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summary

Any asymmetriaelationis irreflexive, andany irreflexive transitiverelationis asymmetric.If x is atransitiverelation,
thendif[x, inversg[x]] is anirrreflexive transitiverelation. Thesefacts,andsomerelatedresultsare derived,including
applicationsandvariable—freeversionghatarevalid in the caseof sets.

definitions

A relationisirreflexive if

In[2]:= subclass[x, D]

ut[2]= and[equal [0, fix[x]], subclass[x, cart [V, V]]]
A relationis antisymmetric if

In[3]:= subclass[intersection[x, inverse[x]], |d]
Qut[3]= subclass[intersection[x, inverse[x]], 1d]

A relationis asymmetric if thefollowing strongerresultis true:
In[4]:= disjoint[x, inverse[x]]

Qut[4]= equal [0, intersection[x, inverse[x]]]

A relationis transitivive if

In[5]:= subclass[conposite[x, x], X]

Qut[5]= TRANSI TI VE[conposite[ld, x]]
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Sometemporaryabbreviation@reconvenient:
In[6]:= irr[x_]:=dif[x, inverse[x]]

In[7]:= conpdup[x_] : =conposite[x, X]

theorem 1. asymmetric => irreflexive

In[8]:= SubstTest [i nplies, subclass[u, v],

subcl ass[conmpdup[u], conmpdup[v]], {u->id[fix[x]], V->X}]
Qut[8]= subclass[fix[x], fix[conmposite[x, x]]] =True
In[9]:= subclass[fix[x_], fix[conmposite[x_, x_]11:=True

A generalization:

In[10]: = Subst Test [i npl i es, and[subcl ass[t, u], subclass[v, w]],
subcl ass[composite[t, v], conpositef[u, w]],
{t —>id[fix[x]1], u->x, v->id[fix[yl], w->Vy}]

Qut[10] = subclass[intersection[fix[x], fix[y]], fix[conposite[x, y]]] = True
In[11]: = subcl ass[intersection[fix[x_], fix[y_]], fix[conposite[x_, y_111:=True

Thefollowing theoremis provedalongsimilarlines:

In[12]:= Subst Test [i npl i es, subcl ass[u, v],

subcl ass[fix[u], fix[v]], {u->conposite[ld, x], v->trv[x]}]
Qut[12] = subclass[fix[x], fix[trv[x]]] ==True
In[13]:= subclass[fix[x_], fix[trv[x_1]]:=True

The presencef rewrite rulesmakesthe following derivationa bit tricky; the outerheadfor SubstTest heremustbeand,
notimplies, asonemight naively haveguessed.In generalwhenusingSubstTest, it it importantthatit be appliedto the
innermostheadfor which thereis arewriterule.

In[14]:= Map[inplies[#, equal [0, fix[x]]] &
Subst Test [and, subcl ass[u, v], equal [0, v], {u->fix[x], v->fix[conpdup[x]]1}]]

Qut[14] = or [equal [0, fix[x]], not [equal [0, fix[composite[x, x]]]]] = True

In[15]:= or [equal [0, fix[x_]], not [equal [0, fix[conposite[x_, X_11111:=True

It follows thatanasymmetrigelationmustbeirreflexive.
In[16]:= inplies[disjoint[x, inverse[x]], equal [0, fix[x]]] // Assert Test

Qut[16] = or [equal [0, fix[x]], not [equal [0, intersection[x, inverse(x]]]]] == True

In[17]:= or [equal [0, fix[x_]], not [equal [0, intersection[x_, inverse[x_]]111]:=True

Corollary.
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In[18]:= inplies[and[subclass[x, cart [V, V1], disjoint[x, inverse[x]]], subclass[x, D ]]

Qut[18]= True

A relatedresult:

In[19]:= Map[inplies[#, equal [0, fix[x]]] &
Subst Test [and, subcl ass[u, v], equal [0, v], {u->fix[x], v->fix[trv[x]]}]1]

Qut[19] = or [equal [0, fix[x]], not [equal [0, fix[trv[x]]]]] =True

In[20]:

or [equal [0, fix[x_]1, not [equal [0, fix[trv[x_1]1111:=True

theorem 2: irreflexive + transitive =>asymmetric

A converseassertiorholdsfor transitiverelations.

In[21]:= Map[inplies[subclass[x, cart [V, V1], #] &,
Subst Test [i npl i es, subcl ass[y, x], subclass[fix[y], fix[x]], y ->conmpdup[x]]]

Qut[21] = or [not [TRANSI TI VE[x]], subclass[fix[conposite[x, x]], fix[x]]] = True

In[22]:

(%/. x =>x_) /. Equal -> Set Del ayed

In[23]:

Map [not, Subst Test [and, inplies[pl, p3], inplies[and[p2, p3], p4],
not [i mpl i es[and[pl, p2], p41], {pl -> TRANSI TI VE[x], p2 ->equal [0, fix[x]],
p3 -> subcl ass[fi x[compdup[x]], fix[x]], p4 ->equal [0, fix[conpdup[x]]1]1}1]
Qut[23]= or [equal [0, fix[composite([x, x]]], not [equal [0, fix[x]]], not [TRANSI TI VE[x]]] = True

In[24]:= or [equal [0, fix[conposite[x_, X_111,
not [equal [0, fix[x_11], not [TRANSI TI VE[Xx_11] : = True

A variantof this:

In[25]:= or [equal [0, i ntersection[x, inverse[x]]1],

not [equal [0, fix[x]]], not [TRANSI TI VE[x]]] // Assert Test
Qut[25]= or [equal [0, intersection[x, inverse[(x]]],

not [equal [0, fix[x]]], not [TRANSI TI VE[x]]] == True
In[26]:= or [equal [0, intersection[x_, inverse[x_111,

not [equal [0, fix[x_11], not [TRANSI TI VE[Xx_11] : = True
This corollarydoesnotrequireanextrarewriterule:
In[27]:= inplies[and[TRANSI Tl VE[x], subcl ass[x, Di 1], disjoint[x, inverse[x]]]
Qut[27]= True
Thefollowing equivalenceanbeformulatedasarewriterule.

In[28]:= equiv[and[equal [0, intersection[x, inverse[x]]], TRANSI Tl VE[x]],
and[equal [0, fix[x]], TRANSI TI VE[x]]]

Qut[28]= True
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I n[29]:

In[30]:

Qut[30] =

In[31]:=

Qut[31] =

In[32]:=

and[equal [0, intersection[x_, inverse[x_]1], TRANSITIVE[x_]]: =

and[equal [0, fix[x]], TRANSI TI VE[X]]

equi v[and[equal [0, fix[conpdup[x]]], TRANSI Tl VE[X]],
and[equal [0, fix[x]], TRANSI TI VE[x]]]

True
Equal [and[equal [0, fix[conpdup[x]1]], TRANSI Tl VE[x]]1,
and[equal [0, fix[x]], TRANSI TI VE[x]]]

and[equal [0, fix[conposite[x, x]]], TRANSI TI VE[x]] ==
and[equal [0, fix[x]], TRANSI TI VE[X]]

TRANSI TI VE[X_]] :

and[equal [0, fix[conmposite[x_, x_111]
and[equal [0, fix[x]], TRANSI TI VE[x]

]

variable—free formulations

Thefollowing two classesrerelatedby thefirst theorem:

In[33]:=
Qut[33] =
In[34]:=

Qut[34] =

cl ass[x, and[subcl ass[x, cart [V, V]], equal [0, fix[x]]11]

PID ]

cl ass[x, and[subcl ass[x, cart [V, V1], equal [0, fix[conpdup[x]]111]

fix[composite[Dl SJO NT, | NVERSE] ]

Thelatterclasscanalsobedescribedcanothemway:

In[35]:=

Qut [ 35] =

Lemma.

I n[ 36]:

Qut [ 36]

I n[37]:

Lemma.

In[38]:

Qut [ 38]

In[39]:=

cl ass[x, and[subcl ass[x, cart [V, V]], disjoint[x, inverse[x]]]]

fix[conmposite[Dl SJO NT, | NVERSE] ]

Map[equal [0, #] &, dif [fix[conposite[D SJO NT, | NVERSE]], P[cart [V, V]]] // Renormality]

subcl ass[U[fi x[conposite[DI SJO NT, I NVERSE]]], cart [V, V]] = True

%/. Equal -> Set Del ayed

Map [equal [0, #] &,

i ntersection[conpl enent [P[Di 1], fix[conposite[Dl SJO NT, | NVERSE]]] // Renormal ity]
equal [0, fix[U[fix[conposite[DI SJONT, INVERSE]]]]] =True

fix[U[fix[conposite[D SJO NT, | N\VERSE]]11]:=0

To getanequationandnotjustaninclusion,oneneeds furtherfact:
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In[40]:= menber [singl eton[PAI R[x, y]], fix[conposite[D SJO NT, | NVERSE]]] // Assert Test

Qut[40] = menber [cart [singleton[x], singleton[y]], fix[conposite[Dl SJO NT, | NVERSE]]] ==
or [not [equal [x, y]], not [menber [x, V]], not [menber [y, V]]]

In[41]: = menber [cart [singl eton[x_], singleton[y_ 11, fix[conmposite[Dl SIO NT, | NVERSE]]] : =
or [not [equal [x, y]], not [nenber [X, V]], not [nenber [y, V]1]
In[42]:= Map[equal [0, class[pair [Xx, Y], not [#]]] &
Subst Test [i npl i es, and[menber [u, v], nmenber [v, w]], nmenber [u, U[w]],
{u -> PAIR[X, y], vV ->singleton[PAIR[X, y1], w->fix[conposite[D SJO NT, | N\VERSE]]1}11
Qut[42] = subclass[Di, Uifix[conposite[D SJO NT, | NVERSE]]]] = True

In[43]:= %/. Equal -> Set Del ayed
Theorem.

In[44] : = Subst Test [and, subcl ass[u, v], subclass[v, ul,
{u -> U[fix[conmposite[Dl SJIO NT, | NVERSE]]], v -> Di }]

Qut[44]= True ==equal [Di, U[fix[conposite[D SJO NT, | N\VERSE]]]]
In[45]:= Uf[fix[conposite[D SJO NT, | NVERSE]]1] : =Di
Forthesecondheorempneobtainsthefollowing variable—freormulation:

In[46]:= Map[equal [0, #] &,
di f [intersection[TRV, P[Di 1], fix[conposite[DI SJO NT, | NVERSE]]1] // Renormality]

Qut[46] = subcl ass[intersection[TRV, P[Di ]], fix[conposite[DI SIO NT, | NVERSE]]] == True
In[47]:= subcl ass[intersection[TRV, P[Di 1], fix[conposite[D SJO NT, | NVERSE]]1] : = True
This resultcanberewrittenasanequatiorby intersectingvith TRV.

In[48]:= Subst Test [i nplies, and[subcl ass[u, v], subclass[v, w]],
subcl ass[u, w], {u->intersection[TRV, fix[conposite[DI SJO NT, | NVERSE]]],
v -> fix[conposite[Dl SIO NT, | NVERSE]], w->P[D 1}]

Qut[48] = and[equal [0, fix[U[intersection[TRV, fix[conposite[Dl SJO NT, INVERSE]]]]]],
subcl ass [U[i ntersection[TRV, fix[conposite[DI SJONT, | NVERSE]]]], cart [V, V]]] ==True

In[49]:= %/. Equal -> Set Del ayed

In[50]: = Subst Test [and, subcl ass[u, v], subcl ass[v, ul,
{u->intersection[TRV, fix[conposite[D SJO NT, | N\VERSE]]],
v ->intersection[TRV, P[Di ]11}]

Qut[50]= True ==
equal [intersection[TRV, fix[conposite[DISIONT, | NVERSE]]], intersection[TRV, P[D ]]]

In[51]:= intersection[TRV, fix[conposite[DI SIONT, | NVERSE]]] : =intersection[TRV, P[D 1]

lemmas

The monotonicityof compdup implies:
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In[52]:= SubstTest [i npl i es, subcl ass[w, x],
subcl ass[compdup [w], conpdup[x]], W-intersection[x, y]]
Qut[52] = subcl ass[conposite[intersection([x, y], intersection[x, y]], composite[x, x]] = True
In[53]:= subclass[conposite[intersection[x_, y_1, intersection[x_, y_11,
conposite[x_, x_]]:=True
In particular:
In[54]:= Map[inplies[subclass[x, cart [V, V1], #] &,
Subst Test [i mpl i es, and[subcl ass[u, v], subcl ass[v, w]],
subcl ass[u, w], {u- conmpdup[irr[x]], v-conpdup[x], w-x}]]
Qut[54] = or [not [TRANSI TI VE[x]], subcl ass[conmposite[intersection[x, conpl ement [i nverse[x]]],
i ntersection[x, conpl enent [i nverse[x]]]], Xx]] =True
In[55]:= (%/. X -»>X_) /. Equal - Set Del ayed

This is aform of the Schrdlerrotationtheorem:

In[56]:=

Qut [ 56] =

In[57]:=

i mpl i es[disjoint[conposite[x, y], z], disjoint[conposite[z, inverse[y]], x1] //
Assert Test // I nvertFix

or [equal [0, intersection[x, conposite(z, inverse[y]]]],
not [equal [0, intersection[z, conmposite[Xx, y]]]]] == True

or [equal [0, intersection[x_, conposite[z_, inverse[y_1111,
not [equal [0, intersection[z_, conposite[x_, y_1111]1:=True

This is arelatedresult,obtainedby interchangingy andits inverse.

In[58]:= Subst Test [i nplies, disjoint[conposite[x, w], z],
di sj oi nt [conposite[z, inverse[w]], X], Woinverse[y]]
Qut[58] = or [equal [0, intersection[x, conposite[z, y]]],
not [equal [0, intersection[z, conposite[x, inverse(y]]]]]] == True
In[59]:= or [equal [0, intersection[x_, conposite[z_, y_111,
not [equal [0, intersection[z_, conposite[x_, inverse[y_]11111]:=True
derivation
Lemma.
In[60]:= SubstTest [i nplies, and[subcl ass[u, v], subclass[v, w]], subcl ass[u, w],
{u-intersection[x, conpositel[inverse[x], intersection[conpl enent [x], inverse[x]]1]1],
v -> conposi te[i nverse[x], intersection[conpl enent [x], inverse[x]]],
w - conpdup[i nverse[x]]1}]
Qut[60] = subcl ass|
intersection[x, conpositel[inverse([x], intersection[conplenment [x], inverse[x]]]],
conmposi tefinverse([x], inverse[x]]] =True
In[61]:= (%/. X »>Xx_) /. Equal - Set Del ayed
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In[62]:= Map[inplies[subclass[x, cart [V, V1], #] &,
Subst Test [i mpl i es, and[subcl ass[u, v], subcl ass[v, w]], subcl ass[u, w],
{u-intersection[x, conposite[inverse[x], intersection[conpl enent [X], inverse[x]]1]],
v -> conpdup[i nverse[x]], w-inverse[x]}]]

Qut[62] = or [not [TRANSI TI VE[x]], subcl ass|
i ntersection[x, conpositel[inverse[x], intersection[conpl ement [x], inverse[x]]]],
inverse(x]]] == True

In[63]:= (%/. X -»>Xx_) /. Equal - Set Del ayed
By Schrdlerrotation,onehas:

In[64]:= Subst Test [i nplies, disjoint[conposite[u, inverse[v]], W],
di sj oi nt [conmposite[w, V], u], {u->inverse[x], V-oirr[x], woirr[x]}]

Qut[64] = or [equal [0, intersection[conpositel[intersection([x, conplenment [i nverse(x]]],
intersection[x, conplenent [i nverse[x]]]], inverse[x]]],
not [subcl ass[i ntersection[x, conpositel[inverse[x],

intersection([conpl ement [x], inverse(x]]]], inverse[x]]]] ==True
In[65]:= (%/. X -»>Xx_) /. Equal - Set Del ayed
In[66]:= Map[not, SubstTest [and, i nplies[pl, p2], inplies[p2, p3],

not [i mpl i es[pl, p3]]1, {pl - TRANSI TI VE[x], p2 -> subcl ass|
intersection[x, conpositel[inverse[x], i ntersection[conpl ement [x], inverse[x]]1]1],
inverse[x]], p3 ->disjoint[inverse[x], conpdup[irr [x]]]1}]]

Qut[66] = or [equal [0, intersection[conpositel[intersection([x, conplenment [i nverse[x]]],
intersection[x, conplenment [i nverse[x]]]], inverse[x]]], not [TRANSI TI VE[x]]] == Tr ue

In[67]:= (%/. X -»>X_) /. Equal - Set Del ayed
Lemmas:

In[68]:= Map[inplies[TRANSI TI VE[x], #] & Subst Test [subcl ass, t, intersection[x, y],
{t > conpdupl[irr [x]], ¥y - conpl enent [i nverse[x]]1}1] // MapNot Not

Qut[68] = or [not [TRANSI TI VE[X] ],
TRANSI Tl VE[conposite[ld, intersection[x, conpl enment [i nverse[(x]]]]]] = True

In[69]: (%/. x »x_) /. Equal - Set Del ayed

In[70]:

Subst Test [and, subcl ass[w, cart [V, V]], TRANSI TI VE[conposite[ld, w]], w-irr[x]]
Qut[70]= and[subcl ass[x, cart [V, V]],

TRANSI Tl VE[conposite[ld, intersection[x, conpl enent [i nverse[x]]]]]] ==
TRANSI Tl VE[i nt ersection[x, conpl ement [i nverse[x]]]]

In[71]:= and[subclass[x_, cart [V, V1],
TRANSI Tl VE[conposite[ld, intersection[x_, conpl enent [i nverse[x_]11111]1: =
TRANSI Tl VE[i nt ersection[x, conpl ement [i nverse[x]]]]

Final result

In[72]: = Subst Test [and, inplies[pl, p2], implies[pl, p3], {pl - TRANSI Tl VE[X],
p2 » subclass[irr [x], cart [V, V]], p3 - TRANSI TI VE[conposite[ld, irr[x]]]1}] // Reverse

Qut[72]= or [not [TRANSI TI VE[x]], TRANSI Tl VE[i nt ersecti on[x, conpl ement [i nverse[x]]]]] == True

In[73]:= or [not [TRANSI TI VE[x_]11, TRANSI TI VE[i ntersection[x_, conpl ement [i nverse[x_]1111]:=True
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numerical dominance and Cantor’s theorem

The following transitiverelationin cardinalnumbertheoryis not antisymmetricandthereforefails to be a partialorder.
In[74]: = Subst Test [subcl ass, conpdup[x], X, X -» conposite[Q S]] // Reverse

Qut[74]= TRANSI Tl VE[conposite[Q S]] = True

In[75]:= TRANSI Tl VE[conposite[Q S]] :=True

Theirreflexive relationderivedfrom it is callednumericaldominance:

In[76]:= Subst Test [i nplies, TRANSI TI VE[x], TRANSI TI VE[irr [x]], X - conposite[Q S]]

Qut[76] = TRANSI Tl VE[i nt ersecti on[conpl enent [conposite[Q inverse[S]]], conposite[Q S]]] ==True
In[77]:= TRANSI Tl VE[i nt er secti on[conpl enent [conposite[Q inverse[S]]], conposite[Q S]1]1:=True

Cantor’'stheoremimplies thatany setis numericallydominatedby its powerset. No new rewrite rule is neededor this
result:

In[78]: = subcl ass[POAER, intersection[conpl ement [conposite[Q inverse[S]]], conposite[Q S]]]

Qut[78] = True



