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summary

The resultspresentedn this notebookarepartof anongoingeffort to assurahatthe GOEDEL programcaneasilyrecog
nize theoremghathavebeenprovedusingOtter, andwheneveipossibleto improveuponthosetheorems.All thetheorems
in this notebookhavein commonthe featurethatthe hypotheseincludea membershigtatemeninvolving orderedpairs.
To facilitate patternmatching,the new rules purposefullyhavevariablesthat appearin the hypotheseshut not in the
conclusion. Replacementfor two rulesaboutdomain andrange arederived,andtwo newonesareadded. Thetwo old
rules,which apply only to the specialcaseu = v =V, canberemovedafterthe newonesareaddedto the GOEDEL
program. In addition,someanalogousulesaboutimage arederived.

domain rules

The following usesanexistingrule to deriveamoregenerabne. Theexistingrule, whichis the specialcaseu =v =V, is
akinto TheoremDO-1C whichwasproved1994May 8 usingOtter.

In[2]:= Map[not, SubstTest [and, inplies[pl, p4], inplies[p2, p5],
i npl i es[and[p3, p4, p5], p6]1, not [i nplies[and[pl, p2, p3], p6]1],
{pl -> nenber [x, u], p2 -> nenber [y, v], p3 -> nenber [pair [X, Y], z],
p4 -> nmenber [x, V], p5 -> nenber [y, V], p6 -> nenber [x, donmain[z]]}]11]

Qut[2]= or [nenber [x, domain[z]], not [menber [x, u]],
not [menber [y, v]], not [menber [pair [X, y], z]]] == True

In[3]:= or [nenber [x_, donain[z_]], not [menber [Xx_, u_]1],
not [menber [y_, v_]1]1, not [menber [pair [x_, Y_1, z_111:=True

Thefollowing lemmawill beusedto deriveavariant.

In[4]:= SubstTest [i nplies, and[nenber [s, z], subclass[z, t]], nmenber [s, t],
{s ->pair[x, y], t ->cart [u, V]}]

Qut[4]= or [and[nmenber [x, u], nenber [y, v]],
not [memnber [pair [X, Y], z]], not [subclass[z, cart [u, v]]]] = True

In[5]:= (%/. {Uu->u_, V->V_, X=->X_, Yy->y_, z->z_}) /. Equal -> Set Del ayed
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CorollaryDO-1C’, proved1997April 20 usingOtter, is thespecialcaseu =v =V of thefollowing:

In[6]:= Map[not, SubstTest [and, i nplies[and[pl, p2], p3],
i mpli es[and[p2, p3], p4], not [i nplies[and[pl, p2], p4l],
{pl -> subcl ass[z, cart [u, v]], p2 -> nenber [pair [X, Y], z],
p3 -> and[nmenber [x, u], nenber [y, v]], p4 -> nmenber [x, domain[z]]}]]

Qut[6]= or [menber [x, domain[z]], not [nenber [pair [X, Y], z]], not [subclass(z, cart [u, v]]]] = True

In[7]:= or [menber [x_, domain[z_]],
not [menber [pair [X_, y_1, z_11, not [subclass[z_, cart [u_, v_111]:=True

This newrule doesnot replaceany existingrule in the GOEDEL program,sonothingneedgo beremoved.

range rules

In this section therange counterpart®f the resultsin the precedingsectionarederived. Thefirst resultreplacesan exist
ing rule which shouldberemoved.

In[8]:= Map[not, Subst Test [and, inplies[pl, p4], inplies[p2, p5],
i mpli es[and[p3, p4, p5]1, p6], not [i nplies[and[pl, p2, p3], p611,
{pl -> nenber [x, u], p2 -> nenber [y, v], p3 -> nenber [pair [x, Y], z],
p4 -> menber [x, V], p5 -> nenber [y, V], p6 -> nenber [y, range[z]]1}]]

Qut[8]= or [nmenber [y, range[z]], not [nenber [X, u]],
not [menber [y, v]], not [menber [pair [X, y], z]]] == True

In[9]:= or [nmenber [y_, range[z_]], not [menber [x_, u_]1],
not [menber [y_, v_11, not [menber [pair [x_, Y_1, z_111:=True

The samelemmathatwasusedin the precedingsectionsufficesto derivethe following corollary, which doesnot replace
any existingrule.

In[10]:= Map[not, Subst Test [and, i nplies[and[pl, p2], p3],
i mplies[and[p2, p3], p4], not [i nplies[and[pl, p2], p4]l],
{pl -> subcl ass[z, cart [u, v]], p2 -> nenber [pair [X, V], 2],
p3 -> and[rmenber [x, u], nmenber [y, v]], p4 -> menber [y, range[z]]1}1]

Qut[10] = or [nenber [y, range[z]], not [menber [pair [X, Y], z]], not [subclass[z, cart [u, Vv]]]] = True

In[11]:= or [nenber [y_, range[z_]1,
not [menber [pair [x_, y_1, z_]1, not [subclass[z_, cart[u_, v_11]1]1:=True

Images and inverse images

Therulesfor domainandrangecanbe generalizedo the caseof imagesandinverseimages. Theimageformulafollows as
a corollaryof the onefor ranges:

In[12]: = Subst Test [i npl i es, menber [pair [u, v], conpositel[id[y], w, id[x]]],
nmenber [v, range[w]], w->conposite[z, id[x]]]

Qut[12] = or [nenber [v, image[z, x]], not [menber [u, x]],
not [menber [v, y]], not [menmber [pair [u, V], z]]] = True
In[13]:= or [nenber [v_, inmage[z_, x_]1, not [menber [u_, x_]1],

not [menber [v_, y_]11, not [nenber [pair [u_, Vv_], z_]11]:=True
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Similarly, theformulafor inverseimagesfollows from the onefor domains:

In[14]:= Subst Test [i npl i es, nenber [pair [u, v], conpositel[id[y], w, id[x]]1],
nmenber [u, domai n[w]], w->conpositel[id[y], z]]

Qut[14] = or [nenber [u, i mage[i nverse[z], y]], not [menber [u, x]],
not [menber [v, y]], not [nenber [pair [u, V], z]]] = True

In[15]:= or [nenber [u_, i mage[i nverse[z_], y_11, not [menber [u_, x_]1,
not [nenber [v_, y_11, not [menber [pair [u_, v_], z_]1]1]:=True

two more image rules that required some reasoning

In thefollowing rule,thevariablesu andy occurin the hypothesesyutnotin theconclusion.

In[16]:= Map[not,
Subst Test [and, i nplies[and[pl, p2], p3], inplies[pl, p4], inplies[and[p3, p4], p5],
i mpli es[and[pl, p2], p6]1, i nmplies[and[p2, p5, p6]1, p7],
not [i npl i es[and[pl, p2], p7]], {pl ->subclass[z, cart [X, Y]],
p2 -> menber [pair [u, V], z], p3 -> menber [u, domai n[z]], p4 -> subcl ass[domai n[z], X],
p5 -> menber [u, x], p6 -> nmenber [v, range[z]], p7 -> menber [v, i mage[z, x]1}11

Qut[16] = or [nenber [v, i mage[z, X]],
not [menber [pair [u, V], z]], not [subclass[z, cart [x, y]]]] = True

In[17]:= or [nenber [v_, image[z_, x_11,

not [menber [pair [u_, v_1, z_]1, not [subclass[z_, cart [x_, y_111]1:=True

Thereis ananalogfor inverseimages:

In[18]:= Map[not,
Subst Test [and, inplies[and[pl, p2], p3], inplies[pl, p4], inplies[and[p3, p4], p5],
i mpli es[and[pl, p2], p6], i nplies[and[p2, p5, p6]1, p7],
not [i npl i es[and[pl, p2], p711,
{pl -> subcl ass[z, cart [x, Y]], p2 -> nenber [pair [u, V], z],
p3 -> menber [v, range[z]], p4 ->subclass[range[z], y], p5 -> nenber [v, y],
p6 -> menber [u, domai n[z]], p7 -> nenber [u, i mage[i nverse[z], Y11}1]

Qut[18] = or [nenber [u, i mage[i nverse[z], Y]],
not [menber [pair [u, v], z]], not [subclass[z, cart [x, y]]]] = True
In[19]:= or [nmenber [u_, i mage[i nverse[z_1, y_11,

not [menber [pair [u_, v_1, z_]1, not [subclass[z_, cart [x_, y_111]1:=True



