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B Summary

This notebookcontainsa derivationof someinequalitiesnvolving additionof naturalnumbers.

W a simple case

Perhapghe simplestinequalityis this:

Subst Test [subcl ass, conpositef[u, id[v], w], conposite[u, w],
{u -> NATADD, v ->cart [V, singleton[x]], w->inverse[FI RST]}]

subcl ass [conposi t e [NATADD, RIGHT [x]], S] == True
subcl ass[conposi t e[NATADD, RIGHT[x_]1, S] :=True
A morefamiliar formulationof this resultcanbe providedby introducinga secondvariable:

Subst Test [i npl i es, subcl ass[u, v],
subcl ass [i mage[u, singleton[x]], i mage[v, singleton[x]]],
{u -> conposi t e[NATADD, RI GHT[y]], vV -> S}]

subcl ass [x, natadd([x, y]] == True

Note thatonedoesnot needto explicitly assumehat x and y arenaturalnumbers.If eitheronefails to be a natural
number thenthis resultreduceso thetrue statement:subclassx,V].

B monotonicity

A relationalformulationof monotonicityis easilyderived:
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Assoc [conposi t e [NATADD, RI GHT[x]], NATADD, i nver se[SECOND] ]

conposi te[NATADD, RIGHT[x], S, id[omega]] == conposite[id[omega], S, NATADD, Rl GHT[x]]
conposi t e[NATADD, RIGHT[x_], S, id[onega]] : =conposi te[id[onmega], S, NATADD, RI GHT[x]]
This saysthattherestrictionof thesubclasselation S to theset omega of naturalnumberscommuteswith right—addition:

commut e[conposi te[i d[onega], S, id[onmega]], conposite[NATADD, RI GHT[x]]]

True

m a more familiar formulation of monotonicity involving three variables

A morefamiliar formulationof monotonictycanbe derivedby introducingtwo extravariables. First we add one new
variable:

Subst Test [subcl ass, conposite[u, id[v], w], conposite[u, w],
{u -> conposi t e[NATADD, RI GHT[x]], vV ->singleton[y], w->conposite[S, id[omega]l]}]

subcl ass [cart [i ntersection[onmega, P[y]], singleton[natadd(x, y]]],
composite[S, NATADD, RIGHT[x]]] == True

subcl ass[cart [i ntersecti on[onega, P[y_1], singleton[natadd[x_, y_111,
conmposi te[S, NATADD, RIGHT[x_]11]1: = True

Adding a secondvariableyieldsafamiliar result:

Subst Test [i npl i es, subcl ass[u, v],
subcl ass[i mage[u, singleton[x]], i mage[v, singleton[x]]1],
{u->cart [intersection[onega, P[y]], singleton[natadd[z, y]]1,
v -> conposite[S, NATADD, RI GHT[z]]}]

or [not [menber [x, onega]], not [subcl ass[x,
subcl ass[natadd[x, z], natadd[y, z]]] =

W a counterexample

The familiar formulationof monotonicityinvolvesthreevariables put only oneof the threevariablesneedgo be explicitly
restrictedto naturalnumbers.If either y or z fails to be a naturalnumberthenthe conclusiornreducego thetrue state
mentthat natadd[X,z] is asubclas®f theuniversalclassV. Onecannotomit the hypothesighat x beanaturalnumber,
asthefollowing counterexamplehows:

(i npl i es[subcl ass[x, y], subcl ass[natadd[x, z], natadd[y, z]1] /.
{x ->singleton[singleton[0]], y ->succ[singleton[0]], z ->0})

subcl ass [V, succ[singleton[0]]]

This contradictghefact thata subclas®f a setmustbeaset:

Map [not, Subst Test [i nplies, and[subcl ass[u, v], menber [v, V]], menber [u, V],
{u->V, v->succ[singleton[0]]}]]

subcl ass [V, succ[singleton[0]]] == Fal se



