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W summary

The goalin this notebookis to derivethe elementanfactthat 1 = singleton[0] is theonly divisorof 1, andtherelatedfact
thatanyfactorizationof 1 mustbetrivial. Thelatterresultis statedfirst without variablesandthenwith variables.

m divisors of 1

The key to determiningthe setof divisorsof 1 isto makeuseof the connectiorbetweerthedivisivility relation DIV and
the subclasselation S.

Subst Test [i npl i es, subcl ass[u, v],
subcl ass [i mage[i nverse[u], w], i magel[i nverse[v], w]],
{u->DIV, v->union[S, cart [onmega, singleton[0]]], w->singleton[singleton[0]]}]

subcl ass[i mage [i nverse[DI V], singleton[singleton[0]]], succ[singleton[0]]] ==True

subcl ass[i mage[i nverse[Dl V], singleton[singleton[0]]], succ[singleton[0]]]:=True
Notethatthe class succ[singleton[Q]] only hastwo elements:

pairset [0, singleton[0]]

succ [singleton[0]]

The only thing left to do thereforeis to rule outthe possibilitythat 0 is adivisorof 1. Thisfollows from the knownfact
thattheonly multiple of O is O.

Subst Test [nenber, singleton[0], i mage[DlV, singleton[x]], x ->0] // Reverse

menber [pair [0, singleton[0]], DI V] == Fal se

menber [pair [0, singleton[0]], DIV]:=False
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Thusthesetof divisorsof 1 is containedn thesingletonof 1.

Subst Test [subcl ass, i mage[i nverse[Dl V], singleton[singleton[0]]],
i ntersectionfu, v],
{u ->succ[singleton[0]], v -> conpl enent [si ngl eton[0]]1}]

subcl ass [i mage [i nverse[DI V], singleton[singleton[0]]], singleton[singleton[0]]] ==True
subcl ass[i mage[i nverse[Dl V], singleton[singleton[0]]], singleton[singleton[0]]]:=True
This containmentanbe strengthenetb anequationasfollows.
Subst Test [nenber, singleton[0], i mage[DV, singleton[x]], X ->singleton[0]] // Reverse
menber [pair [singleton[0], singleton[0]], DIV] == True
menber [pair [singl eton[0], singleton[0]], DIV]:=True
We usethefactthattwo classesreequalif eachis containedn theother:

Subst Test [and, subcl ass[u, v], subcl ass[v, u],
{u ->singleton[singleton[0]], v ->imge[inverse[Dl V], singleton[singleton[0]]]1}]

True == equal [i mage[i nverse[Dl V], singleton[singleton[0]]], singleton[singleton[0]]]
Thisis thefinal result.

i mge[i nverse[Dl V], singleton[singleton[0]]]:=singleton[singleton[0]]

m all factorizations of 1 are trivial

From the theoremaboutdivisorsof 1 onecanderivethatfactthatfactorizationsof 1 aretrivial. A key stepusedin
establishinghis corollaryturnedoutto be somethingopnemight not haveexpected:

I m nConmp [NATMUL, id[cart [V, V1], X] // Reverse

conposite[ld, i mage[i nverse[NATMJL], x]] ==inmage[i nverse[NATMJUL], X]
conposite[ld, i mage[i nverse[NATMJL], x_]]: =1inmage[i nverse[NATMJL], x]

Thereasorthisfactis soimportantis thatthe GOEDEL programcontainssomeconditionalrewrite rulesthatapplyonly to
relations. In theserewrite rulesthe conditioncomposite[ld,x] == x is usedto determinewhethera givenclass x is a
relation. Theentirederivationcannowbe donein onestep:

Subst Test [and, subcl ass[u, v], subclass[v, ul,
{u->id[singleton[singleton[0]]],
v ->i mage[i nver se[NATMJUL], singl eton[singleton[0]]1]1}]

True == equal [cart [singleton[singleton[0]], singleton[singleton[0]]],
i mage [i nverse [NATMUL], singleton[singleton[0]]]]

This establishesa variable-fregersionof thecorollary:

i mage[i nverse[NATMJL], singl eton[singleton[0]]]: =
cart [singl eton[singl eton[0]], singleton[singleton[0]]]
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m reformulating the corollary

We now derivea restatemenof thetheoremaboutfactoring 1 usingtwo variables. Firstwe haveto derivethe factthat
anyfactorizationof 1 mustusenaturalnumbersasfactors:

Subst Test [i npl i es, and[equal [u, v], menber [v, V11, menber [u, V],
{u->natmul [x, y], v ->singleton[0]}]

or [and [menber [x, onmega], nenber [y, onega]],
not [equal [natnul [x, y], singleton[0]]]] == True

or [and [rmenber [x_, onega], menber [y_, onegall,
not [equal [natmul [X_, y_], singleton[0]]]]:=True

Thefollowing observation..

equi v[and[equal [natmul [x, y], singleton[0]], nenber [x, onega], nenber [y, onega]l,
equal [natnmul [x, y], singleton[0]]]

True
... justifiesaddingthis temporarysimplificationrule:

and[equal [natnmul [x_, y_1, singleton[0]], nmenber [x_, onega], nmenber [y_, onegal]: =
equal [natmul [x, y], singleton[0]]

Thefirst versionof the corollarynowis usedto deduceanalternateversionof it:

Subst Test [nenber, pair [x, y], i mage[i nverse[NATMUL], w],
w->singl eton[singl eton[0]]] // Reverse

equal [natmul [x, y], singleton[0]] == and[equal [x, singleton[0]], equal [y, singleton[0]]]

Thus 1 istheproductof x andy if andonlyif x=y=1;

equal [natmul [x_, y_1, singleton[0]]: =
and[equal [x, singleton[0]], equal [y, singleton[0]]]



