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W summary

The hereditaryclosurefunctionl MAGEJ[inverse[S]] commuteswith thefunctionUCLOSURE. Thederivationof this fact
in this notebookillustratesthe useof reificationandthe useof image[V,X] to converta conditionalequalityinto anuncondi
tional one.

m derivation

If x isaset,thenoneof thememberf Uclosur €] is theunionof all memberf x.
Subst Test [i npl i es, menber [y, P[x]], nenmber [U[y], Ucl osure[x]], Yy -> X]
or [menmber [U[x], Ucl osure[x]], not [nmenber [x, V]]] == True
or [menber [U[x_], Uclosure[x_]1, not [nenber [x_, V]11]:=True

The hereditaryclosure image[inverse[S],x] of aclassx is theclassof all subsetof memberof x. If y isasubsebfa
memberof x, thensoareall subset®fy.

Subst Test [i npl i es, subcl ass[u, v], subcl ass[i nage[w, u], i mage[w, v]l],
{u->singleton[x], v->y, w->inverse[S]}]

or [not [menber [X, y]], subclass[P[x], i mage[inverse[S], y]]] == True
or [not [menber [x_, y_]11, subclass[P[x_], i magel[i nverse[S], y_11]:=True
Puttingtogetherthesetwo observationgields:

Map [not, Subst Test [and, inplies[pl, p2], inplies[p2, p3], not [inplies[pl, p3]1],
{pl -> nenber [x, V], p2 -> menber [U[x], Ucl osure[x]],
p3 -> subcl ass[P[U[x]], i mage[i nverse[S], Uclosure[x]11}1]

or [not [menber [x, V]], subclass[P[U[x]], image[inverse[S], Uclosure[x]]]] == True
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or [not [menber [x_, V]]1, subclass[P[U[x_]1, i mage[i nverse[S], Ucl osure[x_11]1]: =True

The oppositeinclusion holds (evenwithout assuminghat x is a set),sothe abovestatementanbe strengthenedo a
conditionalequality:

Subst Test [and, inplies[pl, subclass[u, v]], inplies[pl, subclass[v, u]ll,
{pl -> nenber [x, V], u->P[U[x]], v ->imagel[i nverse[S], Ucl osure[x]]}] // Reverse

or [equal [i mage[i nverse[S], Ucl osure[x]], P[U[x]]], not [menber [x, V]]] == True

or [equal [i mage[i nverse[S], Ucl osure[x_]], P[U[x_111, not [menber [x_, V]1]:=True

This conditionalequalitycanbereplacedby a simpleequation. Theideais to build the conditionthatx bea setinto the
classe®n bothsidesof the equatiorby intersectingwith image[V,singleton[x]].

equal [i ntersection[image[V, singleton[x]], i mage[inverse[S], Ucl osure[x]]],
intersection[imge[V, singleton[x]], P[U[x]]]]

True
Thefinal stepis to replaceequal with Equal andapplyreificationto this equation:
Map [VERTSECT [rei fy [X, #]]1 &

Equal [i ntersection[i mage[V, singleton[x]], i mage[i nverse[S], Ucl osure[x]1]1],
i ntersection[i mage[V, singleton[x]], P[U[Xx]1]1]1]1]

conposi te[l MAGE[i nverse[S]], UCLOSURE] == conposit e [PONER, Bl GCUP]
conposi te[l MAGE[i nverse[S]], UCLOSURE] : = conposi t e [POAER, Bl GCUP]
The compositdn the oppositeorderis the same.Hence:

comut e[| MAGE[i nverse[S]], UCLOSURE]

True



