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summary

In this notebooksomegapsarefilled, providing derivationsof variousbasictheoremghat were provedlong agousing
Otter, butwhicharestill notrecognizedy the GOEDEL program.

Quaife’s theorem (UP2)

Thesecondclausen Quaife’sTheorem(UP2) is thefollowing:

In[2]:= inplies[not [menber [y, V]], equal [pairset [X, y], singleton[x]]]

Qut[2]= or [equal [pairset [x, y], singleton[x]], nenber [y, V]]

This theoremcanbe provedusingAssertTest.

In[3]:= or [equal [pairset [X, Y], singleton[x]], menber [y, V]] // Assert Test
Qut[3]= or [equal [pairset [x, y], singleton[x]], nenber [y, V]] = True

In this case a moreusefulresultis thefollowing:

In[4]:= equal [pairset [x, y], singleton[y]] // Assert Test

Qut[4]= equal [pairset [X, Y], singleton[y]] ==or [equal [X, Y], not [menber [x, V]]]

In[5]:= equal [pairset [Xx_, y_1, singleton[y_]]:=or[equal [X, y], not [menber [X, V]]]

Theorem UP-SS-2

A proofof length10onlevel 8 for thefollowing TheoremUP-SS-2 wasfound 1994 SeptembeR2 by Otter.
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In[6]:= inplies[equal [singleton[x], singleton[y]], equal [pairset [Xx, z], pairset [y, z]]]
Qut[6]= or [equal [pairset [x, z], pairset [y, z]], not [equal [singleton[x], singleton[y]]]]
This theoremcanbe establishedisingAssertTest, but thattakes24 secondsTurning off thecond flag haslittle effect, but

turning off the simplify flag doesreducethe executiortime to 2 seconds.A muchfastertechniquewhich doesnotrequire
turning off eitherflag, is thefollowing:

In[7]:= SubstTest [i mplies, equal [u, v], equal [union[u, w], union[v, w]],

{u->singleton[x], v->singleton[y], w->singleton[z]}]
Qut[7]= or [equal [pairset [x, z], pairset [y, z]], not [equal [singleton[x], singleton[y]]]] =True
In[8]:= or [equal [pairset [x_, z_], pairset[y_, z

_11,
not [equal [singleton[x_], singleton[y_1111:=True

Corollary SS-12-C

The following easyCorollary SS-12-Cof Quaife’sTheorem(SS12) wasproved1998May 10 usingOtter. It is readily
establishedisingAssertTest.

In[9]:= inplies[subclass[x, singleton[y]], or [equal [0, x], nenber [y, x]1] // Assert Test
Qut[9]= or [equal [0, x], menber [y, x], not [subclass[x, singleton[y]]]] == True
In[10]:= or [equal [0, x_], menber [y_, x_], not [subclass[x_, singleton[y_1]11]1:=True

Corollary SS-4A

The following CorollarySS-4A of Quaife’stheorem(SS4) wasproved2000April 1 usingOtter.

In[11]:= inplies[subclass[y, union[z, singleton[x]]], or [menber [X, y], subclass[y, z]1]]

Qut[11] = or [nenber [X, y], not [subclass[y, union[z, singleton[x]]]], subclass[y, z]]

SpecializingCorollarySS-12-C to the caseof dif[y,z] almostyieldsit:

In[12]: = Subst Test [i npl i es, subcl ass[w, singleton[x]],
or [equal [0, w], nenber [x, w]], w->dif [y, z]]

Qut[12] = or [and [nenber [X, y], not [menber [x, z]]],
not [subcl ass[y, union[z, singleton(x]]]], subclass[y, z]] == True

The only extrastepneedechereis to extracta partout of thecompoundconclusiorand[member[x,y], notfmember[x,z]]].

In[13]:= Map[or [nenber [X, y], #] & Subst Test [i npli es,
subcl ass[w, singleton[x]], or [equal [0, w], nenber [x, w]], w->dif [y, z]1]]

Qut[13] = or [nenber [x, y], not [subclass[y, unionfz, singleton[x]]]], subclass[y, z]] = True

In[14]:= or [menber [X_, y_],
not [subcl ass[y_, union[z_, singleton[x_]]]], subclass[y_, z_]]:=True
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Quaife’'s Theorem (C5)

Quaife’stheorem(C5) is recognizedo betrueby the GOEDEL programwhenonewritesit like this:
In[15]:= inplies[and[disjoint [x, y], equal [union[x, y], VI]], equal [x, conpl enent [y]]]
Qut[15]= True

The clauseform of this theoremis not currentlyrecognizedo be true, but it canbe derivedby an applicationof double
negation:

In[16]:= or [not [equal [union[x, y], V11,
not [equal [i ntersection[x, y], 0]], equal [x, conpl enent [y]]] // Not Not Test

Qut[16] = or [equal [x, conpl ement [y]],
not [equal [0, intersection(x, y]]], not [equal [V, union([x, y]]]] == True

In[17]:= or [equal [x_, conpl ement [y_11,
not [equal [0, intersection[x_, y_]111, not [equal [V, union[x_, y_111]:=True

a special theorem added to Quaife’s D group

The following specialtheoremwas proved1996 Decembe28 usingOtter. Althoughthis theoremwasnot amongthose
listed by Quaifein his D groupof theoremsit is closelyrelatedto the distributivelaw andit thereforeseemdogical to add
it attheendof this group.

In[18]:= inplies[and[disjoint [x, y], subclass[x, union[y, z]]1], subclass[x, z]]

Qut[18]= True

Althoughthe GOEDEL programrecognizeshis theoremto betruewhenit is written in this fashion,its truth is notrecog
nizedwhenthe sametheoremis presentedhn clauseform. Theremedyhereagainis to apply doublenegation.

In[19]:

or [not [equal [0, intersection[x, y111,
not [subcl ass[x, union[y, z]]], subclass[x, z]] // Not Not Test

Qut[19] = or [not [equal [0, intersection[x, y]17,
not [subcl ass[x, union[y, z]]], subclass[x, z]] = True

In[20]:= or [not [equal [0, intersection[x_, y_111,
not [subclass[x_, union[y_, z_ 111, subclass[x_, z_]]:=True

Theorem DJ-MEM

Theorem DJ-MEM proved1999July 22 usingOtter canbewrittenin clauseform asfollows:

In[21]:= inplies[menber [z, intersection[x, Y]], not [disjoint[x, y]]]

Qut[21] = or [not [equal [0, intersection[x, y]]], not [menber [z, Xx]], not [nenber [z, y]]]

This theoremdoesnotyield to doublenegationnorto AssertTest, butit canbe derivedusingSubst T est:
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In[22]:= Subst Test [i npl i es, nmenber [z, w], not [equal [0, w]], w->intersection[x, y]]
Qut[22] = or [not [equal [0, intersection[x, y]]], not [menmber [z, x]], not [menber [z, y]]] = True
In[23]:= or [not [equal [0, intersection[x_, y_111,

not [menber [z_, x_]1, not [nenber [z_, y_11]:=True



