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summary

The constructorVERTSECT is notone-to—one.For example VERTSECT[E] = VERTSECT[S] = 0, but E is obvi
ouslynotequalto S. If VERTSECT[x] = VERTSECT]y], thenthinpart[x] = thinpart[y], but a counterexamplehows
thatthe conversedoesnot hold. Ontheotherhand,VERTSECT[x] andlM AGE[X] determineoneanotherandtherefore
IMAGE[X] = IMAGE]y] isequivalento VERTSECT[x] = VERTSECT]y].

a thinpart counterexample

Thethinpart of x is definedasfollows:

In[2]:= thinpart [X]

Qut[2]= conposite[x, id[domai n[VERTSECT [Xx]]]]
Thisis identical:

In[3]:= conpositelinverse[E], VERTSECT[x]]
Qut[3]= conposite[x, id[domai n[VERTSECT[X]]]]
Equalityof VERTSECT’s impliesequalityof thinpart’s:

In[4]:= SubstTest [i mplies, equal [u, v], equal [conposite[w, u], conposite[w, Vv]],
{u -> VERTSECT [x], Vv -> VERTSECT[y], w->inverse[E]}]

Qut[4]= or [equal [conposite[x, id[domai n[VERTSECT[x]]]], conposite[y, i d[domai n[VERTSECT[y]]1]]],

not [equal [VERTSECT[x], VERTSECT[y]]]] == True

The conversads not true; the following counterexamplshowsthatthe equalityof thinpart’s of arelationdoesnotimply
equalityof theirVERTSECT's
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In[5]:= inplies[equal [thinpart [x], thinpart[y]], equal [VERTSECT[x], VERTSECT[y]1]1] /.
{X ->
uni on[cart [conpl ement [succ[si ngl eton[0]]], V], cart [singleton[0], singleton[0]]],
y ->uni on[cart [conpl enent [si ngl eton[0]], V], cart [singleton[0], singleton[0]]]1}

Qut[5]= Fal se

IMAGE equality

Equality of IMAGE's impliesequalityof VERTSECT's:

In[6]:= SubstTest [inplies, equal [u, v], equal [conposite[u, w], conposite[v, w]],
{u -> 1 MAGE[X], V -> | MAGE[Y], W-> SI NGLETON}]

Qut[6]= or [equal [VERTSECT [x], VERTSECT[y]], not [equal [I MAGE[x], | MAGE[Y]]]] = True
In[7]:= (%/. {X->X_, Y->y_}) /. Equal -> Set Del ayed
The conversalsoholdsbecaus®neconstruct MAGE[X] outof VERTSECT][X] asfollows:

In[8]:= conposite[Bl GCUP, | MAGE[VERTSECT[x]], i d[P[domai n[VERTSECT[Xx]1111]

Qut[8]= | MAGE[X]

details of the proof

The somewhatediousdetailsof the proof of theassertiormadein the precedingsectionaretakencareof in this section.

In[9]:= SubstTest [i mplies, equal [u, v], equal [conposite[w, u], conposite[w, Vv]],
{u->id[P[x]], v->id[P[y]1}]

Qut[9]= or [equal [conposite[w, id[P[x]]], composite[w, id[P[y]]]], not [equal [X, y]]] = True
In[10]:= (%/. {W->W_, X =->X_, Y ->y_1}) /. Equal -> Set Del ayed

In[11]:= Map[not, Subst Test [and, i nplies[pl, p2], inplies[pl, p3], inplies[p2, p4],
i mplies[p3, p5], inplies[and[p4, p5], p6]1, not [i mplies[pl, p6]],
{pl -> equal [VERTSECT[x], VERTSECT[y]1],
p2 -> equal [domai n[VERTSECT[x]], domai n[VERTSECT[y]11,
p3 -> equal [| MAGE[VERTSECT[x]], | MAGE[VERTSECT[y111,
p4 -> equal [conposite[w, | MAGE[VERTSECT[x]1], i d[P[domai n[VERTSECT[x]]
conposite[w, | MAGE[VERTSECT[x]], i d[P[domai n[VERTSECT[y]11111]
p5 -> equal [conposite[w, | MAGE[VERTSECT[x]], i d[P[domai n[VERTSECT[y]]
conposite[w, | MAGE[VERTSECT[y]], i d[P[domai n[VERTSECT[y]11111]
p6 -> equal [conposite[w, | MAGE[VERTSECT[x]], id[P[domai n[VERTSECT[x]]
conposite[w, | MAGE[VERTSECT[y]], i d[P[domai n[VERTSECT[y]11111]
w -> Bl GCUP

Qut[11] = or [equal [I MAGE[x], | MAGE[Y]], not [equal [VERTSECT [x], VERTSECT[y]]]] = True

In[12]:= (%/. {X->X_, Yy ->Yy_}) /. Equal -> Set Del ayed
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anew rewrite rule
Thetwo implicationsderivedabovecanbe combinednto anewrewriterule.

In[13]: equi v[equal [l MAGE[X], | MAGE[Y]], equal [VERTSECT[x], VERTSECT[y]1]11]

Qut[13]= True

The orientationof therewriterule is tentativelychoserasfollows:

In[14]:= equal [VERTSECT[x_], VERTSECT[y_11: =-equal [I MAGE[x], | MAGE[Y]]

This is doneto preserveanexistingrewriterule thatdealswith this specialcase:

In[15]:= equal [I MAGE[id[x]], | MAGET[id[Yy]]]

Qut[15] = equal [x, Y]

The equalityof thinpart’s derivedin anearliersectionis transformedy the newrule to thefollowing:

In[16]:= Subst Test [i nplies, equal [u, v], equal [conposite[w, u], conposite[w, v]],
{u -> VERTSECT [x], VvV -> VERTSECT[y], w->inverse[E]}]

Qut[16]= or [equal [conposite[x, id[domai n[VERTSECT[x]]]],
conpositely, id[{domai n[VERTSECT[y]]]]], not [equal [I MAGE[x], | MAGE[Y]]]] = True

In[17]:= or [equal [conposite[x_, id[domai n[VERTSECT[X_ 1111,
conposite[y_, i d[domai n[VERTSECT[y_ 11111, not [equal [I MAGE[X_]1, | MAGE[Y_1111: = True

The equalitysubstitutionrule for VERTSECT now follows from thatfor IMAGE, andwill thereforeberemovedfrom the
GOEDEL program.



