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H talk at Calculemus 2001.

Johan G. F. Belinfante
2001 June 5

This notebookwasusedto preparethe slidesfor thetalk at CALCULEMUS”2001, to be presente®001June2l. A few
itemsin this notebookwereomittedfrom the slidesto keepthetalk within theallottedtime.

m Title, abstract, website.

Di scoveri ng Theor ens usi ng GOEDEL : a case st udy

Excerpts fromAbstract :

The GOEDEL program a Mathematicai npl enent ati onof Goedel ' s al gorithm
for classfornmation, isnminlyused tofornul atedefinitionsneededfor
O ter proofsinset theory.

The GOEDEL pr ogr amcan al so di scover newfacts. For exanpl e, wedi scovered:
i mgel[i nverse[TC], P[x]] == P[H[x]]
Conpl etedetails of all proofscanbefoundontheauthor’ swebsite.

http: // ww. mat h. gat ech. edu / ~bel i nfan /research /autoreas /
Theplanis notto showhowtheOtter proofsgo, butratherto showhowthe GOEDEL programis used.
<< goedel 52.i 2; <<tests. m
. Package Title: GCOEDEL52.12 2001 June 5 at 11:45 a.m
It is now 2001 Jun 5 at 17:43
Loading Sinplification Rules
TESTS. M Revi sed 2001 May 19

weightlimt = 30

Context switch to ‘ Goedel ‘Private is needed for ReplaceTest
Just ignore the error nessage about Unterninated use of Begi nPackage

Get::bebal : Unterminated uses of Begi nPackage or Begin in <<tests.m

m The nine primitives used in Godel's axioms.

1.TheuniversalclassV.
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class[x, True]
\%
2. Themembershipelation E.
class[pair [x, y], menber [X, y]1]
E
3. Thecomplementf aclassx.
cl ass[y, not [menber [y, x]1]11]
conpl ement [x]
4. Thedomainof x.
cl ass[u, exists[v, nenber [pair [u, V], X]1]
domai n[Xx]
5. Theternaryrelationflip[x].
equal [cl ass[pair [pair [u, v], w], nenber [pair [pair [v, ul, w], x]1, flip[x]]
True
6. Theternaryrelationr otate[x].
class[pair [pair[u, v], w], nmenber [pair [pair [v, w], ul, x]]
rotate[x]
7. Theunorderedair.
equal [cl ass[w, or [equal [w, x], equal [w, y]]], pairset [x, y]] // assert
True
8. The cartesiarproductof two classes.
class[pair [u, v], and[nmenmber [u, x], nmenber [v, y1]]
cart [X, Y]
9. Theintersectiorof two classes.

class[w, and[nenber [w, x], menber [w, y]]1]

intersection[x, y]
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m Derived concepts.

Otherquantitiesn Gédel's classtheorycanbe definedin termsof the primitives. Forexample:
class[pair [u, v], menber [pair [v, ul, x]]
i nverse[x]
The quantity inver sg[x] is definedin termsof the primitivesasfollows:
domai n[flip[cart [x, V]1]
inverse[x]
Therange cannow be definedas
domai n[i nverse[x]]
range [x]
The constructorimage is describedy
class[v, exists[u, and[nmenber [pair [u, v], x], nenber [u, y]111]
i mge (X, y]
Theimage canbedefinedin termsof Gadel’s primitivesandthe derivedconcept ange asfollows:
rangel[i ntersection[x, cart [y, V]]]
i mge[x, y]
The conventionablescriptionof thecompositeof x andy is:
cl ass[pair [u, w], exists[v, and[nmenber [pair [v, w], x], nmenber [pair [u, V], y]111]
conposite[x, y]
The definition of composite in termsof Gédel's primitivesis:
domai n[i ntersection[rotate[flip[cart [x, V]]], flip[rotate[cart [y, V]]111]
conposite[x, y]
Thesubclasselation S is:
class[pair [x, y], subclass[x, y1]

S

Thedefinitionof S in termsof themembershipelationE is:



h—talk.nb 4

intersectionfcart [V, V], conpl ement [conposi te[conpl enent [E], i nverse[E]]]]

S

Gdodel providedan algorithmfor convertingany class descriptioninto an expressiorinvolving his primitives. But in
practice,onegenerallyprefersto work with the derivedquantitiesike inverse andcomposite. The GOEDEL program
goesbeyondGddel’s algorithmby addingsomerewrite rulesto simplify expressions Anotherdeviationis thatthe ordered
pair is takenasan additionalprimitive ratherthanbeingdefinedby Kuratowski'sconstructionpr Quaife’smaodification
thereof.

W Sum class and power class.

The GOEDEL programis mainly usedto transformclassdescriptiongo expressiongnvolving Gadel's primitives. In the
processall quantifiersoversetsareeliminated.

Sumclass:
class[u, exists[v, and[nmenber [v, x], menber [u, V]]1]]
Ulx]
i mage[i nverse[E], x]
Ulx]
Powerclass
cl ass[w, subclass[w, x]]
Px]
conpl ement [i mage [E, conpl ement [x]]]
Px]
A connectiorbetweerthesumclassandpowerclass.

ULP[x]]

X

m The class FULL of all full sets

The GOEDEL programcanrecognizevariousdifferentdescriptionf a givenclass. For example, theclassFULL of all
full setscanbedescribedn all theseways:

class[x, forall [u, v, inmplies[and[nmenber [u, v], nmenber [v, x]], nenber [u, x]11]

FULL
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class[x, forall [v, inplies[nenber [v, x], subclass[v, x]111]

FULL
class[x, subclass[U[x], X1]
FULL
Theequationfor FULL thatwasusedasadefinitionin theOtter proofs:

conpl ement [range[i ntersecti on[E, conpl enent [S]]11]1]

FULL

m Examples using assert

The GOEDEL programwill alwayseliminatequantifiersoversetswhenoneusesassert.

?? assert

assert [p] is a statement equivalent to p obtained by applying Goedel’s al gorthm
to class[w,p]. Applying assert repeatedly sonetinmes sinplifies a statenent.

assert [p_] := Module[{w = Unique[]}, equal [V, class[w, p]]]
Herearetwo examples:
forall [x, exists[y, and[nenber [y, z], nmenber [X, y1]]1] // assert
equal [V, U[z]]
forall [x, exists[y, and[nenber [y, z], subclass[x, y]1]1] // assert
equal [V, i mage[i nverse[S], z]]
Both of theseassertionswretrueaboutFULL.
and[equal [V, U[FULL]], equal [V, i magel[i nverse[S], FULL]]]
True
Usingassert maysometimesevealequivalenformulationsof statements:

subcl ass[i mage[x, y], conpl enent [z]] // assert

subcl ass[cart [y, z], conpl ement [x]]

m lambda

Thefunctioncorrespondingo the sunclassconstructolis convenientlyobtainedusinglambda:
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| anbda[x, U[x]]

Bl GCUP

An alternativeto lambda is to useclass, butin practicethisis notasconvenientespeciallyfor complicatedunctions.
class[pair [x, y], equal [y, U[x]]]
Bl GCUP
I ambda[x, P[x]]

POVER

Theformula U[P[x]]=x impliesaformulafor thecorrespondindunctions:

conposi t e[Bl GCUP, POVER]
Id

Onecanalsouselambda for binaryfunctions:

| anbda[pair [x, y], intersection[x, Y]]
CAP

The definition of lambda usesthefunctionVERTSECT. Thedefinition of VERTSECT in termsof Gddel’s primitivesis
givenin thewriteup of thistalk, andwill notberepeatedere.

| anbda[v, i mage[x, singleton[v]]]
VERTSECT [x ]
The definition of lambda is this:

?? | anbda

lanbda[x,f [x]] is the function which takes x to f [X]

, and
| ambda[pair [x,y],f [X,y] is the function that takes pair [x,y] to f[Xx,y], etc.
lanbda(x_, e_] :
Modul e[{y =

Uni que[]}, conposite[VERTSECT[cl ass[pair [x, y], nmenber [y, e]]], id[class[x, True]]]]
A simpleexample:

VERTSECT[i nverse[S]]

POVER

m IMAGE[X]

Thefunctionl M AGE[X] is closelyrelatedto VERTSECTIX].
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| anbdaly, i mage[x, y]1]
| MAGE[X ]
A simpleexample:
| MAGE[i nverse[E]]
Bl GCUP
Eachof thesefunctionscouldbe definedin termsof the other,butin practiceVERTSECT is simplerthanl MAGE.
conposi te[l MAGE[x], SI NGLETON]

VERTSECT [X |

VERTSECT [conposi te[x, inverse[E]]]
| MAGE[X ]
Theirdomainsarerelatedasfollows:
domai n[lI MAGE[X]]
P[domai n[VERTSECT [x]]]
An importantspecialcase:
| anbdaly, i ntersection[x, y]]

I MAGETi d[X]]

This unaryfunctionis not to be confusedwith the binary function CAP. When a is a set,the binaryfunctionCAP is
relatedto theunaryfunction IMAGEJid[a]] asfollows:

conposi te[CAP, RIGHT[a]]
| MAGE[i d[a]]
Foranyset a thefunctionRIGHT[a] is givenby

| anbda[x, pair [x, a]]

Rl GHT[a]

m Hereditary core

The hereditarycoreH[x] of aclassx is thelargestfull subclas®f x. It is definedastheunionof all full subset®f x.

cl ass[u, exists[v, and[menber [u, v], full [v], subclass[v, x]]1]]

Hx]
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The definition usedin our Otter work is equivalent:
Uli ntersection[FULL, P[x]11]
H[x]

The correspondindunctionis called HC.
| ambda[x, H[X]]
HC

ThefunctionHC is thecompositeof functionsdiscussecarlier:
conposi te[Bl GCUP, | MAGE[i d[FULL]], POAER]
HC

When x is aproperclassonecanstill obtain H[x] fromthefunction HC indirectly:
Uli mage[HC, P[x]111]

Hx]

The transitiveclosure tc[x] of aclass x is thesmallestfull classthatcontainsx. When a is a set,it is givenasthe
intersectiorof all full setsthatcontain a.

Ali ntersection[FULL, i mage[S, singleton[a]l]]]
tclal
The correspondindunctionis
| ambda[x, tc[x]]
TC
When x is aproperclassthetransitiveclosuretc[x] is theunionof theclassof transitiveclosuref all subset®f x.

Uli mage[TC, P[x111

tc[x]

m Discovering theorems with VSNormality, and other tests.

Usingthe GOEDEL programmanyfactsaboutHC and TC werediscoveredfor example:
conposi te[i nverse[HC], S]

conposite[S, TC]

The detailsof the discoveryof thefollowing identity usingthe GOEDEL programcanbefoundin thewriteup of thistalk:
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i magel[i nverse[TC], P[x]]
PIH[x]]

Oncethis fact wasdiscoveredit wasnot difficult to getanOtter proof of it. The basictechniqueusedis VSNormality,
oneof severaldiscoverytools.

? VSNormal ity
Goedel * Private' VSNormal ity

VSNormality[x_] := Module[{u = Unique[], Vv

= [ Uni que[]}, nenber [u, V] = True;
nenber [v, V] = True; conposite[ld, x] = r[ V],

(;I ass[pair [u, nenber [v, image[x, singleton[u]]]]]

To usethis test,we just apply it to anyrelationof interest.(Whenthe GOEDEL programfails to discoveranything,it
returns True.) Ratherthanrehashinghe discoverieghatare mentionedn the writeup, we offer severalothersimple
examplef mildly interestingfactsdiscoveredn this fashion:

conposi te[Bl GCUP, TC, SI NGLETON] // VSNormality

conposi te[Bl GCUP, TC, SI NGLETON] == TC

conposi te[conpl enent [E], TC] // VSNormal ity

conposi te[conpl enent [E], TC] == conposite[inverse[l MAGE[i nverse[TC]]], conpl ement [E] ]

conposi te[conpl enent [HC], HC] // VSNornal ity

conposi te[conpl enent [HC], HC] == conposite[ld, conpl ement [HC] ]



