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Vv Example 1.

>

In this example we consider the LaPlace equation in the unit square, with
boundary values 0 on the left and bottom edges, f(x) = x on the top, and g(y) =y
on the right.

We split the original in two sub problems which are in fact the same. The first is
with 0 boundary data on all sides save the top, and f(x) = x there. The second has
0 boundary data on all sides but the right, and g(y) = y on the right side.

If the solution to the first sub problem is u(x,y), then the solution to the original
problem is v(x,y) = u(x,y) + u(y,x).

By the analysis done in class, a partial sum for u(x,y) is

2-(-1) n
(n-w-sinh(n-r))

> ul = (x,y N) - add[ -sinh(n-w-y)-sin(n-n-x), n=1 ..N];

ali= (x N)—»add(—z (—1)”sinh(.nny) sin(nnx) n= 1"Nj (1.1)
nnsinh(nmr)
>
so we take
> vl:=(x, ¥, N) > ul(x,y, N) + ul(y, x, N);
vl:=(x, ¥, N)=ul(x,y, N) + ul(y, x, N) (1.2)
>

Here is a plot and contour plot for N = 10.
> plot3d(vi(x, y, 10), x=0..1, y=0..1, axes = boxed, shading = none);
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> with(plots) :

black);

> contourplot(vi(x, y, 20), x=0..1, y=0..1, color
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The unusual appearance near the upper right occurs because we introduced
discontinuities in boundary data when we separated the problem into two. This is
the resulting Gibbs phenomenon.

>

V Example 2

Here we put boundary conditions of 0 on the bottom and left, 1 on top, and ux
= 0 on the right. The eigenvalues become

>A2=ne(2n+n(g}

A2:= n—>% 2n+1)n (1.1.1)

> A2(5);
(11 2)



— T (1.1.2)

and a partial sum of the solution is

— — 2 . 1 . . 1 .
> u2:= (x y,N) add( i smh(2) S(20m7) sin(22(m) %),
n= O..Nj;
ul:=(x,, N)—»add( 2 Sil’lh(?LZ(l’l). y) sin(42(n) x) ,n=0.N (1.1.3)
A2(n) sinh(A2(n))
> evalf(u2(.5, .5, 20));
0.3640566635 (1.1.4)

A contour plot is

> contourplot(uZ2(x, y, 10), x=0..1, y=0..1, color = black);
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> plot3d(u2(x, y, 10), x=0..1, y=0..1, shading = none, axes = boxed);
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¥V Example 3

This time we put 0 boundary values on top and bottom and f(y) = sin(Piy) on

the left and right edges. This is the sum of two similar problems, the first of

which has nonzero boundary values only on the right edge and the second on
the left edge. If he solution to the first of these is u(x,y), then the solution to

the second is u(1-x,y). The first problem has solution

(sin(n-y)-sinh(m-x) )
sinh(n) ’

> u3:=(xy) —

sin(ny) sinh(x x)
sinh(n)

u3d:=(x, y)— (1.2.1)

>
and the solution to the original problem is



> v3= (xy) > u3xy) +u3(l-xy);
v3:i= (X, y)—u3(x, y) +u3(1-x, y) (1.2.2)

> plot3d(v3(x, y), x=0..1, y=0..1, shading = none, axes = boxed);

>
>

V Example 4

In polar coordinates, we consider LaPlace's equation on the disk, with boundary
values 1 on the upper half disk and 0 on the lower. A partial sum for the
solution, as derived in class, is

>
> u4d:= (r,t, N) —>piecewise[r< landr> O,%

+ add[%-(l—(—1)”)-r”-sin(n-t), n= 1..NJ, 1000];
T



ud:= (r, t, N)—»piecewise[r< 1 and 0<r, (1.3.1)

1

—+add[ (1-(-1)™) r*sin(nt)

nnt

> ,nzl..N],IOOOJ

>

This formula is more complicated than necessary. The "piecewise" and "1000"
were included to help trick Maple into sketching an attractive contour plot. 1
also found it necessary to use a cartesian coordinate formulation.

>
> ri=(x,¥) - sqrt(xX* +)7);
ri=(x, ¥) >V X +)° (1.3.2)

> t:= (X, y) — arctan(y, x);
t:= (x, y) —arctan(y, x) (1.3.3)

Here's the contour plot.

> with(plots) :
> contourplot( ud(r(x, y), t(x, y), 100), x=-1..1, y=-1..1,
contours= [0, .1, .2, .3, 4, .5, .6,.7,.8,.9, 1], grid=[150, 150],
color = black);
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Yes, those are arcs of circles. Why?
>
>
>



