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summary

This notebook contains a simple construction of a compact topology on the natural
numbers, as well as some other related results. A class x iscompact if every coarser
collection is coarser than afinite collection. In this context, a coar ser collection means
aset y satisfying subclass[y,x] and U[y] = U[x], that is,

In[2]:= menber [pair [y, x], COARSER]

ait[2]= and[equal [U[x], U[y]], nmenber [x, V], subclass[y, x]]

The definition of compact collection does not require that it be atopology. In the case
that x isatopology, the underlying spaceis U[X]. In this case, any collection y coarser
than X isconventionally called an open cover of the space, and a collection coarser
than y iscalled asubcover. Note that in this context it isthe class U[x] that is being
covered, and not x itself.

omega

Every finite collection of sets is compact, so in particular every natural number is
compact:
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In[3]:= Subst Test [i npl i es, and[subcl ass[u, v], subcl ass[v, w]], subcl ass[u, w],
{u-onega, v-FINTE w- COWACT}]

Qit[3]= subcl ass[omega, COVPACT] == True

In[4]:= subcl ass[onega, COMPACT] : = True

omega is not compact

Since any collection is coarser than itself, any compact collection must be coarser than
afinite one.
In[5]:= subcl ass [COMPACT, i mage [COARSER, FI NI TE]]

at[5]= True

The class omega is not compact because there is no finite collection that is coarser
than omega. To derive thisfact, one starts by specializing a result about Uclosures of
ordinal numbersto the special case of natural numbers:

In(6]:= | mageConp [UCLOSURE, i d[OVEGA], onega] // Reverse
auit[6]= i mage [UCLOSURE, onega] == i ntersection[onmega, conpl enent [singleton[0]]]
In[7]:= inmage[UCLOSURE, onega] : =intersecti on[onega, conpl enent [singl eton[0]]]

Asacorollary, one obtains:

In[8]:= | mageConp[BlI GCUP, i nverse[S], onega] // Reverse
auit[8]= image[BlI GCUP, i mage[i nverse[S], onega]] == onega
In[9]:= image[BlI GCUP, i magel[i nverse[S], onmegal]] : = onega

From thisit follows that no collection coarser than omega can befinite.

In[10]: = menber [onmega, i mage [COARSER, FI NI TE]] // Assert Test

aut[10]= menber [onega, i nage [COARSER, FI NI TE]] = Fal se

In[11]:= menber [onmega, i mage [COARSER, FI NI TE]] : = Fal se

The fact that omega is not compact follows:
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In[12]:= Map[not, Subst Test [i nplies, and[nenber [u, v], subcl ass[v, W]],
menber [u, w], {u - onega, v -» COWACT, w- i mage [COARSER, FI NI TE]}]1]

Qut[12]= nenber [onega, COMPACT] == Fal se

In[13]:= menber [omega, COVPACT] : = Fal se

succ[omega]

The class omega is coarser than succ[omega], but there is no finite set coarser than
omega. Consequently, succ[omega] is not compact.

In[14]:= Map[not, Subst Test [i nplies, and[nmenber [u, v], subcl ass[v, w]], nenber [u, w],
{u - onega, v -»imge[i nverse[COARSER], si ngl eton[succ[onegal]l,
w- i mage [COARSER, FI NI TE]}]1]

Qut[14]= menber [succ [onega], COVPACT] == Fal se

In[15]:= nenber [succ[onmega], COMPACT] : = Fal se

On the other hand, succ[omega] is atopology, and so this provides a simpe example
of atopology that is not compact.

In[16]:= nenber [succ[omega], TOPS]

Qut[16]= True

Since singleton[omega] is afinite collection that is coarser than succ[omega], one
has:

In[17]:= Subst Test [i npl i es, and[menber [pair [u, v], conposite[ld, z]], nmenber [u, X]],

menber [v, i mage[z, x]11,
{u -» singl eton[onega], v -» succ[onega], X -» FI NI TE, z - COARSER} ]

Qut[17]= nenber [succ [onega], i mage [COARSER, FI NI TE]] = True
In[18]:= menber [succ [onega], i nage [COARSER, FI NI TE]] : = True
The class COMPACT is sandwiched between FINITE and image[ COARSER,

FINITE]. Exampleswill be given to show that both of these inclusions are proper.

In[19]:= and[subcl ass[FI NIl TE, COVMPACT], subcl ass [COVPACT, i mage [COARSER, FI NI TE]]]

Qut[19]= True
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Since succ[omega] belongs to imagef COARSER,FINITE] but not to COMPACT, it
follows that the second inclusion is proper.

In[20]:= Map[not, Subst Test [i nplies, and[menber [u, v], equal [v, w]], nmenber [u, w],
{u » succ[onega], Vv -» i mge[COARSER, FI NI TE], w- COVPACT}]]

Qut[20]= equal [COVPACT, i mage [COARSER, FI NI TE]] == Fal se
In[21] := equal [COVPACT, i nage [COARSER, FI NI TE]] : = Fal se
Membership in COMPACT means every coarser collection is coarser than afinite

collection, whereas membership in imagef COARSER, FINITE] is the weaker require-
ment that there is a coarser collection which isfinite.

an infinite compact collection

The class image[RC[omega], omega] provides an example of an infinite compact
collection. Each member of this classisthe relative complement in omega of a natu-
ral number, that is, the set of all natural numbers greater than or equal to a given one.
The proof that this collection is compact follows from the observation that any collec-
tion coarser than imagel RC[omega],omega] must hold the set omega becausethat is
the only set in the collection which holds the empty set. It follows that
singleton[omega] is afinite collection coarser than any collection coarser than image]|-
RC[omega],omega].

In[22]:= menber [0, A[intersection[onega, x]]] // Assert Test
Qut[22]= nenber [0, A[intersection[onega, x]]] == not [menber [0, X]]
In[23]:= nenber [0, A[intersection[onmega, X_]1] : =not [menber [0, X]]

Write imagel RC[omega],omega] as the union of the complement of 0 and comple-
ments of nonzero numbers:
In[24]:= Subst Test [i mrage, w, uni on[u, v],

{u ->dif [onega, singleton[0]], v ->singleton[0], w-» RC[onega]}] // Reverse
Qut[24]= uni on[i mge[RC[omega], intersection[onega, conpl enent [singleton[0]]]],

si ngl eton[onegal] ==i nage [RC[onega], onega]

In[25]:= uni on[i mage [RC[onmega], i ntersecti on[omega, conpl ement [singl eton[0]]1]1,
si ngl eton[onega]] : =i mage[RC[onega], onegal
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The latter complements do not hold O.

In[26]:= Subst Test [subcl ass, union[u, x], union[v, yI,
{u -> i mage[RC[onega], dif [omega, singleton[0]]],
v -> P[conpl enment [si ngl eton[0]]11,
X -» i mage[RC[onega], singleton[0]], y - singl eton[onega]}]

aut[26]= subcl ass[i mage [RC[onega], onmegal,

uni on [P[conpl ement [singl eton[0]]], singleton[onega]]] == True

In[27]:= %/. Equal - Set Del ayed

Thisinclusion can be sharpened to an equation:
In[28]:= equal [i ntersection[conpl ement [P[conpl erent [singl eton[0]]1]1,
i mge [RC[omega], onegal], singleton[onmegal] // Assert Test

aut[28]= equal [i ntersection[conpl ement [P[conpl enent [singleton[0]]]7,
i mge [RC[onega], onega]], singletonfonmega]] == True

In[29]:= intersection[conpl ement [P[conpl enent [singl eton[0]]]1],
i mge [RC[onmega], onegal] : = si ngl eton[onega]

Introducing avariable X, one obtains:
In[30]:= Mapl[inplies[# equal [omega, Xx]] & Subst Test [menber, X, intersection[y, z],

{y -> conpl ement [P[conpl enent [si ngl eton[0]]11,
z -> i mmge[RC[onmega], onega]}]] // Reverse

Qut[30]= or [equal [omega, x], not [nmenber [0, Xx]],

not [menber [i nt ersecti on[onega, conpl enent [x]], onmega]],
not [subcl ass[x, onega]]] == True

In[31]:= (%/. X - Xx_) /. Equal - Set Del ayed

Thissaysthat omega isthe only member of image[RC[omega],omega] that holds 0.
In[32]:= inplies[
and [nenber [x, i mage [RC[onega], onegal], menber [0, x]], equal [onmega, X]]

Qt[32]= True

From this will deduce that any collection x coarser than image]RC[omega],omega]
must hold omega. The argument isthis: if U[xX] isomega, then O belongsto U[X].
So 0 must belong to some member of x. But that member of x must belong to
image[RC[omega] ,omega], and the only member of the latter that holds O is omega
So omega must belong to x.



cmpct-om.nb 6

In[33]:= Subst Test [i nplies, and[nmenber [y, x], subclass[x, z]1,
menber [y, z], z » i nage [RC[onmega], onega]]l

Qut[33]= or [and [menber [i ntersection[onmega, conpl enent [y]], onega], subcl ass[y, onegal],
not [menber [y, x]], not [subcl ass[x, i mage[RC[onega], onmega]]]] == True

In[34]:= (%/. {Xx->X_, Yy->Y_}) /. Equal - Set Del ayed

I n[35]:

Map [not, Subst Test [and, inplies[and[p2, p3], p4],
i nplies[and[pl, p4], p5], inplies[and[p2, p5], p6],
not [i npli es[and[pl, p2, p3]1, p6]11, {pl -> menber [O, Y1,
p2 - nenber [y, x], p3 - subcl ass[x, i mage [RC[onega], onegall],
p4 - nenber [y, i mage[RC[onega], onmegall],
p5 - equal [y, onega], p6 - nenmber [onega, X]1}1]

Qut[35]= or [menber [onega, X], not [menber [0, y]], not [nenber [y, X]],
not [subcl ass [x, i mage[RC[onmega], omega]]]] == True

In[36]:= (%/. {X>X_, y->y_}) /. Equal -» Set Del ayed
Thevariable y can be eliminated as follows:

In[37]:= Map[equal [V, #] & Subst Test [cl ass, VvV,
or [menber [onega, Xx], not [menber [0, y]], not [menber [y, x]1,
not [subcl ass[x, z]1]], z ->i nmage[RC[onega], onega]]l] // Reverse

Qut[37]= or [nenber [onega, x], not [nenber [0, U[x]]],
not [subcl ass[x, i mage [RC[onmega], ormega]]]] == True

In[38]:= (%/. X »Xx_) /. Equal - Set Del ayed
If a covering of omega that holds omega has a finite subcovering, namely
singleton[omega].

In[39]:= Subst Test [i npl i es, and[nenber [pair [u, v], conposite[ld, z]], nmenber [u, y]1],
menber [v, image[z, y]], {u-singleton[omega]l, v-X, y-»>FINTE z - COARSER}]

Qut[39]= or [nenber [x, i mage [COARSER, FI NI TE]], not [equal [onmega, U[x]]],
not [menber [omega, Xx]], not [nenber [x, V]]] = True

In[40]:= (%/. X »X_) /. Equal - Set Del ayed

These results can be combined:
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In[41] := Map[not, Subst Test [and, inplies[pl, p2], inplies[and[pl, p2], p3],
i mpl i es[and[pl, p3], p4], inplies[p4, p5], not [implies[pl, p5]1], {pl->
menber [x, i mage[i nver se [COARSER], singl eton[i mage[RC[onega], onmegallll,
p2 - nenmber [0, U[x]], p3 - nenber [onmega, X],
p4 - nenber [pair [singl eton[omega], x], COARSER],
p5 - menber [Xx, i mage [COARSER, FI NI TE]1}1]

Qut[41]= or [nmenber [x, i mage [COARSER, FI NI TE]], not [equal [onmega, U[x]]],
not [menber [x, V]], not [subcl ass[x, i mage[RC[onega], onega]]]] = True

In[42]:= (%/. X »X_) /. Equal - Set Del ayed

Theorem. The set image[RC[omega], omega] is a compact collection.

In[43]:= Map[equal [V, #] & Subst Test [cl ass, X,
i npl i es[menber [x, u], nenber [x, i mage [COARSER, FI NI TE]1]1,
u ->image[i nver se[COARSER], si ngl eton[i mage [RC[onega], onmegallll]l //
Rever se

Qut[43]= nmenber [i mage [RC[onmega], onega], COVMPACT] == True

In[44]:= nmenber [i mge [RC[omega], onmega], COWPACT] : = True
This compact set is not finite.

In[45]:= Map[not, Subst Test [i nplies, and [FUNCTI ON[x], nenber [y, FI NI TE]],
menber [i mage[x, y], FINITE], {x -> RC[onega], Yy -» i mage[RC[onega], onega]}]]

aut[45]= menber [i mage [RC[onega], onega], FI NI TE] == Fal se

In[46]:= nenber [i mage [RC[omega], onmegal], FI NI TE] : = Fal se
It follows that theinclusion subclass[FINITE, COMPACT] isaproper one.

In[47]:= Map[not, Subst Test [i nplies, and[nenber [u, v], equal [v, W]],
menber [u, w], {u-inmage[RC[onmega], onega], v » COVWPACT, w- FI NI TE}]]

aut[47]= equal [COMPACT, FI NI TE] == Fal se

In[48]: = equal [COWPACT, FI NI TE] : = Fal se

a basis for an infinite compact topology

The class imagelRC[omega], omega] istotally ordered by inclusion. To derive this
fact, one begins with the fact that omega istotally ordered by inclusion:
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In[49]:= Subst Test [i npl i es, subcl ass[u, V],
subcl ass[i mage[w, u], i mage[w, v]], {u-cart [omega, onmega],
VvV s union[S, inverse[S]], w- cross[RC[onega], RC[onmega]l]}]
Qut[49]= subcl ass[cart [i mage[RC[onmega], onega], i nrage [RC[onega], onega]], union]|
conmposite[id[P[onega]], S], conpositel[inverse[S], id[P[omega]]]]] == True

In[50]:= %/. Equal - Set Del ayed

This result just needs to be cleaned up:

In[51] := Subst Test [i npl i es, and[subcl ass[u, v], subclass[v, w]], subclass[u, w],
{u ->cart [i mage [RC[onmega], onega], i mage[RC[omega], onegall,
v -> union[conposite[id[P[omega]], S], conpositel[inverse[S], id[P[onmegal]ll],
W- uni on[S, i nverse[S]]1}]

ut[51]= subcl ass[cart [i mage[RC[onmega], onega], i nage [RC[onega], onega]l],
union[S, inverse[S]]] == True

In[52]:= subcl ass[cart [i mage [RC[onega], onega], i mage [RC[onega], onegal],
union[S, inverse[S]]]:=True

It follows that this classis closed under binary intersections, and is therefore a basis for
atopology.
In[53]:= SubstTest [i nplies, and[nmenber [u, v], subclass[v, w]], nmenber [u, w],

{u -> i mage[RC[onega], onegal,
v ->cliques[union[S, inverse[S]]], w- bincl osed[CAP]}]

aut[53]= subcl ass[i mage [CAP, cart [i nage [RC[onmega], onmega], i mage [RC[onega], onegal]],
i mage [RC[onega], onega]] == True

In[54]:= subcl ass[i nage[CAP, cart [i mage[RC[onmega], onega], i mage[RC[onmega], onegalll,
i mge [RC[onega], onmegal] : = True

Thisclassis aso closed under binary unions:

In[55]:= Subst Test [i nplies, and[nmenber [u, v], subcl ass[v, w]], nenber [u, w],
{u -> i mage[RC[onega], onegal,
v ->cliques[union[S, inverse[S]]], w- bincl osed[CUP]}]

aut[55]= subcl ass[i mage [CUP, cart [i mage [RC[onega], onega], i nage[RC[onmega], onega]]],
i mge [RC[onega], onega]] == True

In[56]:= subclass[i nage[CUP, cart [i mage[RC[onmega], onega], i mage[RC[onmega], onegalll],
i mge [RC[onega], onmegal] : = True
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Although the class image[RC[omega],omega] is closed under binary unions, it is not
closed under arbitrary unions for the simple fact that it fails to hold the union of the
empty set. To obtain atopology, one therefore needs to add the empty set.

topology

One obtains atopology from atopological base by applying Uclosure:

In[57]:= Map[i nplies[menber [X, y], #] &
Subst Test [i npl i es, and[nmenber [X, u], subclass[u, v]], nmenber [X, V],
{u - bi ncl osed[CAP], v »inage[i nverse [UCLOSURE], TOPS]}1]

Qut[57]= or [menber [Ucl osure[x], TOPS], not [nmenber [X, Y]],
not [subcl ass [i mage [CAP, cart [x, X]], X]]] ==True

In[58]:= or [menber [Ucl osure[x_]1, TOPS], not [menmber [x_, y_11,

not [subcl ass[i mage[CAP, cart [x_, X_]], X_111 :=True

To carry out this idea, one needs a formula for the Uclosure of the class image]-
RC[omega], omega]. The net result, as we shall see momentarily, amounts to adding
the empty set.

In[59]: = Subst Test [i mrage, RC[omega], uni on[onega, X], X - Si ngl eton[onega]]
auit[59]= i mage [RC[onega], succ[onega]] == uni on[i mage [RC[omega], onega], singleton[0]]
In[60]:= image[RC[onega], succ[onmegal] : = uni on[i mge [RC[onega], onega], singleton[0]]

Some rewrite rules will be needed to simplify various expressions that appear in the
derivation.

In[61]:= equal [i ntersection[P[omega], succ[onega]], succ[onmega]]

at[61]= True
Thisfact is made into arewrite rule;
In[62]:= intersection[P[onega], succ[onega]] : = succ[onega]

Here is another such fact, which is also made into arewrite rule.
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In[63]:= equal [i ntersection[P[onega], Ucl osure[i mage[RC[onmega], X111,
Ucl osur e[i mage [RC[onega], Xx11]

Qt[63]= True

In[64]:= intersection[P[omega], Ucl osure[i nage[RC[onega]l, X_11]: =
Ucl osur e[i mage [RC[onega], X]1]

For finite sets, there is no difference between Aclosure[x] and fix[HULL[x]]. In
particular:

In[65]:= Subst Test [i npl i es, nmenber [X, V],
equal [fix[HULL[x]], Acl osure[x]], X -» succ[onega]]

aut[65]= equal [fix[HULL[succ[onega]]], succ[onmega]] = True

Inf66]:= fix[HULL[succ[onega]]] : =succ[onega]

The needed Uclosur e formula now follows:

In[67]:= Map[fix, Map[conposite[RC[onega], #, RC[onega]] & SubstTest [HULL,
i mge [RC[onega], x], X » i mage[RC[onmega], succ[onegal]ll]l] // Reverse
auit[67]= Ucl osure[i mage [RC[onega], omegal] ==
uni on[i mage [RC[omega], onega], singleton[0]]
In[68]:= Ucl osurel[i mage[RC[onega], onegal] : =

uni on[i mage [RC[onmega], onega], singleton[0]]
Thisyields the promised example of a compact topology on the natural numbers:

In[69]:= Subst Test [i npl i es, nenber [x, bi ncl osed[CAP]],
nenber [Ucl osure[x], TOPS], x -» i mage [RC[onmega], onegal]]

aut[69]= menber [uni on[i mage [RC[onega], omega], singleton[0]], TOPS] == True
In[70]:= menber [uni on[i mage [RC[onega], onega], singleton[0]], TOPS] : = True

Thisisindeed atopology on the set omega:

In[71]:

Uluni on[i mage [RC[onega], onmegal, singleton[0]]]

Qut[71]= onmega

The statement that this topology is compact is recognized automatically from a rewrite
rule that says that compactnessis not affected by adding the empty set.
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In[72]:= nmenber [uni on[i mage [RC[onega], onmega], singleton[0]], COVWACT]

Qut[72]= True

Thistopology, is of course, not finite:

In[73]:= menber [uni on[i mage [RC[onega], onega], singleton[0]], FI N TE]

aut[73]= Fal se

Comment. The topology that has been constructed in this notebook bears some resem-
blance to the cofinite topology, Uclosure[limage[RC[omega], FINITE]]. The latter is
also compact, but the derivation of that fact is not as ssimple.



