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m introduction

This notebookcontainsan elementaryderivationof the fact thatthe successoordinalsform a properclass. An automated
proof of this theoremwasobtainedin 1999usingMcCune’sprogramOtter. It is Corollary ON-SC-4B in my paperon
computemproofsin ordinalnumbertheory.

Johan G F. Belinfante, On Conputer - AssistedProofsinOrdinal Nunmber Theory,
Jour nal of Aut onat ed Reasoni ng, vol une 22, pages 341 - 378 (1999).

Someof the sameideasin this proof canbe usedto derivethefactthatthelimit ordinalsalsoform a properclass. Thelatter
theoremis slightly moreinvolvedin thatit requiresthe useof iteration,andfor this reasorthatderivationwill be postedn a
separataotebook. A key factthatis usedin bothderivationss thesumclassaxiom: if x is aset,thensois thesumclass
U[x].

In[2]:= class[y, exists[z, and[nmenber [y, z], nenber [z, x]]]]

ut[2]= U[X]

The powerclassaxiomimpliesthatif x is aset,thensois the powerclassP[x]. The sumclassandthe powerclassare
relatedto eachother:

In[3]:

ULP[x]]

Qut[3]= X

In[4]:= subclass[x, P[U[Xx]]]

Qut[4] = True

The converseof the sumclassaxiomthereforealsoholds: U[x] is asetif andonly if x isaset. TheGOEDEL program
containsarewriterule basecn this fact:

In[5]:= nmenber [U[x], V]

Qut[5]= nmenber [X, V]
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The successofunction SUCC takeseachset x to its successorsucc[x] = union[x, singleton[x]]. Theclassof successor
ordinalsis the intersectionof the class OMEGA of all ordinalsandthe class range[SUCC] of all successorsThis
intersectionrcanberewrittenasthe classof all non-limit ordinals:

In[6]:= | mageConp [SUCC, i nver se[SUCC], OVEGA]
Qut[6]= intersecti on[OVEGA, range[SUCC]] ==intersecti on[OVEGA, conpl enent [fi x[Bl GCUP] ]
In[7]:= intersecti on[OVEGA, range[SUCC]] : =intersecti on[OVEGA, conpl enent [fi x [Bl GCUP]1]

Adding this rewriterule helpsto increaseanalogiewith similar rulesfor the set omega of naturalnumbers:
In[8]:= intersection[onega, range[SUCC]]

Qut[8]= intersection[onega, conpl enent [singleton[0]]]

m the successor ordinals form a proper class

It is conveniento introduceatemporaryabbreviatiorfor therestrictionof arelation x totheclassOMEGA of ordinals:
In[9]:= r[Xx_]:=restrict[x, OVEGA, OVEGA]

The compositeof the restrictionof the inverseof the membershipelationE andthe restrictionof the successofunction
SUCC is therestrictionof theinverseof the subclasselation S:

In[10]: = conposite[r [i nverse[E]], r [SUCC]] ==r [i nverse[S]]

Qut[10] = True

Fromthis, onereadilydeduces:

In[11]:= | mageConp[r [i nverse[E]], r [SUCC], OVEGA] // Reverse

Qut[11]= Ulintersecti on[OVEGA, conpl enment [fix[BI GCUP]]]] == OVEGA

This factcanbe madeinto arewriterule:

In[12]:= Uli ntersecti on[OVEGA, conpl ement [fi x[BI GCUP]11] : = OVEGA

Thefactthat OMEGA is aproperclassnow impliesthatthe classof successoordinalsis a properclass:
In[13]:= Subst Test [menber, U[x], V, x ->intersecti on[OVEGA, conpl enent [fi x[BI GCUP]]1] // Reverse
Qut[13] = nenber [i ntersecti on[OVEGA, conpl enent [fix[BIGCUP]]], V] == Fal se

This couldbe madeinto arewriterule,too. We do soasatemporarymeasure;

In[14]: = menber [i ntersecti on[OVEGA, conpl enent [fi x[BI GCUP]]1], V] : = Fal se

Thereis howeveramoregenerarewriterule which follows immediatelyfrom theaboverule, namely:
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In[15]: = nenber [i ntersecti on[OVEGA, conpl enent [fi x[BI GCUP]1]1], x] // Assert Test

Qut[15] = nenber [i ntersecti on[OVEGA, conpl enent [fi x[BI GCUP]]], x] == Fal se

This moregenerakule will be madepermanentandthetemporaryrule discarded.

In[16]: = nenber [i ntersecti on[OVEGA, conpl enent [fi x[BI GCUP]]1], x_1] : = Fal se



