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In[1]:= << goedel 54.11a; << tools.m
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summary

If x isanantisymmetriaelation,thentherelationsGREATEST[x] and LEAST[x] arefunctions. Thesefactshadbeen
proved2000November24 usingOtter, andaddedo the GOEDEL programat thattime asconditionalrules:

In[2]:= Begin["Goedel Private "];
Thisis TheoremGT-FU-2, proved2000November4 usingOtter :

In[3]:= | nfoMatch[FUNCTI ON[GREATEST[X_11]

Qut| 3|/ / Tabl eFor ne
FUNCTI ON[GREATEST [x_]] : = True /; subclass[intersection[x, inverse[x]], |d]

Thisis TheorenL T-FU, provedusingOtter:

In[4]:= | nfoMatch[FUNCTI ON[LEAST[X_]11]

Qut | 4| // Tabl eFor me
FUNCTI ON[LEAST [x_]] := True /; subclass[intersection[x, inverse[(x]], |d]

The aim of this notebookis to rederivethesetwo formulasusingthe GOEDEL program,andto supplementhesecondk
tional rewrite ruleswith clauseghatcanbe usedfor reasoning.Suchreasoningvasusedin the notebookWO-WRAP.NB
dated2004January24 in connectiorwith a rederivationof TheoremWO—-FU-LT which assertghatif x is awellorder
ing, then LEAST([x] isafunction.

GREATEST

The rulesfor GREATEST[X] arethe focusof this section. The startingpoint is the following derivationof Theorem
GT-FU-1 thathadalsobeenproved2000November24 usingOtter:
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In[5]:= SubstTest [implies, subclass[u, v], subcl ass[conposite[u, w], conposite[v, w]],
{u -> GREATEST[X], Vv -> UB[X], W->inverse[GREATEST[x]]}]

Qut[5] = subcl ass[conposite[CGREATEST[x], inverse[CGREATEST[x]]], X] = True
In[6]:= subcl ass[conposite[GREATEST[x_], inverse[GREATEST[x_111, x_]:=True
Fromthis, oneimmediatelyderivesTheoremGT—-FU-2 asacorollary:

In[7]:= SubstTest [i npl i es, and[subcl ass[u, v], subclass[v, w]], subclass[u, w],
{u -> conposi t e[GREATEST[x], i hverse[GREATEST[x]]1,
v ->intersection[x, inverse[x]], w->1d}]

Qut[7]= or [FUNCTI ON[GREATEST[x]], not [subcl ass[intersection[x, inverse[x]], 1d]]] ==True

In[8]:= or [FUNCTI ON[GREATEST[x_]], not [subcl ass[intersection[x_, inverse[x_]1], 1d]]1]:="True

LEAST

Theresultsfor LEASTI[X] follow immediatelyby replacing x with inverse[x]. (Thisresultdid notappeaiin the Otter
work.)

In[9]:= Subst Test [subcl ass, conposite[GREATEST[y], i nverse[GREATEST[y]11],
intersectionf[y, inverse[y]], ¥ ->inverse[x]]

Qut[9] = subcl ass[conposite[LEAST[x], i nverse[LEAST[x]]], x] == True
In[10]: = subcl ass[conposite[LEAST[x_], inverse[LEAST[x_11]1, x_]:=True
Thefunctionrule alsogeneralizesyielding TheoremL T-FU:

In[11]: = Subst Test [i npl i es, subcl ass[i ntersection[y, inverse[y]], |d],
FUNCTI ON[GREATEST[y]]1, Y -> i nverse([x]]

Qut[11] = or [FUNCTI ON[LEAST [x]], not [subcl ass[intersection[x, inverse[x]], Id]]] == True

In[12]: = or [FUNCTI ON[LEAST[x_]1], not [subcl ass[intersection[x_, inverse[x_]], 1d]]]:=True



