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W summary

A list is definedhereto be a functionwhosedomainis a naturalnumber. TheclassLISTS of all listsis introducedn this
notebook,and someof its more elementarypropertiesarederived. It is intendedthat moreinterestingpropertieswill be
addedlater. The definition givenhereis notthe only possibleway to definealist.. Anotherpossibilitywould beto treat
lists asorderedpairsin which thefirst coordinates a list of all butthelastelementandthe secondcoordinatés the final
item listed. This ordered—pa@approachwould makeit difficult to definethe emptylist, which is not a problemwith the
definition adoptechere. Defining lists asfunctions,asis donehere,doeshavethe disadvantagef makingit impossibleto
form lists of properclasses.Onecould conceivablydefinelists of properclassego be disjoint unions,thatis, relations
whosedomainsare naturalnumbersandwhosevertical sectionsarethe classeseinglisted. But defininglists asdisjoint
unionswould makeit difficult to form lists in which the emptysetis oneof theitemslisted. Moreover,any suchdisjoint—
unionlist of properclassesvould notbe a set,andsotherewould be no suchthing asa classof suchlists.

m definition

The definition of theclassof all listsis:

In[2]:= menber [x_, LI STS] : = and[FUNCTI ON[x], menber [dorai n[x], onmegal]
Forwork in Otter, the membershipule would be deducedrom the following definition:
In[3]:= LISTS// Normality // Reverse

Qut[3]= intersection[FUNS, i nage[i nverse[l MAGE[FIRST]], onega]] == LI STS
In[4]:= intersection[FUNS, inmagel[inverse[l MAGE[FI RST]], onegal] : = LI STS
Notethattheemptysetis alist:

In[5]:= menber [0, LI STS]

Qut[5]= True



list—def.nb

B some obvious facts

It will beusefulto addsomerewriterulesexpressingomeobviousconsequencesf this definition:
In[6]:= subclass[LISTS, FUNS] // Assert Test

Qut[ 6] = subcl ass[LI STS, FUNS] == True

In[7]:= subcl ass[LI STS, FUNS] : = True

Thefollowing ruleis temporaryandwill beimprovedshortly:

In[8]:= SubstTest [subcl ass, i nage[X, i ntersection[y, z]], i mage[x, z],
{x -> I MAGE[FI RST], y -> FUNS, z -> i nmage[i nverse[l MAGE[FI RST]], onega]}]

Qut[8] = subcl ass[i mage[| MAGE[FI RST], LI STS], onega] == True
In[9]:= subcl ass[i mage[| MAGE[FI RST], LI STS], onega] : = True

In alatersection thereversenclusionis derived,andthisrule is replacecby anequation.

m some examples of lists

The lengthof alist is its domain. Theideais to showthattherearelists of anylengthby explicitly exhibitingoneof each
length. Obviously,onecangetalist of length n by listing all thenumberdrom 0 to n-1 Accordingto our definition,
this list of thefirst n naturalnumberss justtheidentity function id[n]. Thedefinition sufficesto concludethattheseare
indeedlists:

In[10]: = menber [i d[x], LI STS]

Qut[10] = nenber [X, omega]

Theclassof all suchlistsis:

In[11]:= class[x, exists[y, and[nmenber [y, onega], equal [x, id[y]]]1]1]

Qut[11] = i nage [| MAGE[DUP], onega]

To showthatthisis asubclas®f LISTS, oneneedso showit is asubclas®f FUNS andof image[inverse[| MAGE]-
FIRST]],omega]. Forthesefacts,thereis no needto restrictoneselfto naturalnumbers:

In[12]: = Subst Test [i npl i es, and[subcl ass[u, v], subclass[v, w]], subcl ass[u, w],
{u->image[l DP, x], v ->range[l DP], w-> FUNS}]

Qut[12] = subcl ass [i mage [| MAGE[DUP], x], FUNS] == True

In[13]:= subcl ass[i mage [l MAGE[DUP], x_], FUNS] : = True
In[14]: = | mageConp [l MAGE[FI RST], | MAGE[DUP], x] // Reverse

Qut[14] = image [l MAGE[FI RST], i mage [l MAGE[DUP], Xx]] ==X
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In[15]:= image[l MAGE[FI RST], i mage [l MAGE[DUP], x_1]:=X

The desiredconclusiomow follows:

In[16]:= subcl ass[i mage[l MAGE[DUP], onmega], LI STS] // Assert Test
Qut[16] = subcl ass[i mage[| MAGE[DUP], onega], LI STS] == True

In[17]: = subcl ass[i mage [l MAGE[DUP], onega], LI STS] : = True

m lists can have any length

The examplesntroducedn the precedingsectionprovidelists of anylength.

In[18]: = Subst Test [i npl i es, subcl ass[u, v], subcl ass[i mage[w, u], i mage[w, v]],
{u -> i mage[l MAGE[DUP], onega]l], v -> LI STS, w-> | MAGE[FI RST]}]

Qut[ 18] = subcl ass[onega, i mage [l MAGE[FI RST], LI STS]] == True
In[19]:= subcl ass[onega, i mage[l MAGE[FI RST], LI STS]] : = True
Combiningthisinclusionwith onederivedearlieryieldsanequation:

In[20]: = Subst Test [and, subcl ass[u, v], subclass[v, ul,
{u ->imge[l MAGE[FI RST], LI STS], v -> onega}]

Qut[20] = True == equal [onmega, i mage [l MAGE[FI RST], LI STS]]

In[21]:= inmage[l MAGE[FI RST], LI STS] : = onega



