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m Introduction

The GOEDEL programis not anautomatedeasoningprogram but only a anauxiliary programcreatedo discoverdefini-
tions andstatementsf theoremghatcanbe usedby anautomatedeasoningprogramsuchasOtter. If onewishesto base
the arithmeticof naturalnumberson settheory, oneneedso beginwith the definitionsof the basicarithmeticoperations,
additionandmultiplication, in termsof sets. This notebookis a progresseporton whathasbeenachievedo dateon this
issue.

Classesaregenerallyintroducedin the GOEDEL programvia membershipgules. Theoretically,onecanobtaina formula
for the classby applying Goedel’salgorithm,but the catchis thatthe resultmay be rathercomplicated. In the caseof
addition,aneleganformulawasfoundin termsof power,but no compactformulahasyet beenfoundfor multiplication.

In practicethe definitionsof the functions NATADD and NATMUL arenot neededor automatedeasoningxceptto
establishthat the classexistswithout appealingto Goedel’'sclassexistencemetatheoremlntroducetheseclassesvia
membershipuleswould amountto addingnew axiomsto settheory. The alternativeexploredhereis to usethe compl
cateddefinition to avoid introducingnew axioms,andthento immediatelyderive membershigor other)rulesfrom this
definition. The bulk of the theoryof arithmeticcould thenbe basedon thesederivedrules,andone caneffectively forget
aboutthedefinition. Thisis theessencef the axiomaticmethod:freethetheoryfrom the detailsof the definition by setting
up appropriateaxioms,provea uniguenessheoremandthenrelegatehe definition to the proof of anexistenceheorem.

In thefinal sectiona derivationof a variable—frestatemendf 2 x = x + x is presented.This formulawasactuallyoneof
thefirst theoremgprovedaboutmultiplication.

m formula for NATADD

Thereis asimpleformulafor thefunctionNATADD correspondingo additionof naturalnumbers:

conposi te[i d[onega], rotate[inverse[power [SUCC]]], SWAP]

NATADD
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An extensivebody of factsaboutNATADD hasbeenderived(usinghand—guideg@roofs)in the GOEDEL program,and
this theoryis now readyfor work usingOtter. Thisis the subjectof othernotebooksandwill notberepeatedere.

m proposed formula for NATMUL

Thesituationfor multiplicationis slightly lesssatisfactory. The bestdefinition foundsofar is this:

mul defn: =
Equal [NATMJUL, conposite[rotate[conposite[conpl enent [conposite[conpl ement [conposite]
rot at e[conposi te[i nverse[power [SUCC]], SWAP]], RI F, cross [SECOND,
conposi t e[SWAP, SECOND]], id[conposite[id[cart [onmega, V]], inverse[Fl RST],
SUCC, FIRST]], crossl[inverse[E], 1d]]], id[conpositel[inverse[E],
| MAGE[i d[conpl enent [cart [singl eton[0], 1d]111111, inverse[FIRST]11,
i nverse[l MAGE[cross[ld, inverse[LEFT[0]]111], E11, id[cart [onega, V]]]]

Despitethe apparentomplexityof this definition, it is feasibleasa startingpoint. Thefirst stepin usingthis definitionis to
derivefrom it aformulafor thecompositeof NATMUL with LEFT[X].

Map [conposi t e[#, LEFT[x]] & mul defn]
conposite[id[image[V, intersection[onega, singleton[x]]]],
iterate[iterate[SUCC, singleton(x]], singleton[0]]] =

conpositeliterate[iterate[SUCC, singleton[x]], singl et_on[OJ 1,
id[imge [V, intersection[onmega, singleton[x]]]]]

Theseareequalbecauseid[image[V,z]] commuteswith everyrelation:the GOEDEL programrecognizeghetruth of this
whenasked:

%/. Equal -> equal
True
Fromtheformulafor compositefNATM UL ,LEFT[X]], it is easyto derivethemembershipule:

menber [x, NATMUL]

and [menber [first [first [x]], omega], nenber [pair [second[first [x]], second[Xx]],
iterate[iterate[SUCC, singleton(first [first(x]]]], singleton[0]]]]

In the GOEDEL program this membershipule hasbeenusedasthe startingpoint for thetheoryof multiplication. At this
pointonly afew factshavebeenderived:

FUNCTI ON[NATMUL ]
True

domai n[NATMUL]
cart [onega, onmega]
range [NATMUL]

omega

Multiplication examples:
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menber [pair [pair [0, x], 0], NATMJL]
menber [x, omega]

menber [pair [pair [singl eton[0], x], x], NATMUL]

menber [x, omega]

m A formula for doubling.

Theformula 2 x = x + x will beprovedasfollows. Firstwe derivea duplicationformulafor addition:
Assoc [NATADD, cross[SUCC, 1d], cross[ld, SUCC]]
conposi t e [NATADD, cross [SUCC, SUCC]] == conposite[SUCC, SUCC, NATADD]
conposi t e[NATADD, cross[SUCC, SUCC]] : = conposite[SUCC, SUCC, NATADD]
Assoc [NATADD, cross[SUCC, SUCC], DUP]
conposi t e [NATADD, DUP, SUCC] == conposite[SUCC, SUCC, NATADD, DUP]
conposi t e[NATADD, DUP, SUCC] : = conposit e[SUCC, SUCC, NATADD, DUP]
I mmgeConp [NATADD, RI GHT[0], singleton[0]] // Reverse
i mage [NATADD, cart [singleton[0], singleton[0]]] ==singleton[0]
i mage [NATADD, cart [si ngl eton[0], singleton[0]]]:=singleton[0]
Theuniguenessf iterate implies:

Subst Test [i npl i es, and[equal [i mage[w, singleton[0]], VI,
equal [conposite[u, w], conposite[w, SUCC]]1],
equal [conposite[w, id[onega]], iteratef[u, v]],
{u -> conposi te[SUCC, SUCC], v ->singleton[0],
w -> conposi t e [NATADD, DUP]}]

equal [conposite[NATADD, DUP], iterate[conposite[SUCC, SUCC], singleton[0]]] == True
This justifiestherule:

iterate[conposite[SUCC, SUCC], singleton[0]]: =conposite[NATADD, DUP]
Onthemultiplicationside,we derivethesdemmas:

Assoc [i d[omega], NATMJL, LEFT[succ[singleton[0]]11]

conposite[id[onega], iterate[conposite[id[onega], SUCC, SUCC], singleton[0]]] ==
iterate[conposite[id[omega], SUCC, SUCC], singleton[0]]

conposi te[id[onega], iterate[conpositel[id[onega], SUCC, SUCC], singleton[0]]]: =
iterate[conpositel[id[omega], SUCC, SUCC], singleton[0]]
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Map [subcl ass [#, onega] &,
| mageConp[i d[omega], iterate[conpositel[id[onega], SUCC, SUCC], singleton[0]], V]]

subcl ass[range[iterate[conposite[id[omega], SUCC, SUCC], singleton[0]]], omega] == True
subcl ass[range[i terate[conpositel[id[onega], SUCC, SUCC], singleton[0]]], onega] : = True

Subst Test [i npl i es, subcl ass[u, v], subcl ass[i nage[w, u], i mage[w, v]],
{u->range[iterate[conpositel[id[omega], SUCC, SUCC], singleton[0]]],
vV -> onega, w-> SUCC}]

subcl ass [i mrage [SUCC, range[iterate[conposite[id[omega], SUCC, SUCC], singleton[0]]]],
onega] == True

subcl ass [i mage [ SUCC,
rangeli terate[conpositel[i d[onega], SUCC, SUCC], singleton[0]]]], onmega] : = True

Subst Test [i npl i es, subcl ass[u, v], subcl ass[i nage[w, u], i mage[w, v1],
{u ->image[SUCC, range[iterate[conpositel[id[onega], SUCC, SUCC], singleton[0]]]11],
vV -> onega, w-> SUCC}]

subcl ass [i nage [SUCC, i mage [SUCC,
range(iterate[conposite[id[omega], SUCC, SUCC], singleton[0]]]]], omega] == True

subcl ass [i nage [SUCC, i mage [SUCC,
rangel[iterate[conmpositel[i d[omega], SUCC, SUCC], singleton[0]]]1]], onega] : = True

The laststepis to useuniquenessf iterate again:

Subst Test [i npl i es, and[equal [i mage[w, singleton[0]], VI,
equal [conposite[u, w], conposite[w, SUCC]]1],
equal [conposite[w, id[onega]], iteratef[u, v]],
{u -> conposi te[SUCC, SUCC], v ->singleton[0],
w->iterate[conpositel[id[omega], SUCC, SUCC], singleton[0]]}]

equal [conposite[NATADD, DUP],
iterate[conposite[id[omega], SUCC, SUCC], singleton[0]]] == True

iterate[conpositel[id[onega], SUCC, SUCC], singleton[0]] : =conposite[NATADD, DUP]
Thissaysthat 2x = X + X:

conposi t e[NATMJL, LEFT[succ[singleton[0]]]]

conposi t e [NATADD, DUP]



