hull-acl.nb 1

HULL[fix ACLOSURE]]

Johan G. F. Belinfante
2002 January 24

<< goedel 52. n66; <<tests. m

:Package Title: GOEDEL52. M66 2002 January 22 at 8:15 p.m
It is now 2002 Jan 23 at 23:48

Loadi ng Sinplification Rules

TESTS. M Revi sed 2002 January 12

weightlinmit = 40

Context switch to ‘ Goedel ‘Private is needed for ReplaceTest
Just ignore the error nmessage about Unterm nated use of Begi nPackage

Get::bebal : Unterm nated uses of Begi nPackage or Begin in <<tests.m

m Introduction

In this notebookit is provedthat HULL[fixfACLOSURE]] = ACLOSURE. Thisis analogougo apreviouslyestablishec
formulafor UCLOSURE. For thatcasethe proof usedthe idempotenc®f the function symbolUclosure[x]. In the proof
that Uclosureis idempotenta choicefunctionwasused,whoseconstructiordependsrucuallyon the fact thattheinverse
of thefunction BIGCUP is athin relation. Unfortunatelythis argumentdoesnot carry overto the caseof Aclosure[x]
becauseheinverseof BIGCAP is notthin. It is notknownatpresenwhetherthefunctionsymbol Aclosureis idempo
tentor not. ThefunctionACL OSURE, however s knownto beidempotentfrom whichit is shownbelowthat Aclosure
is

idempotenfor the specialcaseof sets. It turnsoutthatthis specialcasesufficesfor the proof of theformulafor HUL L [fix[-
ACLOSURE]].

m I[dempotence of Aclosure for the special case of sets.

A usefulmembershipule:

menber [pair [X, y], conposite[z, ACLOSURE]] // Assert Test

menber [pair [x, y], conposite[z, ACLOSURE]] ==
and [menber [x, V], nenber [y, V], menber [pair [Acl osure[x], y], z]]

menber [pair [X_, y_], conposite[z_, ACLOSURE]] : =
and[rmenber [x, V], nmenber [y, V], menber [pair [Acl osure[x], y1, z11]

Theidempotencef Aclosur e for setsis:
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Map [i npl i es[menber [x, V], #] & Subst Test [nenber, pair [x, y], conposite[z, ACLOSURE],
{y -> Acl osure[x], z -> ACLOSURE}]] // Reverse

or [equal [Acl osure[x], Acl osure[Acl osure[x]]], not [nenber [x, V]]] == True
or [equal [Acl osure[x_], Acl osure[Acl osure[x_]]1]1, not [nenber [x_, V]]]:=True

This resultis weakerthan the correspondingesult for Uclosure; in that caseone doesnot needthe hypothesis
member[x,V]. Thefollowing corollaryis neededater.

Map [not, Subst Test [and, p, inplies[p, ql,
{p -> nenber [x, V], g ->equal [Acl osure[x], Aclosure[Aclosure[x]]]1}]] // Reverse

or [not [equal [Acl osure[x], Aclosure[Aclosure(x]]]], not [menber [X, V]]] ==
not [nmenber [x, V]]

or [not [equal [Acl osure[x_], Acl osure[Acl osure[x_]]111, not [menber [x_, V]]]: =
not [menber [Xx, V1]

m hereditary closure lemma

Map [cl ass[x, #] &,

Subst Test [i npl i es, and[subcl ass[x, y], nmenber [y, z]], nmenber [x, i mage[i nverse[S], z]11,

{y -> Acl osure[x], z ->fi x[ACLOSURE] }11
i mage [i nverse[S], fix[ACLOSURE]] ==

i mgel[inverse[S], fi Xx[ACLOSURE]] : =V

W one direction

Subst Test [i npl i es, nmenber [u, v], subcl ass[A[v], u]l,
{u -> Acl osure[x], v ->intersection[fix[ACLOSURE], i mage[S, singleton[x]]1}]

or [not [nenber [x, V]],

subcl ass[A[i ntersection([fix[ACLOSURE], i mage[S, singleton[x]]]], Aclosure[x]]] == True

or [not [menber [Xx_, V]], subcl ass]|
Ali ntersection[fix[ACLOSURE], image[S, singleton[x_111], Aclosure[x_]1]:=True

Subst Test [cl ass, x, or [not [menber [X, V]],
subcl ass[A[i ntersection[y, i mage[S, singleton[x]]]1], Aclosure[x]]],
y ->fi XxX[ACLOSURE]] // Reverse

fix[conpositel[inverse[ACLOSURE], S, HULL [fi Xx[ACLOSURE]]]] ==V

fix[conposite[inverse[ACLOSURE], S, HULL[fi x[ACLOSURE]]1]1]:=V

m monotonicity of ACLOSURE

uni on[conposi te[i nver se[ACLOSURE], S, ACLOSURE], conpl ement [S]] // Renormal ity

uni on[conpl enent [S], conposite[inverse[ACLOSURE], S, ACLOSURE] ] ==V
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uni on[conpl enent [S], conposite[inverse[ACLOSURE], S, ACLOSURE]] : =V

Subst Test [equal , V, uni on[conpl enent [x], Y1,
{x ->S, y ->conposite[inverse[ACLOSURE], S, ACLOSURE]}] // Reverse

subcl ass [S, conposite[inverse[ACLOSURE], S, ACLOSURE] ] == True
subcl ass[S, conposite[i nverse[ACLOSURE], S, ACLOSURE]] : = True
Variouscorollariescanbe obtained:

Subst Test [i npl i es, subcl ass[u, v], subcl ass[conposite[w, u], conposite[w, v]],
{u->S, v->conpositel[inverse[ACLOSURE], S, ACLOSURE], w-> ACLOSURE}]

subcl ass [conposi t e[ACLOSURE, S], conposite[S, ACLOSURE]] == True

subcl ass[conposi t e [ACLOSURE, S], conposite[S, ACLOSURE]] : = True

Subst Test [i npl i es, subcl ass[u, v], subcl ass[conposite[u, w], conposite[v, w]],
{u->S, v->conpositel[inverse[ACLOSURE], S, ACLOSURE], w->i nverse[ACLOSURE] }]

subcl ass[conposite[S, i nverse[ACLOSURE] ], conpositelinverse[ACLOSURE], S]] == True

subcl ass[conposite[S, i nverse[ACLOSURE]], conpositel[i nverse[ACLOSURE], S]] : =True

Subst Test [i npl i es, subcl ass[u, v], subcl ass[composite[u, z], conmposite[v, z]],
{u -> conposi t e[ACLOSURE, S], v ->conposite[S, ACLOSURE], z -> ACLOSURE}]

subcl ass[conposi t e [ACLOSURE, S, ACLOSURE], conposite[S, ACLOSURE]] == True

subcl ass[conposi t e[ACLOSURE, S, ACLOSURE], conposite[S, ACLOSURE]] : = True

W going in the other direction

I mmgeConp [ACLOSURE, i nver se[ACLOSURE], x] // Reverse

i mage [ACLOSURE, i nage[i nverse [ACLOSURE], x]] ==intersection[x, fix[ACLOSURE]]
i mage [ACLOSURE, i nage[i nver se[ACLOSURE], x_]]:=intersection[x, fix[ACLOSURE]]

Map [not, Subst Test [and, inplies[pl, p3], inplies[p2, p4], inplies[and[p3, p4], p5],
not [i mpli es[and[pl, p2], p511,
{pl -> nenber [y, fix[ACLOSURE]],
p2 -> subcl ass[x, y],
p3 -> equal [Acl osure[y], VI,
p4 -> subcl ass[Acl osure[x], Acl osure[y]],
p5 -> subcl ass[Acl osure[x], y1}1]

or [not [equal [y, Aclosure[y]]], not [menber [y, V]],
not [subcl ass[x, y]], subcl ass[Acl osure[x], y]] == True

or [not [equal [y_, Aclosure[y_]11, not [nenber [y_, V11,
not [subcl ass[x_, y_11, subclass[Aclosure[x_], y_11:=True

i mpl i es[menber [y, i ntersection[fix[ACLOSURE], i mage[S, singleton[x]]11],
subcl ass[Acl osure[x], Y11

True
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Subst Test [cl ass, y, inplies[nmenber [y, z], subclass[w, y]],
{z ->intersection[fiXx[ACLOSURE], inmage[S, singleton[x]]], w->Aclosure[x]}] //
Rever se

uni on[conpl ermrent [fi x [ACLOSURE] ],
conpl ement [i mage[S, singleton[x]]], i mage[S, singl eton[Aclosure[x]]]] ==V

uni on[conpl enment [fi x [ACLOSURE] ],
conpl enent [i mage[S, singleton[x_1]]1, i mage[S, singleton[Acl osure[x_11]1]:=V

Subst Test [equal , V, uni on[conpl enent [u], V],
{u->intersection[fix[ACLOSURE], i nage[S, singleton[x]]1],
v ->image[S, singleton[Aclosure[x]]]}] // Reverse

subcl ass [Acl osure[x], Alintersection[fiXx[ACLOSURE], i mage[S, singleton[x]]]]] ==True
subcl ass[Acl osure[x_], A[intersection[fix[ACLOSURE], i mage[S, singleton[x_]1111]1:=True

Map [i mpl i es[subcl ass[

Ali ntersection[fi x[ACLOSURE], i mage[S, singleton[x]]11], Aclosure[x]], #] &
Subst Test [and, subcl ass[u, v], subcl ass[v, ul,
{u->Alintersection[fix[ACLOSURE], i mage[S, singleton[x]]1]11,

v -> Acl osure[x]1}]] // Reverse

or [equal [Alintersection([fix[ACLOSURE], i mage[S, singleton[x]]]], Aclosure([x]],
not [subcl ass[A[intersection[fix[ACLOSURE], i mage[S, singleton[x]]]], Aclosure[x]]]] ==
True

or [equal [A[i ntersection[fix[ACLOSURE], i mage[S, singleton[x_11]11, Aclosure[x_11,
not [subcl ass[A[i ntersection[fi x[ACLOSURE], i mage[S, singleton[x_]1111,
Aclosure[x_111]:=True

Map [not, Subst Test [and, inplies[pl, p2], inplies[p2, p4],
not [i nplies[pl, p4]11],
{p1 -> nenber [x, VI,
p2 ->
subcl ass[A[i ntersection[fi X[ACLOSURE], i nmage[S, singleton[x]11], Aclosure[x]],
p3 -> subcl ass[Acl osure[x],
Ali ntersection[fi x[ACLOSURE], i mage[S, singleton[x]11111,
p4 -> equal [Alintersection[fix[ACLOSURE], i mage[S, singleton[x]]111,
Acl osure[x]1}11

or [equal [A[intersection[fix[ACLOSURE], i mage[S, singleton[x]]]], Aclosure[x]],
not [nmenber [x, V]]] == True

or [equal [A[intersection[fix[ACLOSURE], i mage[S, singleton[x_]1111, Aclosure[x_11,
not [menber [X_, V]1]]:=True

m final steps

i mpl i es[menber [x, VI,
menber [x, fix[conpositel[inverse[ACLOSURE], HULL[fi x[ACLOSURE]1111] // Assert Test

or [menber [pair [X, x], conpositel[inverse[ACLOSURE], HULL [fi x [ACLOSURE]]]],
not [menber [x, V]]] == True

or [menber [pair [Xx_, X_], conpositel[inverse[ACLOSURE], HULL [fix[ACLOSURE]]]1,
not [menber [x_, V]1]:=True

fix[conposite[inverse[ACLOSURE], HULL[fi x[ACLOSURE]]1] // Renormality

fix[conmposite[inverse[ACLOSURE], HULL [fi x[ACLOSURE]]]] ==V
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fix[conposite[inverse[ACLOSURE], HULL[fi x[ACLOSURE]]]1]:=V

Subst Test [i npl i es, subcl ass[u, v], subcl ass[conposite[w, u], conposite[w, v]],
{u->1d, v ->conpositel[inverse[ACLOSURE], HULL[fi x[ACLOSURE]]1], w-> ACLOSURE}]

subcl ass [ACLOSURE, HULL [fi x [ACLOSURE] ]] == True

subcl ass [ACLOSURE, HULL[fi x[ACLOSURE]]] : = True

Subst Test [i npl i es, subcl ass[u, v], subcl ass[conposite[u, w], conposite[v, w]],
{u->1d, v->conposite[inverse[ACLOSURE], HULL[fi x [ACLOSURE]]]1,
w->inverse[HULL[fi x [ACLOSURE]]11}]

subcl ass [HULL [fi x [ACLOSURE] ], ACLOSURE] == True

subcl ass[HULL [fi x [ACLOSURE] ], ACLCSURE] : = True

Subst Test [and, subcl ass[u, v], subclass[v, ul,
{u ->HULL[fiXx[ACLOSURE]], Vv -> ACLOSURE}] // Reverse

equal [ACLOSURE, HULL [fix [ACLOSURE]]] == True

HULL [fi x [ACLOSURE] ] : = ACLOSURE



