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B Summary

A monotonicity property of multiplication is derived in this notebook. The usua statement of monotonicity involves three
variables, but it is only necessary to require that one of these be a natural number. A relational version of the monotonicity
theorem involving only one explicit variable is also derived, aswell as useful formulas for a special case.

m Deriving the relational formulation of monotonicity

Thefirst step just helps to clean things up a bit:
Subst Test [subcl ass, i nage[z, x], range([z], z -> NATADD]
subcl ass [i nage [NATADD, x], onega] == True
subcl ass[i mrage [NATADD, x_], onega] : = True
Thistemporary ruleis helpful:

Subst Test [subcl ass, compositef[u, id[v], w], conposite[u, w],
{u -> NATADD, w -> conposite[inverse[FI RST], NATMJL, LEFT[x]]}]

subcl ass[conposi t e [NATADD, id[v], inverse[FI RST], NATMJL, LEFT[x]],
conmposi te[S, NATMJUL, LEFT([x]]] == True

subcl ass[conposi t e[NATADD, id[v_], i nverse[FI RST], NATMJUL, LEFT[x_11],
conposi te[S, NATMJL, LEFT[x_]11]1:=True

The Assoc test is used to derive arelationa formulation of monotonicity:

Map [subcl ass [#, conposite[S, NATMUL, LEFT[x]]] &
Assoc [conposi t e[NATMJL, LEFT[x]]1, NATADD, i nverse[FI RST]]]

subcl ass [conposi t e[NATMJL, LEFT[x], S, id[omega]], conmposite[S, NATMJL, LEFT[x]]] == True
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subcl ass[conposi t e[NATMJL, LEFT[x_]1, S, id[onega]],
conmposi te[S, NATMJL, LEFT[x_11]1:=True

m A more familiar formulation of monotonicity

To obtain a more familiar formulation of monotonicity, we introduce two extra variables. The first of these extra variables
isintroduced in the following temporary rewrite rule:

Subst Test [subcl ass, conposite[u, id[v], w], conposite[u, w],
{u -> conposi te[NATMJL, LEFT[x]], v ->singleton[y], w->conpositel[S, id[onega]]}]

subcl ass[cart [i ntersection[onmega, P[y]], singleton[natmul [x, y]]],
conposi te[NATMJUL, LEFT[x], S]] == True

subcl ass[cart [i ntersecti on[onmega, P[y_1]1, singleton[natmul [Xx_, y_111,
conposi t e[NATMJUL, LEFT[x_], S]] :=True

Thisfirst temporary ruleis used to derive a second temporary rewrite rule of arather similar nature:

Subst Test [i npl i es, and[subcl ass[u, v], subcl ass[v, w]], subcl ass[u, w],
{u -> conposi t e[NATMUL, LEFT[x], id[singleton[y]], S, id[onegal],
v -> conposi t e[NATMJL, LEFT[x], S, id[onega]l],
w-> conposi te[S, NATMUL, LEFT[x]11}]

subcl ass[cart [i ntersection[omega, P[y]], singleton[natnul [X, y]]],
conposi te[S, NATMIL, LEFT[x]]] == True

subcl ass[cart [i ntersection[omega, P[y_11, singleton[natmul [x_, y_111,
conposi te[S, NATMJL, LEFT[x_11]1:=True

Another new variable isintroduced in the final step:

Subst Test [i npl i es, subcl ass[u, v],
subcl ass[i mage[u, singleton[x]], i mage[v, singleton[x]]],
{u->cart [intersection[omega, P[y]], singleton[natrul [z, y]11,
v ->conposi te[S, NATMIL, LEFT[z]]1}]

or [not [menber [x, omega]], not [subclass[x, Y]],
subcl ass [natnmul [x, z], natnul [y, z]]] == True

Thisisthe traditional formulation of monotonicity for multiplication of natural numbers:

or [not [menber [x_, onega]], not [subclass[x_, y_11]
rue

subcl ass[natmul [x_, z_], natrmul [y_, z_11]:=

m Comments

The hypothesis member[x,omega] is needed because a subclass of a natural number need not be a natural number. If this
hypothesis were omitted, the following would provide a counterexample:

or [not [subcl ass[x, y]], subclass[natmul [x, z], natnul [y, z]1] /.
{x ->singleton[singleton[0]], y ->succ[singleton[0]], z ->0}

Fal se
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On the other hand, if either y or z failsto be a natural number, the conclusion becomes the harmless statement
subclasyV,V].

m Corollary: a special case

An important special case obtained by setting one of the variablesequal to 1 = singleton[Q] :

Subst Test [i npl i es, and[nenber [z, onega], subcl ass[z, x]],
subcl ass[natmul [y, z], natnul [y, x]1, z ->singleton[0]]

or [not [menber [0, x]], subclass[y, natmul [x, y]]] == True

This says that if one multiplies a given natural number by a nonzero number, the result is greater than or equal to the given
one.

or [not [menber [0, x_]], subclass[y_, natmul [x_, y_11]:=True

Rewriting this special result as a relational formula involving only one variable requires a certain amount of cleverness.
Oneway to do thisis by building in the condition member[0,x] as follows:

class[w, nenber [0, X]]

image[V, intersection[x, singleton[0]]]

The factor id[image[V intersection[x,singleton[0]]]] is equa to 1d or O depending on whether or not member[0,X]
holds; it is used to construct a class that is empty:

intersection[conpositelid[imgel[V, intersection[x, singleton[0]]]11,
NATMUL, LEFT[x]], conpl ement [S]] // VSNormal ity

conposite[id[imge[V, intersection[x, singleton[0]]]],
i ntersection[conpl ement [S], conposite[NATMJL, LEFT[x]]]] ==0

Thefinal step convertsthisinto a statement:
Map[equal [0, #] & %4
or [not [menber [0, x]], subcl ass[conmposite[NATMJL, LEFT[x]], S]] == True

or [not [menber [0, x_]], subcl ass[conposite[NATMIUL, LEFT[x_11, S1]1:=True



