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summary

We havefollowed the conventionalvisdomthat multiplication of naturalnumbersshouldbe definedfirst, andthendefined
division of naturalnumbersin termsof multiplication usingrotation. In this approachthe family of left—-multiplication
functions compositef NATMUL, LEFT[x]] werefoundto be solutionsof iterationproblems. Theseiterationequations
suggested membershipule for NATMUL from which the majorpropertiesof multipicationcould be derived,butit led
to arathercomplicatedformulafor the functionNATMUL itself, which could be an obstaclefor automatedeasoning
usingOtter. In this notebookit is shownthatthe inverseof therelation rotatef NATMUL] is itself the solutionof an
iterationproblem,yielding a muchsimplerformulafor NATMUL. This suggestshatfor automatedeasoningt maybe
advantageouwd turn the tablesanddefinedivision of naturalnumberdirst, andthento definemultiplicationin termsof
division via rotation. TherelationrotatefNATMUL] is not quiteafunctionbecauselivisionof 0 by 0 doesnotyield a
unigueresult. A restrictionof it is afunction:

In[2]:= FUNCTI ON[conposite[rotate[NATMJL], id[cart [V, conpl enent [singleton[0]]1]1111]

Qut[2]= True

Theiterationproblemconsideredn this notebookis for theinverseof theunrestrictedelationrotatef NATM UL ].

derivation

Lemmal.

In[3]:= conpositel[inverse[RI GHT[x]], i nverse[NATMJL]] // Doubl el nver se

Qut[3]= composite[inverse[RIGHT[x]], inverse[NATMIJL]] ==
conpositelinverse[LEFT[x]], inverse[NATMIL]]

In[4]:= conposite[inverse[RI GHT[x_]1], i nverse[NATMJL]] : =
conposi te[inverse[LEFT[x]], i nverse[NATMJL]]

Lemma2.



natdiv.nb 2

In[5]:= imagel[inverse[rotate[NATMJL]], singleton[0]] // Doubl el nverse

Qut[5]= composite[inverse[LEFT[0]], inverse[NATMJL]] ==cart [singleton[0], onega]
In[6]:= conpositelinverse[LEFT[0]], inverse[NATMJL]] : =cart [singleton[0], onega]

The goalnow s to derivearecursiorrelationfor inver se[rotatefNATM UL]]. Firstarecursionrelationfor left—-multiplica
tion is derived:

In[7]:= syndif [conposite[NATMJL, LEFT[succ[x]]],
conposi t e[NATADD, cross[conposite[NATMJL, LEFT[x]], 1d], DUP]] // VSNormality

Qut[7]= union[intersection[conposite[NATMJL, LEFT[succ[X]

11, conposite[conpl ement [NATADD],
i d[conmposite[inverse[LEFT[x]], inverse[NATMIL]

[

]

i nverse [SECOND] 11,

1,

11,
i ntersectionfconposite[conpl ement [NATMJL], LEFT[succ[x]]], conposite[NATADD,
11

i d[conpositel[inverse[LEFT[x]], inverse[NATMJL i nverse[SECOND]]]] =0
In[8]:= (%/. X ->Xx_) /. Equal -> Set Del ayed
In[9]:= SubstTest [equal, 0, syndif [u, v], {u->conposite[NATMI, LEFT[succ[x]]1],

v -> conposi t e [NATADD, cross[conposite[NATMJIL, LEFT[x]], 1d], DUP]}]

Qut[9]= True = equal [conposite[NATMJL, LEFT[succ[x]]],
conposit e[NATADD, i d[conposite[inverse[LEFT[x]], inverse[NATMJL]]], inverse[SECOND]]]

In[10]: = conposite[NATMJL, LEFT[succ[x_]11]: =
conposi t e[NATADD, i d[conpositel[inverse[LEFT[x]], i nverse[NATMJUL]]], i nverse[SECOND]]

Corollary.

In[11]:

conpositelinverse[LEFT[succ[x]]], i nverse[NATMUL]] // Doubl el nver se

Qut[11] = conposite[inverse[LEFT[succ[x]]], inverse[NATMIJL]] ==
conposi t e[SECOND, i d[conposite[inverse[LEFT[x]], inverse[NATMJUL]]], inverse[NATADD] ]

In[12]:= conposite[inverse[LEFT[succ[x_111, i nverse[NATMIL]] : =
conposi t e[SECOND, i d[conpositel[inverse[LEFT[x]], i nverse[NATMJL]]], inverse[NATADD]]

The mainrecursiorrelationis now within reach:

In[13]:= syndif [conmpositel[inverse[rotate[NATMJL]], SUCC],
conposi te[intersecti on[conpositelinverse[Fl RST], NATADD],
conposi te[i nver se[SECOND], SECOND]], inverse[rotate[NATMJL]]]] // VSNornality

Qut[13]= union|
i ntersection[conpl ement [conpositel[intersection[conpositel[inverse[Fl RST], NATADD],
conposi te[inverse[SECOND], SECOND]], inverse[rotate[NATMJL]]]],
conpositelinverse[rotate[NATMJL]], SUCC]], intersection]
conposi te[conpl ement [i nverse[rotate[NATMJL]]], SUCC],
conpositelintersecti on[conpositel[inverse[FI RST], NATADD],
conposite[inverse [SECOND], SECOND]], inverse[rotate[NATMJL]]]]] ==

In[14]:

%/. Equal -> Set Del ayed

In[15]: = Subst Test [equal , 0, syndif [u, v], {u ->conpositel[inverse[rotate[NATMJL]], SUCC],
v ->conposite[intersecti on[conpositel[inverse[Fl RST], NATADD],

conposi te[i nver se[SECOND], SECOND]], inverse[rotate[NATMJL]]]}]

Qut[15] = True == equal [conposite[intersection[conpositel[inverse[FI RST], NATADD],
conposi te[inverse[SECOND], SECOND]], inverse[rotate[NATMJL]]],
conposi te[inverse[rotate[NATMIL]], SUCC] ]
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In[16]:= conposite[inverse[rotate[NATMJL]], SUCC] : =
conposite[intersecti on[conpositel[inverse[Fl RST], NATADD],
conposi telinverse[SECOND], SECOND]], inverse[rotate[NATMIUL]]]

The uniguenessf iterationis usedto obtainthe mainresult:

In[17]: = Subst Test [i npl i es, and[equal [i mage[w, singleton[0]], V],
equal [conposite[w, SUCC], conpositefu, w]lll,
equal [conposite[w, id[onega]], iteratef[u, v]],
{u->intersection]
conposi te[inverse[Fl RST], NATADD], conpositel[i nver se [SECOND], SECOND]],
v ->cart [si ngl eton[0], onega], w->inverse[rotate[NATMIJL]]}]

Qut[17] = equal [i nverse[rotate[NATMIL]],
iterate[intersection[conpositel[inverse[Fl RST], NATADD],

conposi te[i nverse[SECOND], SECOND] ], cart [singleton[0], onmega]]] == True
In[18]:= iterate[
i ntersection[conpositel[inverse[Fl RST], NATADD], conpositel[i nver se [SECOND], SECOND]],
cart [singl eton[0], onega]] : =i nverse[rotate[NATMIL]]

The beautyof thisresultis thatit givesaformulafor NATM UL itself insteadof for its compositewith LEFT[X].

comments

The ideathatled to the formuladerivedhereis the distributivelaw: left—-multiplicationby a naturalnumbercanbe viewed
asa homomorphisnof addition. The sumof two homomorphisms a homomorphismso left—-multiplicationby a number
n canbeviewedasthesumof n copiesof left—-multiplicationby 1, thatis, as n copiesof thefunction idfomega]. One
candefinethesefunctionsiteratively, startingwith left—-multiplicationby 0, which is the constanfunctioncart[omega,
singleton[Q]]. Theleft-multiplicationfunctionsareverticalsectionsof arelation:

In[19]:= inmage[conposite[SWAP, inverse[rotate[NATMJUL]]], singleton[x]]

Qut[19] = conposite[NATMI, LEFT[x]]

This approactyields asiterationequationfor theinverseof theflip of rotate] NATADD]. Thefinal derivationexhibited
abovedid not requiregiving a precisedefinition of whatis meantby ahomomorphism.Thesumof homomorphismg and
g isconventionallywrittenas h(x) = f(x) + g(x), whichtranslatesnto thevariable—fredormula

In[20]:= h = conposite[NATADD, cross[f, g], DUP]

Qut[20] = h == conposi t e [NATADD,
intersection[conpositel[inverse[FIRST], f], conpositel[inverse[SECOND], g]]]

This expressiortanbe simplified by replacing g = id[omega] by |d, andrewrittenasanimageof f by abstraction:

In[21]:= (abstract [f, conposite[x, cross[f, Id], y1]) /. {x - NATADD, y - DUP}

Qut[21] = conposite[cross[inverse[DUP], NATADD],
i d[conposite[inverse[SECOND], SECOND] ], cross[inverse[FI RST], inverse[FIRST]]]

This expressiortanberewrittenin variousways,for example:
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In[22]:

Qut [ 22]

conposite[cross[i nverse[DUP], NATADD], id[conpositel[i nverse[SECOND], SECOND]],
cross[inverse[FIRST], inverse[FIRST]]] //twi st //tw st

twi st [conposite[SWAP, i nverse[rotate[NATADD] ], i nverse[DUP]]]

Thefollowing seemgarticularlysimple:

In[23]:

Qut [ 23]

(twi st [conmposite[SWAP, inverse[rotate[x]], inverse[DUP]]] // VSTri Normality) /.
X - NATADD

tw st [conmposite[SWAP, inverse([rotate[NATADD]], inverse[DUP]]] ==
conposite[intersecti on[conpositel[inverse[Fl RST], SECOND],
conposi te[inverse[SECOND], NATADD]], SWAP]

the flipped iteration

Theflipped iterationequationalludedto in the commentsaboveis derivedin this sectionusingtechniquesimilar to those
usedpreviously.

In[24]:

Qut [ 24]

In[25]:

I n[ 26] :

Qut [ 26]

In[27]:

I n[28] :

Qut [ 28]

In[29] :

symdi f [
i ntersection[conpositelinverse[FI RST], FI RST], conpositel[i nverse[SECOND], NATADD]],
flip[intersection[conpositel[inverse[Fl RST], SECOND],
conposi te[i nver se[SECOND], NATADD]11] // VSNormal ity

intersectionfconpositel[intersection|
conposi te[inverse[Fl RST], SECOND], conposite[i nverse[SECOND], NATADD]], SWAP],
conposi te[i nver se [SECOND], Di, NATADD]] --

i ntersection[conpositel[intersection[
conposi te[i nverse[Fl RST], SECOND], conpositel[i nverse[SECOND], NATADD]], SWAP],
conposi te[i nverse[SECOND], Di, NATADD]] : =0

Subst Test [equal , O, syndif [u, v], {u->intersection[
conposi telinverse[FlI RST], FI RST], conpositel[i nverse[SECOND], NATADD]],
v ->flip[intersection[conpositel[inverse[Fl RST], SECOND],
conposi tel[i nver se [SECOND], NATADD]]1}1

True == equal [conmpositel[intersection]
conposi te[inverse[FlI RST], SECOND], conposite[inverse[SECOND], NATADD]], SWAP],
intersection[conpositel[inverse[FIRST], FIRST], conpositel[inverse[SECOND], NATADD] ] ]

conpositelintersecti on[conpositel[inverse[FI RST], SECOND],
conposi te[i nver se[SECOND], NATADD]], SWAP] : =
i ntersection[conpositelinverse[FI RST], FI RST], compositel[i nverse[SECOND], NATADD]]

Assoc [conposite[intersection[conpositel[inverse[FI RST], SECOND],
conposi te[i nver se[SECOND], NATADD]]1], SWAP, SWAP] // Rever se

conpositelintersecti on[conpositel[inverse[FI RST], FI RST],
conposi te[inverse[SECOND], NATADD]], SWAP] ==
i ntersectionfconpositel[inverse[FI RST], SECOND], conpositel[i nverse[SECOND], NATADD] ]

conpositelintersecti on[conpositel[inverse[Fl RST], FI RST],
conposi te[i nver se[SECOND], NATADD]], SWAP] : =
i ntersection[conpositelinverse[FlI RST], SECOND], conpositel[i nverse[SECOND], NATADD] ]
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In[30]:=

Qut[30] =

In[31]:=

Subst Test [i npl i es, and[equal [i mage[w, singleton[0]], V],
equal [conposite[w, SUCC], conpositefu, w]lll],
equal [conposite[w, id[onega]], iteratef[u, v]],
{u->intersection[
conposi te[inverse[FlI RST], FI RST], conposite[i nverse[ SECOND], NATADD]],
v ->cart [omega, singleton[0]], w->conposite[SWAP, inverse[rotate[NATMIJL]]1]1}]

equal [conposite[SWAP, i nverse[rotate[NATMUL]]],
iterate[intersection[conpositel[inverse[FlIRST], FIRST],
conposi te[i nver se [SECOND], NATADD]], cart [onega, singleton[0]]]] = True

iterate[

i ntersection[conpositelinverse[FI RST], FI RST], conpositel[i nverse[SECOND], NATADD]],
cart [onega, singleton[0]]]:=conposite[SWAP, i nverse[rotate[NATMIL]]]



