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W summary

This notebookcontainsa derivationof the fact thatdivision of naturalnumberscorrespondso a binaryfunctionobtainedby
rotating NATMUL, andrestrictingdenominatorgo be nonzero. The maintool is the rule that left—multiplicationby a
nonzeronumberis one—to—onelwo generaffactsarededucedvhich helpto motivatethe derivation,but the applicationto
division requiresanadditionaltool, namelythefollowing observation:

i mpl i es[equal [0, fix[conposite[u, v]]], equal [0, fix[conposite[v, ullll]

True

This observationis thekey to cleaningup theexpressionshatareencountereh the derivationof theresultaboutdivision.

m generalities about binary functions obtained by rotation

The presensectionprovidessomegeneralnsightinto functionsobtainedby rotation. We beginwith two lemmas.

Subst Test [assert, forall [z, FUNCTI ON[conposite[w, RIGHT[z]]]], w->rotate[x]]

equal [0, fix[conposite[FlRST,
i ntersection([conpositel[inverse[x], F
]

RST], conposite[inverse[SECOND], Di, SECOND] ],
i nverse([rotate[conposite[x, SWAP]]1]1]]

|
1] == FUNCTI ON[rotate[x]]
equal [0, fix[conposite[FlRST,
i ntersection[conpositelinverse[x_], FIRST], conposite[inverse[SECOND], Di, SECOND]],
i nverse[rotate[conposite[x_, SWAP]]111] : = FUNCTI ON[rotate[x]]

Subst Test [assert, forall [z, FUNCTI ON[conposite[w, RIGHT[z]]1]], w->rotate[flip[x]]]
equal [0, fix[conposite[SECOND,

i ntersection[conpositel[inverse([x], FIRST], conpositel[inverse[FIRST], Di, SECOND] ],
inverse[rotate[x]]]]] == FUNCTI ON[r ot at e [conposi te[x, SWAP]]]
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equal [0, fix[conposite[SECOND,
i ntersection[conpositelinverse[x_], FIRST], conpositel[inverse[FI RST], Di, SECOND]],
inverse[rotate[x_111]11: =FUNCTI ON[rot at e[conposi te[x, SWAP]]]
With thesetwo lemmasn place,onediscoverghefollowing generafacts:
assert [foral |l [x, FUNCTI ON[conposi te[i nverse[LEFT[x]], inverse[w]]]]]

FUNCTI ON[r ot at e [w] ]

assert [forall [x, FUNCTI ON[conposite[i nverse[RI GHT[x]], inverse[w]]]1]1]

FUNCTI ON[r ot at e[conposi t e [w, SWAP] ] ]

Althoughthesefactsarenot directly applicableto the caseat hand,they do providethe motivationfor the derivationcarried
outbelow.

m the case of interest is more complicated

The startingpointwill bethisfact:

FUNCTI ON[conposi te[id[i mage[V, X]], i nverse[LEFT[x]], i nverse[NATMJL]]]

True

Lemma.

and[not [equal [0, x]11,
not [FUNCTI ON[conposi te[i nverse[LEFT[x]], i nverse[NATMJL]]111]1] // Not Not Test

and [not [equal [0, x]7,
not [FUNCTI ON[conposi te[i nverse[LEFT[x]], i nverse[NATMJL]]]]] == Fal se

and[not [equal [0, x_11,
not [FUNCTI ON[conposi te[i nver se[LEFT[x_]], i nverse[NATMJL]]11]] : = Fal se

Thelemmais neededo copewith the negatiorbuilt into the universalquantifierin the following application:

Subst Test [assert, forall [X,
FUNCTI ON[conposi te[i d[i mage[V, x]]1, i nverse[LEFT[x]], i nverse[w]]]], w-> NATMJL]

True == subcl ass [fi x[conposi te[FI RST, intersection[conpositel[inverse[NATMI], FIRST],
conposi te[inverse[SECOND], Di, SECOND] ], inverse[rotate[NATMJL]]]], singleton[0]]

subcl ass|[
fix[conmposite[FIRST, intersection[conpositel[inverse[NATMJL], FI RST], conpositel[
i nver se[SECOND], Di, SECOND]], i nverse[rotate[NATMJL]]11], singleton[0]]: =True

m reformulations

Note thatthis rule canberewrittenin thefollowing homogeneourm:
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equal [0, fix[conposite[FIRST, intersection[
conposi telinverse[NATMJL], FI RST], conpositel[i nverse[SECOND], Di, SECOND]],
inverse[rotate[NATMJL]], id[conpl ement [singleton[0]]11]11]

True

This observatiornis the basisfor thefollowing reformulation:

Subst Test [i npl i es, equal [0, fix[conposite[u, v]]], equal [0, fix[conmposite[v, ull],
{u -> conposi te[FI RST, intersection[
conposi te[i nverse[NATMJL], FI RST], conpositel[i nverse[SECOND], Di, SECOND]]11,
v -> conposi te[i nverse[rotate[NATMUL]], i d[conpl ement [singleton[0]1]1]1]}]

equal [0, fix[conposite[SWAP,
cross[id[conmpl ement [singleton[0]]], D], i nverse[NATMIJL], NATMJL]]] == True

fix[
conposi t e[SWAP, cross[i d[conpl enent [singleton[0]]], D1, i nverse[NATMJL], NATMJUL]]:=0

A secondapplicationof thisidearemoveshe SWAP.

Subst Test [i npl i es, equal [0, fix[conposite[u, v]]], equal [0, fix[conmposite[v, ull],
{u -> conposite[SWAP, cross[i d[conpl enent [singl eton[0]]], Di ], i nverse[NATMJL]],
v -> NATMUL}]

equal [0, fix][
conposite[NATMJL, cross i d[conpl enent [singleton[0]]], Di ], inverse[NATMJL]]]] == True

fix[conposite[NATMJL, cross[i d[conpl ement [singleton[0]]], D], inverse[NATMJL]]]:=0
Thefinal stepis to rewritethisin a morerecognizabldorm:

Subst Test [equal , 0, fix[conposite[w, cross[ld, D], inverse[w]]],
w -> conposi t e[NATMJL, cross[id[conpl enent [singl eton[0]]], 1d]]] // Reverse

FUNCTI ON[conposi te[rotate [NATMJL], id[cart [V, conpl ement [singleton[0]]]]]] ==True

FUNCTI ON[conposi t e[rot at e[NATMUL], id[cart [V, conpl enent [singl eton[0]]1]1]1]] :=True



