencestherein. Asymptotic speed of spread (in
short, spreadingspeed)was rst introducedby Aronson and Weinberger [2] for
reaction-di usion equations. This concept has proved to be very important in
the study of biological invasionsand diseasespread. There is an intuitiv e inter-
pretation for the spreadingspeedc in a spatial epidemic model: if oneruns at
aspeedc> c , then onewill leave the epidemicbehind; whereasif oneruns at a
speedc < c , then onewill eventually be surroundedby the epidemic. Recerly,
the theory of asymptotic speedsof spread and traveling waves for monotone
semi ows has beendeweloped by Liang and Zhao [1]] in such a way that it can
be applied to various autonomousewolution equationsadmitting the comparison
principle.

It is well known that interactive populations often livein a uctuating envi-
ronment. For example, physical ervironmental conditions such as temperature
and humidity and the availability of food, water, and other resourcesusually
vary in time with seasonalor daily variations. Therefore, more realistic models
should be nonautonomous systems. In particular, if the data in a model are

periodic functions of time with commensurateperiod, a periodic system arises;



if these periodic functions have di erent (minimal) periods, we get an almost
periodic system. There are a few results on traveling wavesfor such systems:
Alik akos, Bates and Chen[1], Bates and Chen [3], and Shen[20] establishedthe
existenceand global stabilit y of periodic traveling wavesfor periodic local, non-
local and lattice equations with bistable nonlinearities, respectively; Shen[18]
and Chen [6] also discussedalmost periodic traveling wavesfor almost periodic
local and nonlocal equationsin the bistable case;and Shen[19] shawved, among
other things, the existenceof a family of almost automorphic traveling wavesfor
a classof almost periodic KPP-t ype reaction-di usion equations. However, it
seemghat there are at present no exact results for asymptotic speedsof spread
for periodic and almost periodic ewolution systemswith monostable nonlineari-
ties. Our purposein the current paper is to study spreadingspeedsand periodic
traveling wavesfor monotone periodic semi ows in the monostable caseand to
apply the obtained results to three types of periodic ewolution systems. Our
results show that the spreading speed coincides with the minimal speed for
monotone periodic traveling wavesunder reasonableassumptions.

Our approad is to apply the abstract results of [11] on monotone operators
to the Poincare (period) map assaiated with a given periodic semi ow. We
should alsopoint out that in the caseof the contin uous spatial habitat, the com-
pactnessof the operator with respect to the compact open topology is needed
for the existenceof traveling wavesin [11] (seealso[24, 10]). We will show that
this compactnesscondition can be replacedwith a much weaker one: the map
is a cortraction with respect to the Kuratowski measure of noncompactness
(seeRemarks 2.1 and 2.3). This new obsenation makesthe dewveloped theory
applicable to someewlution systemsconsisting of reaction-di usion equations
coupledwith ordinary di erential equations (see,e.g., section 3).

The organization of this paper is asfollows. In section 2, we summarizethe
abstract results for monotonemaps (TheoremsA, B, C and D) basedon [11]. In
order to weaken the compactnesscondition in [11], we presert someproperties
of the Kurato wski measureof noncompactnesson a Banach space(Lemma 2.1)

and prove the asymptotic precompactnessof a sequenceof setsassaiated with



the monotonemap (Lemma 2.2). Then we shaw the existenceof spreadingspeed
(Theorem 2.1) for a monotone periodic semi ow, and its coincidencewith the
minimal wave speedfor monotone periodic traveling waves (Theorems 2.2 and
2.3). In the rest of the paper we apply the generalresults of section 2 to three
typesof periodic di erential systems:in section3to a periodic systemmodeling
man-ervironment-man epidemics;in section 4 to a periodic time-delayed and
di usiv e equation; and in section5 to a periodic reaction-di usion equation on

a cylinder.

2 Periodic semio ws

Let (X;k k) bea Banach spaceover R or C. For a bounded subsetB of X, the

Kurato wski measureof noncompactnessof B is de ned as
(B) = inffr > 0: B hasa nite cover of diameter rg:

Let B be coveredby a nite number of subsetsf M q; ;Mmg of X ead with
diameter r. Then B = [ 1, (M;\ B) with the diameter of M; \ B r.
Thus, in the de nition of (B), we can always assumethat ead setin the nite
cover is a subsetof B. For various properties of the Kuratowski measure of
noncompactness,we refer to [14]. The following lemma is a generalization of

[14, Lemma 1.5.3]. For the completenesswe provide a proof of it below.

Lemma 2.1. Let d be the distance induced by the norm k k on X. For two
bounded subsetsA; B of X, denote (B;A) := sup,,g d(x; A). Let I‘Ang,f:1 be
a non-increasing family of non-empty, bounded and closeal subsets(i.e., m n
implies Ay, Ap). Assumethat (Ap)! Oasn! +1. ThenA; = T An

n 1
is non-empty and compact, and (A,;A1)! Oasn! +1.

Proof. Given a sequenceof points fx,g with x, 2 A,; 8n 1. Since
(fXnGn 1) = (fXnOn m) (Am)! 0, asm! 1;

we have (fxngn 1) = 0. It followsthat fx, : n 1gis compact, and hence

fxng has a corvergert subsequenceSinceead A, is nonempty, we can choose



a sequenceof points y, 2 A,. It follows that there is a subsequenceny !

1 sud that kI!ilm Yn. = Yo. Thus, the closednessand monotonicity of Ap
imply that yo 2 A;, and henceA; 6 ;. Clearly, A; is closed. Given a
sequenceof points fz,g A;, we havez, 2 A,; 8n 1. By what we have
proved, fz,g has a corvergert subsequence.So A; is compact. Assume, by
contradiction, that nI!ilm (An;A1 ) 6 0. Then there exist a number o > 0, a
sequenceof integersmy ! 1 , and a sequenceof points wy, 2 A, sud that
d(Wm, ;A1) o for all k 1. Again by what we have proved, without loss of
generality, we may assumethat kI!ilm Wm, = Wp. Then we havewp 2 Az , and

hencekllilm d(Wm, ;A1 ) = d(wp; A1 ) = 0, a cortradiction. O

Let be a nonnegative real number and C be the set of all bounded and
corntinuous functions from [ ;0] H to RX, whereH = R or Z. Clearly, any
vector in R¥ and any elemer in the Banach spaceC:= C([ ;0];R¥) can be
regardedasthe functions in C.

Foru= (ut; ;uk);v=(v; ;vK)2C wewrite u v(u V) provided
u(x)  VICO(UI(5x) > VI(5x):8i = L ki 2 [ ;0x 2 H; and
u> v providedu v but u6 v. For any two vectorsa;bin R¥ or two functions
a;b2 C, wecandene a (> ) bsimilarly. For any r 2 Cwith r 0, we
dene G =fu2C:r u OgandG :=fu2C:r u Og.

We equip Cwith the maximum norm topology and C with the compactopen
topology, that is, v ! v in C meansthat the sequenceof functions v"( ;Xx)
convergesto v( ;x) uniformly for ( ;x) in every compact set. Moreover, we can
de ne the metric function d( ; ) in Cwith respect to this topology by

maxju(x) V(i)

d(U;V) - ixj ki 2[

k=1

8u;v2 C

ox !
such that (C;d) is a metric space.

De ne the re ection operator R by R[u]( ;x) = u( ; x). Giveny 2 H,
de ne the translation operator Ty by Ty[u]( ;x) = u( ;x Y).

Let 2 Cwith Oand Q = (Qq; ;Qk):C ! C. Assumethat

(A1) Q[R[u]l= RIQ[u]], Ty[Q[u]l = Q[Ty[u]], 8y 2 H.



(A2) Q: C ! C iscontinuouswith respectto the compact open topology.
(A3) One of the following two properties holds:

(@) fQu](;x): u2 C;x 2 Hgis afamily of equicortinuous functions

of 2[ ;0]
(b) There is a nonnegative number &< suc that Q = S+ L, where
8
< u(0;x); < &

Sul( :x) =,
- QuI( %) & 0;
is a continuous operator on C and fS[u](;x) :u2 C;x 2 Hgisa

family of equicortinuous functions of 2 [ ;0], and
8
< u( +&x) u(0;x); < &
L[u]( 5x) = .
0 & 0:

(A4) Q: C ! C ismonotone(order-preserving)in the sensethat Q[u] QJv]

whenevweru vincC.

(A5) Q: C ! C admits exactly two xed points 0 and , and for any positive
number , thereis 2 C with k k< sud that Q"[ ]! and Q[ ]

Theorem A. ([11, Theorems2.11and 2.15and Corollary 2.16]) Suppse that
Q satises (A1l)-(A5). Letup2 C andu, = Quy 1] for n 1. Then there is

a real number ¢ suchthat the following statementsare valid:

(1) Foranyc> c,if 0 ug and ug( ;x) = 0 for x outside a bounded

interval, then lim  un( ;x) = Ouniformly for 2[ ;0]
n!l ;jxj nc

(2) Foranyc< c andany 2 C with 0, there existsr > 0 suchthat if
Uo( ;X) () for x on aninterval of length2r , then lim  un( ;x)=
n!l ;jxj nc

() uniformly for 2 [ ;0] If, in addition, Q is subhomgen®us on

C , thenr can be chosento be independent of 0.



Remark 2.1. Note that the assumption (A3)(a) is equivalent to that the set
fQIu](;x) : u2 C;x 2 Hgis precompact in C. In the case wher Q has the
translation invariance property in (Al), wehaveTy[C]= C for anyy 2 H. It
then follows that fQ[u]( ;x) : u2 Cg= fQ[u](;0): u2 Cgfor any x 2 H,
and hene fQ[u](;x) : u2 C;x 2 Hg= fQ[u](;0): u2 Cg. TheoremA is

still valid if we replae (A3)(a) with the following weaker assumption (A3)(a 9):

(@% There is a numbker | 2 [0;1) such that for any A C and x 2 H,
(fQ[Ul(;x) : u2 Ag) | (fu(;x): u 2 Ag), where is the Kura-

towski measure of noncompactnesson the Banach space C.

To prove Theorem A in this case,it suc esto showthat for any s 2 R the set
fan(c; ;8) : n 0g, asdened in [11], is precompact in C. This can be done
easily with the use of Lemma 2.1. For some details, see Lemma 2.2 and the

argumentsin Remark 2.3.

Recallthat amapQ : C ! C issaidto besubhomogeneoud Q[v] Q[v]
forall 2 [0;1]andv 2 C . Wecall ¢ in Theorem A the asymptotic speed
of spread (in short, spreading speed) of a discrete-time semiow fQ"g}_,
on C. In order to estimate the spreading speed, we introduce the following
notations and assumptions.

Let M : C! Cbeallinear operator with the following properties:
(C1) M is continuouswith respect to the compact open topology.
(C2) M is a positive operator, that is, M[v] 0 whenewerv > 0.

(C3) M satises (A3) with C replaced by any subsetof C consisting of uni-

formly bounded functions.
(C4) M[R[u]] = RIM [U]; Ty[M [u]] = M [Ty[u];8u2 Cy 2 H:

(C5) M canbe extendedto alinear operator on the linear spaceC of all function
v2C( ;0] H;RY having the form

V(5x) = vi(ix)e P+ va( i x)e 25V va 2 Cogp 22 R,



such that if vo;v 2 Cand vy( ;X) ! v( ;x) uniformly on any bounded

set, then M [v,]( ;x) ! M[V]( ;x) uniformly on any bounded set.

We note that the hypothesis (C4) implies that M [v] 2 C whenewer v 2 C,
and hence,M is also a linear operator on C.

De ne the linear mapB :C! Chy
B[1()=M[e *](;0:;8 2[ ;0OF

In particular, B = M onC. If ,; 2 Cand ! asn! 1, then
n()e * ! ()e * uniformly onany boundedsubsetof[ ;0] H. Thus,
B[n]=M[ne *](;0)! M[e *](;0)=B [ ], andhenceB is continu-

ous. Moreover, B is a positive operator on C. We assumethat

(C6) For any 0, B is a positive operator, and there is ng sud that

BMo = |3 z B} is a compact and strongly positive linear operator
—iz—
onC

It then follows from [11, Lemma 3.1]that B hasa principal eigernvalue ( )
with a strongly positive eigenfunction. The following condition is neededfor

the estimate of the spreadingspeedc .
(C7) The principal eigervalue (0) of By is larger than 1.

Theorem B. ([11, Theorem 3.10]) Let Q be an operator on C satisfying (A1){
(A5) and ¢ be its asymptotic speed of spread. Assumethat the linear operator
M satis es (C1){(C7) and that either M has compact support, or the in mum
of ( ):= LIn () is attained at some nite value and (+ 1)> ( ).

Then the following statementsare valid:
Q) If Qul MJu]forallu2 C,thenc inf. o ( ).

(2) If thereis some 2 Cwith 0 suchthat Qu] M u] for anyu 2 C,

thenc infs o ( ).



Remark 2.2. Theorem B is still valid if we repla@ (C6) with the following

assumption:

(C6 9 For any 0, B is a positive operator, and there exist ng and | 2 [0; 1)

suchthat B"e = is a strongly positive linear operator on C

B
F—{Z—}
No
and (B"(A)) | (A) for any bounded subsetA of C.

To prove Theorem B in this case, it suc esto showthat B has a principal
eigenvalue. But this can be done by the use of a generlized Krein-Rutman
theorem (see [16]).

Recallthat M is saidto have compact support provided there is some sudc
that forany 2 C, M[ ]( ;x) only dependson the valueof in[ ;0] [x
X+ ]

For any real number c, we de ne the set
Dc:=fx mc:x2H;m2 Zg:

We say that W( ;x nc) is a traveling wave of the map Q with the wave
speedcif W :[ ;0] Dc! R¥andQ"[W]( ;x)= W( ;x nc). We say that
W( ;x nc)connects to OifW(;1 )= andW(;1)=0.

Theorem C. ([11, Theorem4.1]) Let Q satisfy (A1){(A5), andc beits asymp-

totic speed of spread. Then for any c< ¢ , Q hasno travelingwaveW( ;x nc)

connecting  to O.
In order to obtain the existenceof the traveling wave with the wave speed
¢ ¢, weneedto strengthen the hypothesis(A3) into the following one.

(A6) One of the following two conditions holds:

(a) Q[C ] is precompactin C .
(b) Thereis anonnegativenumber &< such that Q[u]( ;x) = u( +&Xx)
for < & the operator
< u(0; x); < &
S[ul( ;x) =
QI( ;x); & 0;



is continuouson C , and S[C ] is precompactin C .

We note that (A6) is stronger than (A3) and if H is discrete, then the

hypothesis (A3) on Q implies the hypothesis (A6). Moreover, if (A6)(b) holds
and there is an integern such that n& ,thenfQ"[u]: u2 C gis precompact
inC.
Theorem D. ([11, Theorem4.2]) Let Q satisfy (A1){(A6), andc heits asymp-
totic speed of spread. Then for anyc ¢, Q hasa travelingwaveW( ;x nc)
connecting  to O suchthat W( ;Xx) is nonincreasingin x. Moreover, if H = R,
then W( ;x) is continuous in ( ;Xx).

Givena function 2 C and aboundedinterval | = [a;b] H, wedene a
function ; 2 C( ;0] ;R by (;x)= ( ;x). Moreover, for any subset

D of C, wede ne
Di=f ,2C( ;0 I;RY: 2Dg

Remark 2.3. Note that the assumption (A6)(a) implies that for any interval
I = [a;b] of the length r, the set (Q[C ]); is precompact in the Banach space
C( ;0] 1;RX), andhene ((Q[C])) = 0. Theorem D is still valid if we
repla@ (A6)(a) with the following weaker assumption (A6)(a 9:

(@% For any number r > 0, there exists | = I(r) 2 [0;1) such that for any
D C andany interval | = [a;h] of the lengthr, we have ((Q[D]),)
I (D), where is the Kuratowski measure of noncompactness on the

Banachspaoe C([ ;0] [|;RY).

Let and a,(c; ; ;s) be dened as in the proof of [11, Theorem 4.2]. Let
Ag = C and A; = Rea=n[Ai 1] for i 1. To prove Theorem D in this
case, it then suc esnt(z)lshowthat the sequene of functions a(c;1=k; ); k 1,
has a convergent subsguene in C . For any interval | = [a;b] of the lengthr,
wedene A, =\l (An)1, whee the closure is takenin C({ ;0] I|;R¥).
By Lemma 2.2 below, it follows that A,+; A, and nI!ilrn ((An)1) = 0. Then

Lemma2.1 implies that A, is a nonempty and compact setin C([ ;0] |;R¥)

10



and that nI!ilm ((An)i;A;) = 0. Note that an(c;1=k; ) 2 A, for all k 1
and hene (an(c;1=k; )); 2 (An)/. Since for each k and x 2 R, a,(c;1=k;x)
convergesto a(c;1=k;x), it follows from the compactnessand attractivity of A,
that a(c;1=k; ); 2 A, for all k 1. Thus, the family of functions a(c;1=k; )
with parameter k 1 is equiocontinuous for ( ;s) in any boundel subsetof
[ ;0] R. In particular, the standard diagonal methad implies that there exist
km ! 1 suchthat the subsguene a(c;1=ky; ) convergeswith resgect to the

compact open topology.

Lemma 2.2. Let the assumption (A6)(a® hold, and 2 C be xed. For any
c2 Rand 2 (0;1], de ne an operator R, on C by

Re; [a]( ;x) :== maxt  (;s);T [Q[a]]( ;x)a:

[
LetAg= C and A = Rei=n[Ai 1] fori 1. Then A; A for anyi > j,

- n=1
and ((Ai)) I(r)" ((Ag)) for any interval | = [a;b] of the length r and
i 1

Proof. The conclusion A; A; for i > j follows easily from the induction
argumert. Let | = I(r) and m = ((Ag);). Since nIlilrn n = in C im-
plies n||i{“ ( n)1 = | with respect to the maximum norm, we have (A)),
-

(Re;1=n[Ai])r -
N

Assume,by induction, that the conclusionholdsfor i, that is, ((Aj);) I'm

n=

for any interval | of length r. Now, we consideri + 1. First, by our assumption,
(Q[AIDi+¢) I m, wherel + ¢ = fx 2 R;x ¢ 2 Ig. This implies
(T ¢[QAII)) 1" m. Since

(Roa=nlAiDr = max —ifi i 2 (T o[QIAI
)
L+ f i—-
e R A L o/ -0 T
we have (Rei=n[Ai])r 1"t m.

By the discussionabove, we can supposethat for any > 0, (T Q[Ai]) is

covered by a nite number of setswith diameter lessthan |'*1'm + . Denote

11



thesesetsby B1;  ;Bp. Moreover, there is someN sud that k | k NI+ m,

that is,
maxf (;x)=N :x21; 2[ ;0lg I'""'m:
LS}
We claim that the diameter of the set B; = fu = max(v; ;=n);v 2 Big
n=N
_ s 8
is also lessthan 1I'"Xm + , and hence (Re:1=n[Ai ] Bi. Moreover,
n=N i=1

(Re:1=n[Ai])1 is covered by a nite number of setswith diameter lessthan
n=1
I"1m+ . Since is arbitrary, we have
! !
§ i
(Rc;lzn A = (Rc;l:n [AiD) I m
n=N n=N

and hence,our lemmaholds. It remainsto proveour claim. For any us;u, 2 Bj,
thereissomevy; vz 2 Bjandng;n, N sudhthat uj = max(v;; 1=n);j = 1, 2.
Then jvi( :x) vo( ;x)j 1"™"'m; 2[ ;0x21.Forany 2[ ;0]x21,

one of the following three casesholds:
(1) va(5x) max( i (;x)=ng;v2( ;X))
(2) v2( :x) max( i (;x)=ng;va( ;X))
@) 1 (x)=n max(va( ;x);vz( ;X))

For case (1), ui( ;x) = vi( ;x) and hencejus( ;x) Vv2( ;X)j = jvi( ;%)
v2(5x)j 1™t m. For case(2), jva( ;x)  ui( ix)i  jva( ;%) va( ;X)j
"I m. For case(3), jvo( ;x) ui( ;X)j j 1 (X)j=n1, and if n N, then
Vo ;x)  un(;x)j Him.

Furthermore, we also have one of the following three cases:
(@) va( :x)  max( i ( ;x)=nz;us( ;x)).
(b) ui( ;x)  max( i ( ;x)=nz;va( ;X))
© 1(x)=nz max(ui( ;x);v2( ;X))

By similar argumerts as above, we obtain jua( ;x) ui( ;X)j 1"*m. Thus,

our claim holds. O

12



Let! > 0andr 2 Cwith r 0 be given. A family of mappings f Q:gi-o
is said to be an ! -perio dic semio w on G provided Q; has the following

properties:
() Qolv]=v;8v2GC.

(i) Qu+1[VI= Qi[Q: [V;8t 0Ov2G.

(iii) Q(t;v) := Qi(v) is continuousin (t;v) on[0;1) G.

The mapping Q is called the Poincare map assaiated with this periodic semi-
ow.

It is easyto seethat the property (iii) holdsif Q( ;v) is continuouson[0;+1 )
for eadh v 2 G, and Q(t; ) is corntinuous uniformly for t in bounded intervals
in the sensethat for any vo 2 G, bounded interval | and > 0, there exists

= (vo;l; ) > 0O sud that if d(v;vp) < , then d(Q¢[v]; Qt[vo]) < for all
t21.

Theorem 2.1. Let fQigl, be an ! -periodic semiow on G with two

x-independent ! -periodic orbits 0 (t). Suppse that the Poincare map
Q = Q; satises all hypotheses(A1){(A5) with = (0), and Q; satis es
(A1) for anyt > 0. Let c he the asymptotic speed of spread for Q, . Then the

following statementsare valid:

(Q) Foranyc> c=!,if v2 C with 0O v , and v(;x) = 0 for x
outside a boundd interval, then 0 Iirjr;j tc Q:[v]( ;x) = 0 uniformly for
2[ ;0]
(2) Foranyc< c=! and 2 C with 0, there is a positive number r
suchthat if v2 C and v( ;x) () for x on an interval of length 2r ,
thent Iimj tc (Q¢[VI( ;%) (t)( )) = Ouniformly for 2[ ;0] If, in

11

addition, Q, is subhomgen®us, thenr can be chosento be independent

of 0.

Proof. First, it is easyto seethat for any v, ! 0, Q¢[va]! O uniformly for

t 2 [0;!]. In other words, for any > 0 and any bounded interval |, there

13



exist > 0 and a su cien tly large positive number r sudc that if v( ;x) <
forx 2 [ r;r]; 2 ;0] then jQ¢[v]( ;x)j< foranyx21; 2[ ;0],and
t 2 [0;!]. In particular, since Q; satis es (Al), forany > O wecan nd a
su cien tly large positive number r such that for any xg 2 R, if v( ;x) < for
X2[ r+Xo;r+xol; 2[ ;0],thenjQ¢[v]( ;X0)j< forany 2 [ ;0]and
t2[o;!].

By Theorem A, it follows that for any v2 C with 0 v andv =20
outside a bounded subsetof[ ;0] R andany c> ¢ =!', we have

- l;ijrxnj L QuM(ix) =0

uniformly for 2 [ ;0]. Hence,for the positive number xed above, we can
nd anintegerN sucthat if n N, thenjQn [V]( ;xX)j< forany 2] ;0]
and jxj n! c. Therefore, jQ¢[V]( ;X)j < foranyn N;t2 [n!;(n+ 1)!]
and 2[ ;0f;jxj n!c+r.Forany > 0,thereisanintegerN °sud that if
n NP%ndt2[n!;(n+1)! ], thent(c+ )> n! c+r. Thus,|jQ¢[v]( ;x)j < for
anyt max(N;N9 ! andjxj t(c+ ). Sincec> c =!; > 0are arbitrary,

the conclusion(1) holds. The conclusion(2) canbe provedin a similar way. [

We say that W( ;t;x ct) isaperio dic traveling wave of the ! -periodic
semi ow fQgl, if the vector-valued function W( ;t; z) is ! -periodic in t and
Qt[W(;0;)( ;x) = W( ;t;x ct), andthat W( ;t;x ct) connects (t) to
OifwW(;t;1 )= (t)andW(;t;+1)=0.

Theorem 2.2. Supmsethat Q = Q, satis es the hypotheses(A1){(A5) with
= (0), and let ¢ be the asymptotic speed of spread of Q, . Then for any 0 <
c< c=!, fQigl, hasno ! -periodic travelingwave W( ;t;x ct) connecting

(t) to 0.

Proof. If the periodic semi ow Q; hasa periodic traveling wave W( ;t;x ct),
then W( ;0;x c!n)isatravelingwavefor Q, . Thus, Theorem C implies that

Q: admits no periodic traveling wave. O

14



Theorem 2.3. Supmsethat H = R and Q, satis es hypothesis (A1){(A6)

with = (0), and let ¢ be the asymptotic speed of spread of Q, . Moreover,
assumethat Q; satis es (Al) and (A4) for eacht > 0. Then for anyc c =!,
fQigi,, hasan ! -periodic traveling wave U( ;t;x ct) connecting (t) to O

suchthat U( ;t; s) is continuous, and nonincreasingin s 2 R.

Proof. Given! -periodic semiow Q;,t O,wedene P = T Q;t 0. Then

we have
(1) Po[v] = ToQo[v] = vforanyv2C.

(2) Por = T ¢ea)Qtsr = T T a0 QtQr = T QT o Q = PPy since
(A1) holdsforanyt O.

(3) P(t;v) = P(v) = T «[Qt[Vv]] is cortinuousin (t; v).

Thus, Py;t 0, is an ! -periodic semiow on C . Sincec! ¢, Theorem
D implies that Q, admits a traveling wave W( ;x c!n), that is, QI'[W] =
W(;x cIn);8n 0. ThenQ, [W]= Ty [W], that is, P, [W]=T o Qi [W]=
W. Thus, W is a xed point of the Poincare map, P, , of the periodic semi ow
P:.

It followsthat P;[W]is an! -periodic orbit of Py, that is, Py+; [W] = P{[W].
Let U( ;t;x) := P[W]( ;x);8t 0. Clearly, U( ;t; x) is continuousin ( ;X).
We then have Q{[W]( ;Xx) = TP [W]( ;x) = U( ;t;x ct). SinceW( ;x) is
nonincreasingin x and connects to zero, and Q; satis es (A1) and (A4), it

follows that U( ;t; x) is nonincreasingin x and connects (t) to O. O

Remark 2.4. The alove theorems are still valid provided that the interval
[ ;0] is replacd with a compact metric space and that the hypotheses(A3)
and (A6) are replacd with (A3)(a9 and (A6)(a?), resmctively.
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3 A periodic epidemic model

We considerthe following reaction-di usion systemmodeling man-ernvironment-

man epidemics(see,e.g., [9])

8 -t @; t
2 @u@(@x, ) = ¢ u@(;, )

ajrui(x; t) + agauz(x; t)

g (3.1)
C@b) = agnup(xit) + g(t ua(x; )

where d;aj1;a12 and ap, are positive constarts, ui(x;t) denotesthe spatial
density of infectious agert at a point x in the habitat at time t 0, and u,(x; t)
denotesthe spatial density of the infective human population at time t, 1=ay; is
the mean lifetime of the agert in the ervironment, 1=ay, is the meaninfectious
period of the human infectives, a;, is the multiplicativ e factor of the infectious
agert due to the human population, and g(t; z) is the force of infection on the
human population due to a concerration z of the infectious agert. In view of
seasonalvariations, we assumethat g(t + ! ;z) = g(t; z) for some! > 0. Note
that system (3.1) models random dispersal of the pollutant while ignoring the
small mobility of the infective human population. Mathematically it su ces to

study the following dimensionlesssystem

8
2 @il = g@ulD) () + U (i)

N (3.2)
Cob = w06t + gt ua(xt))
with
aj;’ an’

Motiv ated by the biological interpretation of g, we assumethat
(G1) g2 CY(R?;R:), 9(;0) O, and @) > 0;8(t;2) 2 RS,

Let be the principal Floquet multiplier of the linear periodic cooperative

and irreducible system

= Up+ U2

0
! (3.3)
9= ux+ @u(t; O)uy;
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that is, isthe principal eigenvalue of the strongly positive matrix U(! ), where
U(t) is the fundamental matrix solution of (3.3) with U(0) = I. In order to get

a monostable case,we further make the following assumptionson g(t; z):
(G2) >1,and g(z—z) — for somez > 0, where g(z) = t%;}g] o(t; 2).

(G3) Foreatht 0, g(t; ) is strictly subhomogeneou®n R, in the sensethat
o(t; sz) > sg(t; z); 8z > 0;s 2 (0;1).

It is easyto seethat u(t) = u:= (z;z= ) is an upper solution of the periodic

cooperative and irreducible system

T omrue (3.4)
= uz+ gt uy):
By [28, Theorem 2.3.4], as applied to the Poincare map assaiated with (3.4)
on the order interval [0;u] R2 (seealso[28, Theorem 3.1.2]), it follows that
(3.4) has a positive ! -periodic solution u (t), which is globally asymptotically
stable in [O;u] nO.

Let C be de ned asin section2 with = 0, H = R and k = 2, that is,
C is the spaceof all bounded and contin uous functions from R to R? with the

compact open topology. Let T1(t) be the semigroup generatedby

%:d u(t; x)  ua(t; x);

and To(t) 2 = e ' ,. Then T(t) = (Ty(t); T2(t)) is a linear semigroup on C.
Note that the reaction system (3.4) is cooperative. Using the standard linear
semigroup theory (see, e.g., [17, 15)), we seethat for any 2 G, (3.2) has
a unique solution u(t; ) with u(0; ) = , which exists globally on [0;+1 ).
Dene Q:( ) = u(t; ). It then follows that Q; is a monotone periodic semi ow
on G, (see,e.qg., [15, Corollary 5] and the proof of [22, Theorem 2.2]). By the
comparison method (or the integral form of (3.2)), we can further show that
foreaht 0, Q; is subhomogeneousn G,. Let Qt be the restriction of Q;
to [O;u]. It is easyto seethat @ is the periodic semiow on [0; u] generated

by the periodic cooperative and irreducible system (3.4). Thus, for each t > 0,

17



&, is strongly monotone on [0;u]. As menrtioned before, (3.4) has a positive
I -periodic solution u (t), which is globally asymptotically stable in [O;u] nO.
By the Dancer-Hessconnectingorbit lemma (see,e.qg.,[9, Proposition 2.1]), the
map @, admits a strongly monotone full orbit connecting0 to u := u (0).
Thus, assumption (A5) holds for the map Q, . The following result shows that

Q! satis es assumption (A6)(a% on G, .

Lemma 3.1. For any D G, and any boundd interval | = [a;b], we have
((Q:D);) e ' (Di).
Proof. De ne a linear operator
S(t) = O;T(t) 2); 8 =(1; 2)2C
and a nonlinear map
z t
U) = u(t 5 ), Tot s)g(s;ua(s;; )ds ; 8 =( 15 2)2G:
0
It is easyto seethat

Q: =S(t) +U(); 8 2C;t O

Let k k; be the maximum norm assaiated with the Banach spaceC(l ; R?).

Sincek(S(t) J1ki e 'k ;k,wehave ((S(t)D);) e ' (D;). Note that
z t
ui(t; ; ) = Ta(t) 1+ . Ti(t  S)uz(s; ; )ds:

Sincefor eacdh t > 0, T1(t) is a compact map with respect to the compact open
topology, sois U(t) : G, ! G. This implies that (U(t)D), is precompactin
C(I;R?), and hence ((U(t)D);) = 0. Thus, we have

(QD))  ((SMD))+ ((UMD)) e ' (Di); 8t>0:
This completesthe proof. O

Since Q, satises (Al)-(A6) with = O0and = u, Theorem A implies
that Q, admits a spreading speedc . Next we use Theorem B to obtain an

explicit expressionfor c .
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Let ( ) bethe principal Floquet multiplier of the linear periodic cooperative

and irreducible system

=(d2 Dus + u»

ug
(3.5)
ug = uz + @g(t; O)uy:

Let v(t; w) be the solution of (3.5) satisfying v(0;w) = w 2 R?. It is easyto see

that u(t; x) = e * v(t; w) is the solution of the linear periodic system

8

2 @Jléx;t) = d@;ué((zx;t) ui(x;t) + u 2(x; t)

N (3.6)

©o@kt) -y (xt) + @g(t; O)up(X; t):
@ 2\A g ’ 1I\A L)

Let M, be the solution map assaiated with (3.6), and B! be de ned by M, as
in section 2. By above obsenation, it is easyto seethat B! is just the solution
map of the linear ordinary di erential equation (3.5) on R?. It followsthat ( )
is the principal eigervalue of B' .

Dene ( ):= " () In order to use Theorem B, we show that (1)=1.
Let ()= !lln ( ). By the Floquet theory, there exists a positive ! -periodic
function w(t) sud that v(t) = e ( )tw(t) is a solution of (3.5). Sincevi(t)

(d 2 1)vy(t), it follows that

wi(t) 2 ) .
Wi (D 1 ();8t O
and hence Z,
_ o wi(t) 2 .
0= . wl(t)dt (d 1 (Nt
Thus, we have
( ) = In ( ) = ! 1d !_;

which impliesthat (1)=1.

Sinceg(t; ) is subhomogeneou®n R, , we have
gt z) @g(t;0)z; 8(tz)2 R::

Then the comparisonprinciple implies that Q, M, forall 2 G, . Thus,

Theorem B (1) impliesthat ¢ infs o h O
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For any 2 (0;1), there existsz > 0 such that
gt;z) (1 )@g(t0)z; 8(tz)2Rs [0z

Let ( ) bethe principal Floquet multiplier of the linear periodic cooperative
and irreducible system
< 0 — 2
uj = (d Luy + u
1= ( Ju1 2 3.7)
= ux+ (1 )@t O)us;

and let M, be the solution map assaiated with the linear periodic system

8
2 @Jléx;t) = d@%((zx;t) ui(x;t) + u 2(x; t)

(3.8)
-> @i (xt) . . 3.
g = w(a)+ ()@t 0ui(x;b):
By the comparisonprinciple, there exists 0in R? suc that forany 2 C,
Qu( )x) ut ) (z;z) 82R;t2[0!];
where u(t; ) is the solution of (3.4) with u(0; ) = . Thus, we have Q:( )

M;();8 2 C;t2][0;!]. By an analysissimilar to that of (3.6), it follows

from Theorem B (2) that ¢ inf> o™ ) and hence, letting ! 0O, we

obtainc  infs OM. Consequetly, ¢ = inf g h Q)

Note that if u(t; x) is a solution of (3.2) with 0 u(0;x) < u ;8x 2 R, and
u(0; ) 6 0, then u(t;x) > 0;8t > 0;x 2 R (see,e.g., the proof of [26, Lemma
3.1)).

As the consequencesf Theorems?2.1, 2.2 and 2.3 with Remark 2.3, we have

the following results.

Theorem 3.1. Assume that (G1){(G3) hold. Letc = infs o) and

u(t;x; )= u(t; )x); 2 G . Then the following two statementsare valid:

Q) If (x) = 0 for x outside a boundea interval, then for any ¢ > ¢ =!,

lim u(t,x; )=0.
tll ;jxj tc

(2) If (x)6 0, thenfor anyc< c =!, lim  (u(tx; ) u(t)=0.
t1l ;jxj tc
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Theorem 3.2. Assumethat (G1){(G3) hold, and let ¢ be de ned asin The-
orem 3.1. Then for any ¢ ¢ =!, (3.2) has a periodic traveling wave solution
U(t; x tc) suchthat U(t; s) is nonincreasingin s 2 R, and S!Iilm U(t;s) = u (t)
and SI!ilm U(t; s) = 0. Moreover, for any c< ¢ =!, (3.2) has no traveling wave

U(t;x tc) connecting u (t) to 0.

We note that the autonomousversion of system (3.2) was studied earlier in

[29] for traveling wavesand in [23] for spreading speedsand traveling waves.

4 A periodic delayed and diusiv e equation

Let >0be xed andC:= C([ ;0LR). Foranyu2 C( ; ) R;R)with
> 0,andany (t;x) 2 [0; ) 2 R, weuseu( ;x) to denotethe member of C
de ned by
u( ;x)=u(t+ ;x); 8 2[ ;0L

Consider a periodic delay di erential equation with di usion on R:

@u(t; x) _ OI@u(t; X)

Q@ @2

whered > 0,f 2 CY(R3;R), andf (t; u;v) is! -periodic in t for some! > 0. We

+f(tut;x);ut ;x); t>0,x2R; 4.1)

needthe following assumptionon f to study the spreading speedand periodic

traveling wavesfor (4.1).

(F) f(;0,0) O, % > 0; 8(t;u;v) 2 R, and there is a real number
L > Osud that f(t;L;L) Oandforeahht O, f(t; ;) is strictly
subhomogeneouson [0;L]? in the sensethat f(t; u; v) > f (tu;v)

whenewer 2 (0;1);0<u;v L.

Dene f:R, C! Rby
it )=1(t () ( ) 8t )2R. C

Then it is easyto seethat for eadht 0, f{t; ) is quasimonotoneon Cin the
sensethat f{t; ) ft; ) whenewer in Cand (0)= (0).
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Let C be de ned asin section2 with H = R and k = 1, that is, Cis the
spaceof all bounded and cortinuous functions from [ ;0] R to R with the
compact open topology. Using the semigroup generatedby the heat equation
and [15, Corollary 5] (see, e.g., the proof of [22, Theorem 2.2]), we can showv

that (4.1) generatesa monotone periodic semiow Q; : G. ! G de ned by
Qe( ) sx)=u( ;% );8(;x)2[ ;01 R 2G;

where u(t; x; ) is the unique solution of (4.1) satisfyinguo(;; )= 2 Q.
Let O; be the restriction of Q; to G._. It is easyto seethat &; : G ! G

is the periodic semi ow generated by the following periodic delay di eren tial

equation
M = fGuwiue it o @2
with initial date up = 2 G . By the nonautonomousversion of [21, Theorem

5.3.4),it follows that the map @, is strongly monotonefort 2 . Let ro be the
spectral radius of the Poincare map assaiated with the linear periodic delay
di erential equation

% = £9(t; 0;0)u(t) + £ot; 0;0)u(t  ); t O (4.3)

Assumethat ro > 1. Then [27, Theorem 2.1] implies that system (4.2) has

a positive ! -periodic solution (t), which is globally asymptotically stable in

G nfO0g. By the Dancer-Hessconnectingorbit lemma (see,e.g.,[9, Proposition

2.1]), the map &, admits a strongly monotone full orbit connectingOto :=
(0). Thus, assumption (A5) holds for the map Q, .

De ne the linear operator L(t) : C! C;t 0, by the relation

8
< . ) .
(t+ ;%) ©O;x); t+ <0O;x2R
L(t) (ix)=.
-0 t+ 0; 0;x 2 R:
Clearly, L(t) = Ofor t . Dene S(t) := Q¢ L(t);t 0. By the smoothing

property of the semigroup assa@iated with the heat equation, it then follows
that Q; satis es (A6)(a) fort , and (A6)(b) with &=t fort 2 (0; ) (seealso
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the proof of [8, Theorem 6.1]). Now it is easyto seethat the map Q, satises
all assumptions(A1){(A6).

Let r( ) be the spectral radius of the Poincare map assaiated with the
following linear periodic delay di erential equation

% =d 2v(t) + 2t 0; 0)v(t) + AL O;0)v(t  ): (4.4)

Then [27, Theorem 2.1] implies that r( ) > 0. Furthermore, we have the fol-
lowing result on the spreadingspeedc of the Poincare map Q, asscaiated with
4.2).

Lemma 4.1. Let ¢ be the asymptotic speed of spread of the map Q,. Then
c = infs OM.

Proof. Sincef (t; ) is subhomogeneousn [0;L]?, it follows from [28, Lemma
2.3.2]that

f(tuv) fUt0,0u+ ot 0;0)v; 8(u;v) 2 [0; L]

We x a positive number such that + f2(t;0;0) > 0; 8t 2 [0;!]. Let
f(tuv):= u +f(tu;v). Thenfl(t;0,0)> 0; fO(t;0;0)> 0; 8t 2 [0;! ]. It is
easyto seethat for any 2 (0;1), there exists = () 2 (0O;L) such that

fuv) (@ 00U+ (L XG0V 8(uv)2 [0 %
Sincef (t;u;v) =  u + f(t; u;Vv), we further have
fuv) [ H)AE00  Ju+ @ HEJEO0V: 8(uv)2[0;

Let v(t; ) be the solution of the linear periodic equation (4.4) satisfying
Vo = 2 C It is easyto seethat u(t;x) = e * v(t; ) is the solution of the
linear periodic delay di erential equation with di usion
@ _ ,@u(tx)
@ @2
Let M. be the solution map assaiated with (4.5), and B be de ned by M, as

+ 16 0,0t x) + fAG0;0u(t  ;x): (4.5)

in section 2. By above obsenation, it is easyto seethat B! is just the solution

map of the linear functional di erential equation (4.4) on C.
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By the proof of [27, Theorem 2.1], it follows that there exists a positive ! -

periodic function w(t) such that v(t) = e ( )tw(t) is a solution of (4.4), where

()= tinr(). Dene 2Cby ()=e()w();8 2[ ;0] Clearly,
v(t; )= e ()tw(t); 8 0. Then we have

B () )=vt+ 5 )=eelwit+ ); 8 2[ 05t O
By the ! -periodicity of w(t), it follows that
B'()()=e e w()=eO' () 82[ ;0]

that is, B' ( ) = e ()' . This implies that e ( )! is the principal eigervalue

of B! with positive eigenfunction . Then we have

()=t e = O _InrQ),

By a similar argument asin section 3, we can shav that (1) = 1. Thus,
Theorem B (1) impliesthat ¢ infs o InrQ),
For any 2 (0;1), let r ( ) be the spectral radius of the Poincare map

assaiated with the linear periodic delay di erential equation

Modam+a ywoo wora oot )
By an analysis similar to that of (4.4), it follows from Theorem B (2) that
c inf. o Inr () and hence, letting ! 0, we have ¢ inf. o nr(),
Consequetly, ¢ = inf» o M), O

By Theorems2.1, 2.2 and 2.3, we then have the following result.

Theorem 4.1. Assumethat (F) holdsandro > 1. Letc be dened as in

Lemma4.1. Then the following statementsare valid:

(1) Foranyc>c =!,if 2 C withO ,and (;x) = 0for x outside
a boundd interval, then  lim  u(t;x; )= 0.
t1l ;jxj tc
(2) Foranyc< c,if 2 C with 6 0, then " lim  (utx ) (1) =0.
t! X)) te
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Theorem 4.2. Assumethat (F) holdsandro > 1. Letc be dened as in
Lemmad4.1l. Thenfor anyc c =!, (4.1) hasa periodic travelingwavesolution
U(t; x ct) connecting (t) to 0 suchthat U(t; s) is continuous and nonincreasing
in s 2 R. Moreover, for any c< ¢ =!, (4.1) hasno travelingwaveU(t; x ct)

connecting (t) to O.

5 A reaction-diusion equation in a cylinder

We considerthe ! -periodic reaction-di usion equation in a cylinder

8

S @=-0Gus utugltyiu) X2Riy= (Y1 iym)2 it> 0

@
@ (5.1)
@=-00nR @ (O;+1);

2
where is a bounded domain in R™ with smooth boundary @, = gf
=1

and is the outer unit normal vectorto @ R. Assumethat

(G) g2 CYR:y ~ R:;R),!-periodicint, @ < 0;8(t;y;u)2 Ry Ry,
and there is K > 0 such that g(t; y;K) 0;8(t;y) 2 R+

Let ¢ bethe principal eigervalue of the periodic-parabolic eigernvalue prob-

lem 8
2 &= wrvgty;0)+ viy2 ;
5 @=-00n@; (5.2)
v | periodic in t

with a positive eigenfunction ' (t; y), ! -periodic in t (see[9, Section I1.14]).

Assumethat o < 0. By [28, Theorem 3.1.5], it then follows that the reaction-

di usion equation
8
S @ - jutugtyu);y2 st>0;

(5.3)
@=00n@ (O+1);

admits a unique positive periodic solution (t;y), which is globally asymptot-
ically stable in C( ;R.+) nfOg. Moreover, the Dancer-Hessconnecting orbit
lemma (see,e.g., [9, Proposition 2.1]) implies that the Poincare map assaiated

with (5.3) admits a strongly monotone full orbit connectingOto := (0; ).
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Let C be the set of all bounded and continuous functions from R~ to R.

We considerthe linear equation

8
< %:%‘;+ yUy X2 Rjy2 ;t>0; (5.4)
@=-00nR @ (O;+1):
Let G(t; y; w) be the Greenfunction of the equation (see,e.g.,[7])
8
<
= uy2 ;t>0
yth Y (5.5)

=0on@ (0;+1):

QR P

X z 2 . . .
Then it is easyto verify that e o G(t; y; w) is the Greenfunction of equation

(5.4), that is, the solution of (5.4) with initial value u(0; ) = () 2 Ccanbe

expressedas

Ri1 R (x_2)?
e 7t G(ty;w) (z;w)dwdz:

utxy; ) = P

Dene T(t) = u(t; );8 2 C. It then follows that fT(t)gl, is a linear

semigroup on the spaceC with respect to the compact open topology. For any

a,b2 C,dene [a;blc:=f 2 Ca bg. Foranyt > Oanda;b2 C, it is
easyto verify that T(t)[a;b]c is a family of equicortin uous functions.
Now we write (5.1) subject to u(0; ) = 2 Casan integral equation
utxy) = T 1(xy) + RST(S)f (t syy;ut s;xy))ds; (5.6)

wheref (t; y; u) = ug(t; y; u). Using the standard linear semigrouptheory (see,
e.g., [17, 15]), we seethat for any 2 G, (5.1) has a unique solution u(t; )
with u(0; ) = , which exists globally on [0;+1 ). Dene Q:( ) = u(t; ).
With the expressionof the semigroupT (t) and (5.6), we can shaw that f Q.gl.,
is a subhomogeneoud -periodic semiow on G¢. Moreover, for eah t > 0,
Q: satis es hypotheses(Al),(A2), (A3)(a), (A4), (A5) and (A6)(a) with [ ;0]
replacedby .

Let fMgi, be the periodic semi ow assaiated with the linear equation
8

S @=Gu+ Ju+ug(ty;0) x2Riy2 ;t>0;

OonR @ (0;+1):

(5.7)

oR ap
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Sinceg(t;y;0) o(t;y;u), wehaveM: ] Qi Jforany 2 C. Let M, be
the pegodic semi ow assaiated with the linear equation

S @=Gus Ju+ (1 )ug(ty0); x2Ry2 t>0

(5.8)
2-00nR @ (0;+1):
Then for any , thereis a Osudhthat M;[ ] Qi ]forany 2 C and
t21[0;!].
Let 2 R beaparameter. It is easyto seethat if (t;y) is a solution of the

linear equation

8
S @ = Ju+tug(y;0)+ Zupy2 t>0;
@ y 9(y: 0) y (5.9)
@-0on@ (O+1);
then u(t; x;¥) = (t;y)e * is asolution of (5.7). De ne
B[ 1(y) = M (v)e *1(0;y); 8 2C:=C( ;R);y2 :
It followsthat B! is the solution map asswiated with (5.9). Let = o 2.

It is easyto verify that e ' (t;y) is a solution of (5.9). Thus, we have
B (0;)l=e "(t) 8 O

and hence
B'[ (0;)=e '"(1;)=e ''(0;):

This implies that e is the principal eigervalue of B' with positive eigen-

function ' (0; ). De ne

|
_Ine 0.

():

Clearly, ( 1 )= 1. Let ¢ bethe spreadingspeedof Q, . Note that that M,

satis es (C1)-(C7). By similar argumerts asin sections3 and 4, it follows from
Theorem B that ¢ = i>m‘O ()= 2 p_o'
Note that if u(t; x;y) is a solution of (5.1) with 0  u(0;x;y) < (y);8y 2
;X 2 R, and u(0;x;y) 6 0, then u(t; x;y) > 0;8t > 0;y 2 ;x 2 R (see,e.q.,
the proof of [26, Lemma 3.1]).
As the consequencesf Theorems?2.1, 2.2 and 2.3 with Remark 2.4, we have

the following results.
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Theorem 5.1. Assumethat (G) holdsand o < 0. Let u(t; x; y) be a solution
of (5.1) with u(0; ) 2 C . Then the following two statementsare valid:

() If u(O;x;y)=0for y2 andx outside a boundd interval, then for any

c> 2p 0 lim  u(t; x;y) = 0 uniformly for y 2
JXj tc

t
(2) If u(0;x;y) 6 0, thenfor anyc < 2p T o, " lim  (u(t; x;y) (ty) =
t! X)) te
0 uniformly for y 2
Theorem 5.2. Assumethat (G) holdsand ¢ < 0. For any c 2p T o,
(5.1) hasa periodic traveling wavesolution U(t; x tc;y) suchthat U(t; s;y) is
nonincreasing in s 2 R, and SIIilm U;s;y) = (ty) and SIlilm U;s;y) =0

p

uniformly fory 2 . Moreover, for anyc< 2 0, (5.1) hasno travelingwave

U(t;x tc;y) connecting (t; ) to O.

We should mertion that someautonomous parabolic equationsin cylinders
werestudied earlier in [4, 13] for traveling wavesand in [11] for spreadingspeeds

and traveling waves.
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