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m Introduction

A new function RCF has been added to the GOEDEL program. The membership rule used to define thisfunction is:
menber [x, RCF]

and [equal [RC[first [x]], second[x]], nmenber [first [x], V]]

All other properties of this function have been deduced from this membership rule, using the GOEDEL program itself.
In this notebook we summarize afew of these properties.

m Review: the function RCJ[x].

Thefunction RC[x] introduced earlier performs relative complements with respect to x:
FUNCTI ON[RC[X]1
True

The domain of RC[x] isthe power set P[x] providedthat x isa set.

domai N[RC[x]]

intersection[imge[V, singleton[x]], P[X]]
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A nice characterization of RC[X] is:
class[pair [u, v], and[di sjoint [u, v], equal [union[u, v], X111
RC[x]

Thisfunction isits own inverse:
inverse[RC[x]]
RC[X]

For any subset of x, asecond application of relative complementation takes one back.
conposi te[RC[x], RC[x]]

id[intersection[image[V, singleton[x]], P[x]]]

Sine the complement of a set is aproper class, the function RC[x] isthe empty set when
X isnot a set.

RCIV]

0

Many formulasfor RC[X] involvetheclass image[V,singleton[x]] whichiseither V or 0
depending on whether x isaset.

equal [V, imge[V, singleton[x]]]

nmenber [x, V]

equal [0, i mage[V, singleton[x]]]

not [menber [x, V]]

m Characterizations of RCF

Thefunction RCF takes x to RC[x].
| ambda[x, RC[X]1]
RCF

For any class x, thefunction RC[x] isaset.
menber [RC[x], V]

True

Consequently, the domain of RCF istheclass V of all sets:
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domai n[RCF]
\%
Each RC[x] functionisabijection:
menber [RC[x], Bl J]
True
Therange of RCF istheclassof all RC[x] functions, and therefore:
subcl ass[range [RCF], Bl J]
True
A point pair[u,v] belongsto some RC[x] function provided u and v aredigoint.
U[range[RCF]1]
DI SJO NT
Therelation DISJIOINT ia

class[pair [x, Y], equal [0, intersection[x, y111

DI SJO NT

m Some useful observations.

Many of therulesfor RCF were obtained from this description of it:

conposi te[l MAGE[i d[DI SJO NT]]1, VERTSECT[i nverse[CUP]]]

RCF

Here CUP isthefunction

| anbda[pair [x, y], union[x, y]1]

cupP

Thefunctions VERTSECT and IMAGE arein general defined by

| anbdaly, i mage[x, singleton[y]]]

VERTSECT [X ]

| anbdaf[y, i mage[x, y11]

| MAGE[X ]

In particular, the function IMAGE[id[X]] is
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| anbdaly, i ntersection[x, y]]
| MAGE[i d[X]]

We call arelation thinif all its vertical sections are sets:
thin[x]
equal [V, donai n[VERTSECT [X]]]

A key fact isthat the inverse of CUP isathin relation:
thin[inverse[CUP]]

True

The following indirect description avoids both VERTSECT and IMAGE, but gives only the composite
with the inverse of the membership relation E.

conposite[id[Dl SJAO NT], inverse[CUP]] == conposi te[i nverse[E], RCF]
True
The membership relation E is characterized by:

menber [pair [X, y], E]

and [nenber [x, y], menber [y, V]]



