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m The question.

The Putnamexamcontainedhefollowing question. Supposeb[x,y] is abinaryoperationon aset,suchthat
b[x,[y,x]] =y for all elementsx, y of theset. Showthatthis operationalsosatisfiesb[b[x,y],x] = x for all
elementf theset.

m The Mathematica solution.

Beginby formulatingthe hypothesisasarewriterule.
bix_, bly_, x_11:=y

Thefollowing SubstTest allowsoneto easilycompareheresultof differentordersof evaluation.
Subst Test [f _, x__, r_]1:=Equal [f ee ({x} /. r), (fee{x} /. r)]

To usethetest,let f betheheadof anexpressiorio which the hypothesisapplies.take x to bealist of expressionsvhich
aretheargumentghatoccurin this expressionandfor r pick anappropriatesubstutiorto make. Thisis notautomated
reasoningsomecaremustbe exercisedn chosingthis substitution.

Subst Test [b, z, b[y, z], z ->b[X, y]]
b[b[X, y}! X] ==Y

A Trace will revealwhatactuallyhappenedbutthisis usuallytoo detailedto providemuchinsight. It is slightly betterfor
this purposeo usethe commandOon.

On[b]

Subst Test [b, z, b[y, z], z ->b[x, Y]]
b::trace : bly, b[x, y]] --> Xx.

b::trace : b[z, bly, z]] -->y.

bib[x, y], x] ==y
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m A few more details.

WhatSubstTest doesis to compargwo differentordersof evaluationoneorderis the"lazy" evaluation
bz, bly, z11/. z->Db[x, y]
y

The otherorderis the"eager“order,in which theargumentsareevaluatedirst.
Apply[b, (List[z, bly, z]1/. z->b[x, y])]

blb[x, y], x]

The defaultfor Mathematica is to usethis latterorder.If we makethe substitutionby hand,andaskMathematica to evalu
ate,thisis whatwe find:

b[b[x, yI, bly, b[x, yI1]
bib(x, yJ, X]



