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W summary

A monotonicityrule for map[x,y], anda correspondingpropertyfor the functionM AP arederivedin this notebook. The
classof mappingsrom x to y is definedby:

In[2]:= class[w, and[FUNCTI ON[w], equal [donmai n[w], Xx], subcl ass[range[w], Y11]
Qut[2]= map[x, Y]
Thebinaryfunction MAP is definedby:

In[3]:= |l anbda[pair [X, Y], map[X, Y11

Qut[3]= MNAP

The derivationis mainly of interestasanillustrationof how onegoesaboutabouteliminatingset-variable$rom statements

m monotonicity of map[x,y]

The constructormap(x,y] is monotonewith respecto its secondargument.

In[4]:= inplies[subclass[y, z], subclass[map[x, y], map[x, z]]] // Assert Test

Qut[4]= or [not [subcl ass[y, z]], subclass[map[x, y], map[(x, z]]] == True

In[5]:= or [not [subclass[y_, z_]], subclass[map[x_, y_1, map[Xx_, z_]11]1:=True
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B monotonicity in terms of MAP

The derivationof a variable—freeversionof this law is a bit tricky. Oneway to do it is to makeuseof the function
LEFT[x].

In[6]:= class[pair [u, pair[v, w]], and[equal [v, x], equal [u, w]]]

Qut[6]= LEFT[X]

The derivationbeginswith anapplicationof thetool VSRerenor mality. Thistool buildsin two assert’s.

In[7]:= intersection[S, conpositel[inverse[LEFT[x]],
i nver se[MAP], conpl enent [S], MAP, LEFT[x]1]] 7/ VSRerenornal ity
Qut[7]= intersection[S,
conposi te[inverse[LEFT[x]], inverse[MAP], conpl ement [S], MAP, LEFT[x]]] ==0
In[8]:= intersection[S,

conposi te[inverse[LEFT[x_1], i nverse[MAP], conpl enent [S], MAP, LEFT[x_]1]11:=0
Fromthis onederivesa conditionalinclusion:

In[9]:

Subst Test [equal , 0, dif [u, v],
{u->S, v->conplement [conpositel[inverse[LEFT[x]], inverse[MAP],
conpl enent [S], MAP, LEFT[x]]1}] // Reverse

Qut[9]= or [not [nenber [x, V]],
subcl ass[S, conposite[inverse[LEFT[X]], inverse[MAP], S, MAP, LEFT[x]]]] == True

In[10]:= or [not [nenber [x_, V11,
subcl ass[S, conpositelinverse[LEFT[Xx_]], inverse[MAP], S, MAP, LEFT[x_111] :=True

Theconditionthat x beasetis necessaraswell assufficient:

In[11]: = Subst Test [i npl i es, subcl ass[u, v],
subcl ass[i nage[i nverse[u], singleton[0]], i mage[i nverse[v], singleton[0]]],
{u->S, v->conmpositel[inverse[LEFT[x]], inverse[MAP], S, MAP, LEFT[x]]}]

Qut[11] = or [nenber [x, V],
not [subcl ass[S, conposite[inverse[LEFT[x]], inverse[MAP], S, MAP, LEFT[x]]]]] == True

In[12]:= or [nenber [x_, V], not [
subcl ass[S, conpositelinverse[LEFT[Xx_]], inverse[MAP], S, MAP, LEFT[x_]1111]:=True

Thusonecanintroducearewriterule:

In[13]:= equi V[
subcl ass[S, conpositel[inverse[LEFT[x]], i nverse[MAP], S, MAP, LEFT[x]11], menber [X, V]]

Qut[13] = True

In[14]:= subcl ass[S, conpositel[inverse[LEFT[x_]1, i nverse[MAP], S, MAP, LEFT[x_]]]:=
nenber [x, V]

Eliminatingtheinverse's is easy:
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In[15]: = Subst Test [i npli es, subclass[u, v], subclass[conposite[w, u], conposite[w, v]],
{u->S, v->conpositel[inverse[LEFT[x]], inverse[MAP], S, MAP, LEFT[x]],
w -> conposi te[MAP, LEFT[x]11}]

Qut[15] = or [not [nenber [x, V]],
subcl ass[conposite[MAP, LEFT[x], S], conposite[S, MAP, LEFT[x]]]] == True

In[16]:= or [not [nenber [x_, V11,
subcl ass[conposite[MAP, LEFT[Xx_], S], conposite[S, MAP, LEFT[x_]111]1:=True

This conditionalinclusionalsoholdswithoutthe membershigondition:

In[17]: = Subst Test [i nplies, equal [0, u], subclass[u, v],
{u -> conposite[MAP, LEFT[x], S], v ->conposite[S, MAP, LEFT[x]1}]

Qut[17]= or [nenber [X, V],
subcl ass [conposi te VAP, LEFT[x], S], conposite[S, MAP, LEFT[x]]]] == True

In[18]:= or [menber [x_, V],
subcl ass[conposite[MAP, LEFT[x_], S], conposite[S, MAP, LEFT[x_]111]:=True

Thusonecansimplify the statement:

In[19]: = Subst Test [and, i nplies[pl, p2], inplies[not [pl], p2],
{pl -> nenber [x, V],
p2 -> subcl ass[conposi t e[MAP, LEFT[x], S], conposite[S, MAP, LEFT[x]11}] // Reverse

Qut[19] = subcl ass[conposite[MAP, LEFT[x], S], conposite[S, MAP, LEFT[x]]] == True
In[20]:= subcl ass[conposite[MAP, LEFT[x_], S], conposite[S, MAP, LEFT[x_]11]:=True
This canbeviewedasa statemenbf subcommutativity.

In[21]: = subcommut e[conposite[MAP, LEFT[x]], S]

Qut[21] = True
Thevariable x thatappearsn this statementanbe eliminatedasfollows:

In[22]:= Map[equal [V, #] &,
Subst Test [cl ass, X, subcommut e[conposite[z, LEFT[x]], S], z -> MAP]] // Reverse

Qut[22] = subcl ass[conposite[FIRST, intersection[conpositel[inverse[MAP], FIRST],
conposite[inverse[SECOND], S, SECOND]]], rotate[conposite[S, MAP, SWAP]]] == True

In[23]:= subcl ass[conposite[FI RST, intersecti on[conposite[inverse[MAP], FI RST],
conposi te[i nverse[SECOND], S, SECOND]]1], rotate[conposite[S, MAP, SWAP]]1] : = True

This variable—freestatementanbe simplified by applying flip and rotate :

In[24]:= Subst Test [i npl i es, subclass[u, v], subclass[flip([u], flip[v]],
{u -> conposi te[FI RST, intersection[conposite[inverse[MAP], Fl RST],
conposi te[i nverse[SECOND], S, SECOND]]], v ->rotate[conposite[S, MAP, SWAP]1}]

Qut[24] = subcl ass[conposite[FIRST, intersection]
conposi te[inverse[MAP], SECOND], conpositel[inverse[SECOND], S, FIRST]]],
conposite(rotate[conposite[S, MAP, SWAP]], SWAP]] == True

In[25]:= subcl ass[conposite[FI RST, intersection[
conposi telinverse[MAP], SECOND], conpositel[i nverse[SECOND], S, FIRST]11,
conposi te[rotate[conposite[S, MAP, SWAP]], SWAP]] : = True
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In[26]:= Subst Test [subcl ass, rotate[u], rotate[v],
{u -> conposi te[FI RST, intersection[

conposi te[i nverse[MAP], SECOND], comnpositel[i nverse[SECOND], S, FIRST]1]11,
v -> conposite[rotate[conmposite[S, MAP, SWAP]], SWAP]}]

Qut[26] = subcl ass[conposite[MAP, cross[ld, S]], conposite[S, MAP]] == True

This is thefinal versionof the variable—freformulationof the monotonicityrule:

In[27]:= subcl ass[conposite[MAP, cross[ld, S]], conmposite[S, MAP]] : = True



