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summary

The class subvar[x] is closed under arbitrary unions, but need not be closed under binary intersections. An explicit counter-
example is constructed using low-rank sets. One can systematically generate as many low rank sets as desired using ens.
Only a few of these are actually needed.

In[2]:= Map[Print["ens[", #, "1 =", ens[#]] & Range[0, 611;
ens[0] =0
ens[1] = set [0]
ens[2] = set [set [0]]
ens[3] = succ(set [0]]
ens[4] = set [set [set [0]]]
ens[5] = set [0, set [set [0]]]
ens[6] = succ[set [set [0]]]

general results

Theorem. If X and y are members of a class z that is closed under binary intersections, then intersection[x,y] is also a
member of z.

In[3]:= SubstTest [i nplies, and[nmenber [u, v], subcl ass[v, w]], menber [u, w],
{u - PAIR[X, y], Vv ->cartsq[z], w->inmage[i nverse[CAP], z]1}] // Reverse

Qut[3]= or [nmenber [i ntersection[x, y], z], not [menber [x, z]],
not [menber [y, z]], not [subcl ass[i mage[CAP, cart [z, z]], z]]] = True
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In[4]:= or [menber [intersection[x_, y_1, z_]1, not [nenber [x_, z_11,
not [menmber [y_, z_]1], not [subcl ass[i mage[CAP, cart[z_, z_]], z_11]1:=True

Theorem. The constructor subvar[X] and the function SUBVAR are related as follows.

In[5]:= SubstTest [nenber, setpart [x], i mage[i nver se[SUBVAR], V], Vv - range[SUBVAR] ]

Qut[5]= nenber [subvar [setpart [x]], range[SUBVAR]] == True
In[6]:= menber [subvar [setpart [x_]], range[SUBVAR]] : = True

Theorem. If a class is closed under arbitrary intersections, then it is closed under binary intersections.

In[7]:= SubstTest [i nplies, and[nmenber [u, v], subcl ass[v, w]], nmenber [u, w],
{u - PAIR[X, Y], v ->cartsq[Acl osure[z]], w->image[i nverse[CAP], Acl osure([z]]}] //
Rever se
Qut[7]= or [nmenber [i ntersection[x, y], Aclosure[z]],
not [menber [x, Aclosure([z]]], not [menber [y, Aclosure([z]]]] == True
In[8]:= or [menber [intersection[x_, y_1, Aclosure[z_]],

not [menber [x_, Aclosure[z_]]], not [menber [y_, Aclosure[z_]]]1]1:=True

the counterexample

Theorem. (A specific counterexample.)

In[9]:= Map[not, Subst Test [i npli es,
and[nmenber [x, z], menber [y, z], subcl ass[i mage[CAP, cart [z, z]], z]]1,
menber [i ntersection[x, y], z], {Xx-»ens[3], y»ens[5],
Zz -> subvar [uni on[cart [ens[1], ens[6]], cart [ens[6], ens[1]]11]1}1] // Reverse

Qut[9]= subcl ass[i mage[CAP, cart |

subvar [union[cart [set [0], succ[set [set [0]]]], cart [succ[set [set [0]]], set [0]]]],
subvar [unionj[cart [set [0], succ[set [set [0]]]], cart [succ[set [set [0]]], set[0]]]1]1]1,
subvar [union[cart [set [0], succ[set [set [0]]]], cart [succ[set [set [0]]], set[0]]]]] =
Fal se
In[10]:= %/. Equal - Set Del ayed
Lemma.
In[11]: = Subst Test [menber, subvar [setpart [x]], range[SUBVAR],

X ->union[cart [ens[1l], ens[6]], cart [ens[6], ens[1]]]] // Reverse

Qut[11] = nenber |
subvar [union[cart [set [0], succ[set [set [0]]]], cart [succ[set [set [0]]], set [0]]]],
range [SUBVAR] ] == True

In[12]:= %/. Equal - Set Del ayed
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Main theorem.
In[13]:= Map[not, Subst Test [i nplies, and[menber [u, v], subcl ass[v, w]], nmenber [u, w], {u->

subvar [uni on[cart [set [0], succ[set [set [0]1]]], cart [succ[set [set [0]]], set [0]]11,
v - range [SUBVAR], w- bi ncl osed[CAP]}] // Reverse]

Qut[13] = subcl ass[range [SUBVAR], bi ncl osed[CAP]] == Fal se
In[14]: = subcl ass[range[SUBVAR], bi ncl osed[CAP]] : = Fal se
Corollary.

In[15]:= Map[not, Subst Test [i npl i es, and[subcl ass[u, v], subcl ass[v, w]], subcl ass[u, w],
{u > range[SUBVAR], v » fi x[ACLOSURE], w- bi ncl osed[CAP]}] // Reverse]

Qut[15] = subcl ass[range[SUBVAR], fix[ACLOSURE]] == Fal se
In[16]:= subcl ass[range[SUBVAR], fi x[ACLOSURE]] : = Fal se
Corollary. The power set of any set is a topology, but in general, subvar[x] need not be a topology.

In[17]:= Map[not, Subst Test [i npli es, and[subcl ass[u, v], subcl ass[v, w]], subcl ass[u, w],
{u -»range[SUBVAR], v » TOPS, w- bi ncl osed[CAP]}] // Reverse]

Qut[17] = subcl ass[range[SUBVAR], TOPS] == Fal se

In[18]: = subcl ass[range[SUBVAR], TOPS] : = Fal se



