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W summary

An equalityrule for power[x] is derived. As anelementaryapplicationof this rewriterule, a previously—derivednit clause
involving funpart is usedto derivea binary clausewhich saysthatpowersof functionsarefunctions.

W deriving equality substitution of powers from that for iterates

Thefollowing lemmawill be needed:

In[2]:= equal [cross[ld, x], cross[ld, y]] // Assert Test

Qut[2]= equal [cross[ld, x], cross[ld, y]] ==equal [conposite[ld, x], conposite[ld, y]]

In[3]:= equal [cross[ld, x_], cross[ld, y_1]:=equal [conposite[ld, x], conposite[ld, y]]

The startingpoint of thederivationof the equalityrule for power[x] is thisformulaexpressingower in termsof iterate:
In[4]:= iterate[cross[ld, x], 1d]

Qut[4]= power [X]

An equalitysubstitutionlaw for iterate impliesa correspondingqualitysubstitutionlaw for power :

In[5]:= SubstTest [i nplies, equal [u, v], equal [iterate[u, w], iterate[v, w]],
{u->cross[ld, x], v->cross[ld, y], w->1d}]

Qut[5] = or [equal [power [x], power [y]], not [equal [conposite[ld, x], conposite[ld, y]]]] == True
In[6]:= or [equal [power [X_], power [y_]], not [equal [conmposite[ld, x_], conposite[ld, y_111]1:=True

The converseémplicationalsoholds:
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In[7]:= SubstTest [i nplies, equal [u, v], equal [i mage[u, w], i mage[v, w]],

{u -» power [x], VvV -» power [y], w- singleton[singleton[0]]}]
Qut[7]= or [equal [conmposite[ld, x], conposite[ld, y]], not [equal [power [Xx], power [y]]]] == True
In[8]:= or [equal [conposite[ld, x_], conposite[ld, y_11, not [equal [power [X_], power [y_111]1:=True
Thatis:

In[9]:= equivV[equal [power [x], power [y]], equal [conposite[ld, x], conposite[ld, y11]

Qut[9]1= True

This justifiesaddingthefollowing rewriterule:

In[10]: = equal [power [x_], power [y_11] : =equal [conposite[ld, x], conmposite[ld, y1]

m an application to powers of functions

As anelementanapplication a binary clauses derivedfrom thefollowing fact, eliminatingthefunpart wrapper.

In[11]: = FUNCTI ON[i nage [power [funpart [X]], singleton[y]l]]

Qut[11] = True

Thefirst stepis to relatethewrapperfunpart to the predicatdFUNCTION:

In[12]: = Subst Test [i nplies, equal [u, v], equal [i mage[u, w], i mage[v, w]1,
{u -» power [x], Vv -» power [funpart [X]], w-singleton[y]}]
Qut[12] = or [equal [i mage[power [x], singleton[y]], i mage[power [funpart [x]], singleton[y]]],
not [FUNCTI ON[conposite[ld, x]]]] == True
In[13]:= or [equal [i mage[power [X_1, singleton[y_11, i mage[power [funpart [Xx_]], singleton[y_111,

not [FUNCTI ON[conposite[ld, x_]]11]1:=True
The nextstepusesequalitysubstitutiorfor the predicateFUNCTION:

In[14]:= Subst Test [i npl i es, and[equal [u, v], FUNCTI ON[u]], FUNCTI ON[Vv],
{u -> i mage[power [funpart [x]], singleton[y]], v ->inmage[power [x], singleton[y]]}]

Qut[14] = or [FUNCTI ON[i mage [power [X], singleton[y]]], not [equal |
i mage [power [x], singleton[y]], i mage[power [funpart [x]], singleton[y]]]]] == True

In[15]: = or [FUNCTI ON[i mage [power [x_], singleton[y_111,
not [equal [i mage[power [Xx_], singleton[y_11,
i mage [power [funpart [x_]], singleton[y_]1111]:=True

Thefinal stepusesa chainof implications.

In[16]:= Map[not, Subst Test [and, inplies[pl, p2],
i mplies[p2, p3], inmplies[p3, p4], not [i nplies[pl, p4]l],
{p1l -> FUNCTI ON[x], p2 - FUNCTI ON[conposite[ld, x]1,
p3 ->
equal [i mage[power [x], singleton[y]], i mage[power [funpart [x]], singleton[y]]],
p4 -> FUNCTI ON[i mage [power [x], singleton[y]]11}]]

Qut[16] = or [FUNCTI ON[i mage [power [x], singleton[y]]], not [FUNCTI ON[x]]] == True
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In[17]: = or [FUNCTI ON[i mage [power [x_], singleton[y_11], not [FUNCTI ON[x_]11] : = True

This clausesaysthatif x is afunction,thenthe y-thpowerof x is alsoafunction. Onedoesnot needto adda literal
requiringthat y beanaturalnumberbecauseéf thisis notthecasethey-thpowerof x istheemptyset, Sincetheempty
setis afunction,theclauseholdswhetheror not y is anaturalnumber.

m eliminating the variabley

Thevariabley in therule derivedin the precedingsectioncanbe eliminatedasfollows:

In[18]: = Subst Test [cl ass, VY,
i mpl i es [FUNCTI ON[x], FUNCTI ON[i nrage[z, singleton[y]1]], z -» power [X]]

Qut[18]= V==union[conpl ement [fix[conpositel[inverse[power [x]], cross[ld, D], power [x]]]],
i mge[V, fix[conposite[x, inverse[x], D ]]],
i mage[V, intersection[x, conpl enent [cart [V, V]]]]]

In[19]: = Map[equal [V, #] & %
Qut[19] = True == or [FUNCTI ON[rot at e [i nverse [power [X]]]], not [FUNCTI ON[x]]]
In[21]:= or [FUNCTI ON[rot at e[i nverse[power [X_]11]]1, not [FUNCTI ON[X_11] : = True

The following unit clauseversionof this resulthadbeenderivedon a previousoccasion:

In[24]: = FUNCTI ON[r ot at e[i nver se[power [funpart [x]]]]]

Qut[24]= True

B comments

The useof funpart to eliminatethe FUNCTION predicates a usefultechniquefor reducingthe numberof literalsin a
clause but oneneedgo know how to go backwhenneedbe. This notebookillustratesthe generatechniqueneededo do
this for a simpleexample. The GOEDEL programhaslessbuilt-insupportfor equality substitutionthan doesOtter .
Accordingly, whenOtter is used,onewould expectthatit shouldbe mucheasierto go backandforth betweenclauses
involving aFUNCTION literal andcorrespondinglausesnvolving funpart.
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