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m Introduction

A wrapped membership rule for natadd[x,y] has been added to the GOEDEL program, from which the relation between
the function NATADD and natadd[x,y] can be deduced:

| anbda[pair [x, y], natadd[x, y]]

NATADD

In this notebook, basic rewrite rules involving natadd[x,y] are derived. Old rules related to the associative law of addition
and the additive law of exponents are replaced. Justification is given for setting Flat and Or der less attributes for natadd.

m Normality for natadd[x,y]

The Normality rule is needed for just about everything else, so it isa natural place to start.
natadd[x, y] // Normality // Reverse
Ali mage [NATADD, cart [singleton[x], singleton[y]]]] ==natadd[x, y]
A[i mage [NATADD, cart [singleton[x_], singleton[y_]11]1]1:=natadd[x, Y]
From thisit followsthat natadd[x,y] isequal to V unless x and y are both natural numbers:
Subst Test [equal , V, A[i mage [NATADD, cart [u, Vv]]], {u->singleton[x], v ->singleton[y]l}]
equal [V, natadd[x, y]] == or [not [menber [x, onega]], not [menber [y, onmega]]]
Thisisadded as arewrite rule, used below to derive the commutative property of natadd.

equal [V, natadd[x_, y_]]1:=or [not [menber [x, omega]], not [menber [y, onegal]]
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m Commutativity and the Orderless attribute

The commutativity of NATADD isused to derive the corresponding property of natadd.

Subst Test [i npl i es, equal [u, v], equal [A[u], A[V]],
{u -> i mage [NATADD, cart [singl eton[x], singleton[y]]l],
v -> i mage [NATADD, cart [singleton[y], singleton[x]]]}]

equal [natadd[x, y], natadd[y, x]] == True
This commutative property justifies adding the attribute Orderless to natadd.
Set Attri butes[natadd, Orderl ess]

Now Mathematica recognizes that natadd is commutative without needing to add any rewrite rules.

equal [natadd[x, y], natadd[y, x]1]

True

m Vertical section rule for NATADD

A vertical section rule for the binary function NATADD is deduced by using rulesfor PAIR:

Subst Test [i npl i es, FUNCTI ON[z],
equal [i mage[z, singleton[w]], singleton[A[image[z, singleton[w]]]11],
{z -> NATADD, w-> PAI R[X, Yy1}1]

equal [i mage [NATADD, cart [singleton[x], singleton[y]]], singleton[natadd[x, y]]] == True

Thisjustifies adding the following rewrite rule:

i mage [NATADD, cart [singleton[x_], singleton[y_1]]:=singleton[natadd[x, y]]

m Sethood rule

From the vertical section rule one easily deduces a sethood rule:

Map [not, Subst Test [equal , O, i mage [NATADD, singleton[z]], z -> PAIR[X, Y111

menber [natadd[x, y], V] == and [nenber [x, onega], nmenber [y, onega]]
menber [natadd[x_, y_1, V] :=and[nmenber [x, onega], nenber [y, omega]]

The following corollary is worth noting.
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i mge[V, singleton[natadd[x, y]]] // Normality
i mge[V, singleton[natadd[x, y]]] ==
intersection[imge[V, intersectionfonega, singleton[x]]],
image[V, intersection[onega, singleton[y]]]]
i mge[V, singleton[natadd[x_, y_11]:=
intersection[imge[V, intersection[onega, singleton[x]]],
i mage[V, intersection[omega, singleton[y]]l]]

This rewrite rule causes problems unless it is supplemented an additional rule. The GOEDEL program recognizes this
truth:

equal [uni on[conpl erment [i mage[V, intersection[onega, singleton[x]]]], natadd[x, Y11,
nat add[x, Y11

True

On account of this, oneisjustified in adding a corresponding rewrite rule:

uni on[conpl enent [i mage[V, intersection[onega, singleton[x_1]]11, natadd[x_, y_11:=
nat add[x, Y]

m A consequence of the associative law

Thereisan old rewrite rule that follows from the associative law:
conposi t e[NATADD, RI GHT[x], NATADD, RI GHT[y]]
conposi t e [NATADD, RI GHT [natadd[x, y]]]

Thisrule can be generalized. First, the old rule is removed:
conposi t e[NATADD, RI GHT[x_]1, NATADD, RIGHT[y_]] =.

Instead of restoring it, we deduce a more general rewrite rule:

Assoc [conposi t e [NATADD, cross[ld, NATADD]], ASSCC, RI GHT[x]] // Reverse

conposi t e [NATADD, RI GHT [x], NATADD] ==
conposi t e[NATADD, cross[ld, conposite[NATADD, RI GHT[x]]]]

conposi t e[NATADD, RI GHT[x_]1, NATADD] : =
conposi t e[NATADD, cross[ld, conposite[NATADD, Rl GHT[x]]1]

The old rule follows from this new rule as a specia case:

conposi t e[NATADD, RI GHT[x], NATADD, RI GHT[y]]

conposi t e [NATADD, RI GHT [nat add[x, y]]]

m New additive law of exponents

The GOEDEL program currently contains the following additive law of exponents which involvesiterate and SUCC:
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conposi te[i mage[power [x], u], i mage[power [x], V]]
i mage [power [x], image[iterate[SUCC, v], u]]
We remove this old rule preparatory to deriving a better replacement rule.
conposi te[i mage[power [X_]1, u_], i mage[power [X_], V_11 =.
The RIF version of the additive law of exponentsis still available:
conposite[RIF, cross[power [X], power [x]]]
conposi t e [SWAP, power [x], NATADD]
From it we can deduce a replacement for the removed additive law of exponents:

I mgeConp[conposi t e[SWAP, RI F], cross[power [Xx], power [x]], cart [u, v]] // Reverse

conposi te[i mage [power [X], u], inmage[power [X], V]] ==
i mage [power [x], i mage [NATADD, cart [u, v]]]

conposi te[i mage[power [X_], u_], i mage[power [X_], V_1]:=
i mage [power [x], i mage [NATADD, cart [u, Vv]]]

The special case of greatest interest is the following, which involves natadd.

conposi te[i mage [power [x], singleton[u]], i nage[power [x], singleton[v]]]

i mage [power [x], singleton[natadd[u, v]]]

m The sum of natural numbers is a natural number

We start with thisresult:
I mageConp[i d[ormega], NATADD, cart [si ngl eton[x], singleton[y]]] // Reverse
intersectionf[onega, singleton[natadd[x, y]]] ==singleton[natadd[x, y]]
i ntersection[onega, singleton[natadd[x_, y_1]]: =singleton[natadd[x, y]]
From it we deduce atemporary rule:

Subst Test [equal , i ntersecti on[onega, singleton[w]],
singleton[w], w->natadd[x, y]] // Reverse

or [menber [natadd[x, y], onmega], not [nenber [x, omega]], not [menber [y, onega]]] == True
or [menber [natadd[x_, y_], onega], not [nenber [x_, omega]], not [nenber [y_, omegal]]] : = True
The converse a'so holds:

or [and [nmenber [x, onega], menber [y, onegall,
not [menber [natadd[x, y], omegall] // Assert Test

or [and [menber [x, onmega], nenber [y, onega]], not [menber [natadd[x, y], onega]]] == True
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or [and[nenber [x_, onega], nenber [y_, onega]], not [nenber [natadd[x_, y_], onegal]]l] : = True
These two results can be combined into asingle rule:

equi v[menber [nat add[x, y], onega], and[nenber [x, onmega], menber [y, onegal]l]

True

menber [natadd[x_, y_], onega] : = and[nenber [X, onega], nenber [y, onmega]]
Various related facts are automatically recognized as consequences, and do not require additional rules. For example:

or [equal [natadd[x, y], V], nenber [natadd[x, y], onegal]

True

W Associativity and the Flat attribute

The GOEDEL program recognizes this truth:

equal [union[
conpl enent [i mage[V, intersection[onega, singleton[y]]]], natadd[x, natadd[y, z]1]1],
nat add[x, natadd[y, z]1]

True
Consequently one isjustified in adding a corresponding rewrite rule:

uni on[conpl enment [i mage [V, intersection[onega, singleton[y_]1111,
natadd[x_, natadd[y_, z_]1]:=
nat add[x, natadd[y, z]]

With thisrule in place, one deduces that natadd is associative.

Map [A,
| mageConp [conposit e[NATADD, RI GHT[x]], conposite[NATADD, RI GHT[y]]1, singleton[z]]]

natadd [z, natadd[x, y]] == natadd[x, natadd[y, z]]

This associative property justifies adding the attribute Flat to natadd.
Set Attri but es[natadd, Fl at]
Now Mathematica recognizes that natadd is associative without needing to add any rewrite rules.

nat add[z, natadd[x, y]] == natadd[x, natadd[y, z]]

True



