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W summary

This notebookcontainsa derivationof the fact thata naturalnumbercanhaveat mostonesquareoot. Theideais basically
this: if x> =y2,then0= x>-y? = (x+ y)(x-y), whichimpliesthateitherx —y=10 or x+y=0. If x-y=0,then
x=y. If x+y=0, thenx=y= 0. A variable—freeversionof this resultis alsoderived; this versionstateshatthe
functioncompositef NATM UL ,DUP] is one—to—one.

m a simplification rule

A preliminarysimplificationrule is derivedin this section. Thisfact...

In[2]:= equiv[or [and[equal [x, y], nmenber [x, onega], nmenber [y, onegall,
and[equal [0, x]1, equal [0, y], nenber [x, onega], nmenber [y, onegalll,
and[equal [x, y], nmenber [X, onega], menber [y, onmegal]]

Qut[2]= True

... justifiesaddingthis simplificationrule:

In[3]:= or [and[equal [x_, y_], nenber [x_, omega], menber [y_, onegal],
and[equal [0, x_], equal [0, y_], menber [x_, onega], nmenber [y_, onegal]]: =
and[equal [x, y], nenber [x, onega], menber [y, onmegal]

m the basic idea

The basicideaof thederivationis carriedoutin this fashion:
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In[4]:= Subst Test [equal, 0, natnmul [u, v], {u->natadd[x, y], vV ->natsub[x, y]}]
Qut[4]= or [and[equal [natmul [x, x], natnmul [y, y]], nenber [x, onegal,

nmenber [y, omega], subcl ass[y, x]], and[equal [0, x], equal [0, y],

equal [natmul [x, x], natmul [y, y]], nmenber [x, omega], menber [y, onegal]] ==

and [equal [x, y], menber [x, onega], nenber [y, onmega]]
This resultcanbe simplified:

In[5]:= Map[inplies[and[equal [natmul [x, x], natmul [y, y]1,
menber [x, omega], nenber [y, omega], subcl ass[y, x]1, #]1 & 9% // Reverse

Qut[5]= or [equal [x, y], not [equal [natnmul [x, x], natmul [y, y]]],
not [menber [x, omega]], not [nenber [y, onmega]], not [subcl ass[y, x]]] == True

In[6]:= or [equal [x_, y_]1, not [equal [natnul [x_, x_], natmul [y_, y_111,
not [menber [x_, onega]], not [menber [y_, onega]], not [subclass[y_, x_11]:=True

The hypothesissubclasgy,x] is removedby usingdichotomy:

In[7]:= Map[not, Subst Test [and, inplies[and[pl, p2, p3], p5],
i mplies[and[pl, p2, p4], p5], inmplies[p2, or [p3, p4l],
not [i npli es[and[pl, p2], p511,
{pl -> equal [natmul [x, x], natmul [y, y11,
p2 -> and[rmenber [x, onega], nmenber [y, onegall,
p3 -> subcl ass[x, y], p4 -> subcl ass[y, x], p5 ->equal [X, Yy1}1]

Qut[7]= or [equal [X, y], not [equal [natnmul [x, x], natmul [y, y]]],
not [menber [x, omega]], not [nenber [y, omega]]] == True

This completeghe derivationof the uniquenessheoremfor squareroots:

In[8]:= or [equal [x_, y_]1, not [equal [natmul [x_, x_], natmul [y_, y_111,
not [menber [x_, onega]], not [menber [y_, onmega]l] : = True

A negativeform of thiswill alsobeneededelow:

In[9]:= and[equal [natmul [x, x], natmul [y, y11,
menber [X, omega], nenber [y, onmega], not [equal [X, y]]1] // Not Not Test

Qut[9]= and[equal [natnmul [x, x], natmul [y, y]],
menber [x, omega], menber [y, onega], not [equal [x, y]]] == Fal se

In[10]: = and[equal [natmul [x_, x_], natmul [y_, y_11,
menber [x_, omega], nenber [y_, onmegal], not [equal [x_, y_]1]: = Fal se

m eliminating the variables x and y

The following membershipule involving inver sefDUP] is needed:

In[11]: = nenber [pair [X, y], conpositel[inverse[DUP], z]] // Assert Test

Qut[11] = nenber [pair [X, Y], conposite[inverse[DUP], z]] ==
and [nmenber [x, V], nenber [y, V], nmenber [pair [x, pair [y, Y11, z]]

In[12]:= nenber [pair [X_, y_], conpositel[inverse[DUP], z_]]:=
and [rmenber [x, V], nmenber [y, V], nmenber [pair [x, pair [y, Y11, z]]

The following simplificationrule for iterate is useful:



sqrtunig.nb 3

In[13]:= Map[i nplies[#, nenber [y, V]] &
Subst Test [nmenber, pair [X, y], conposite[ld, w], w->iterate[u, v]]]

Qut[13] = or [nenber [y, V], not [menber [pair [X, y], iterate[u, v]]]] == True
In[14]:= or [menber [y_, V], not [nenber [pair [x_, y_], iterate[u_, v_]]11]1:=True
This factimplies:

In[15]: = equi v[and[nmenber [y, V], menber [pair [X, Y], iterate[u, v]]],
nmenber [pair [X, y], iterate[u, v]]]

Qut[15] = True

A temporarysimplificationrule expressinghis factis added:

In[16]:= and[nenmber [y_, V], nmenber [pair [x_, y_], iterate[u_, v_11]:=
nmenber [pair [x, y], iterate[u, v]]

To connectNATMUL with natmul oneneeddo dealwith amessyexpressionnvolving iter ate:
In[17]: = Subst Test [menber, pair [x, y], i mage[i nverse[NATMJL], z], z ->singl eton[w]]
Qut[17] = and[nmenber [x, onega],
menber [pair [y, w], iterate[iterate[SUCC, singleton[x]], singleton[0]]]] ==
and[equal [w, natnmul [x, y]], nenber [x, onega], nenber [y, onega] ]
In[18]:= and[nenber [x_, onegal,
menber [pair [y_, w_], iterate[iterate[SUCC, singleton[x_1], singleton[0]]]]: =
and[equal [w, natmul [x, y]], menber [x, onega], nenber [y, onega]]
Fromthis, onederivesa membershipule for composite]inver ss§NATMUL],NATMUL]:

In[19]: = Subst Test [menber, pair [X, y], i mage[i nverse[NATMJL], i mage[w, singleton[z]]],
{w->NATMJL, z ->pair[u, v]}] // Reverse

Qut[19] = nenber [pair [pair [u, v], pair[Xx, y]], conposite[inverse[NATMJL], NATMIL]] ==
andequal [natnmul [u, v], natmul [x, y]], menber [u, onega],
menber [v, onega], nmenber [X, onega], nenber [y, onega]]

In[20]:= nenber [pair [pair[u_, v_], pair[x_, y_11, conposite[inverse[NATMIJL], NATMJL]] : =
and[equal [natnul [u, v], natmul [x, y]], menber [u, onegal,
menber [v, onega], nenber [x, onega], nmenber [y, onegal]]

The uniguenesgheoremfor squarerootscannow be castin variable—fredform by anapplicationof RelnNormality:

In[21]: = Map[equal [0, #] & intersection[D,
conpositelinverse[DUP], i nverse[NATMJUL], NATMJL, DUP]] // Rel nNornmality]

Qut[21] = subcl ass[conpositel[inverse[DUP], i nverse[NATMJL], NATMJL, DUP], Id] == True
In[22]:= subcl ass[conposite[inverse[DUP], i nverse[NATMJL], NATMJUL, DUP], Id]: =True
It remaingo rewritethisin termsof FUNCTION:

In[23]:= Subst Test [subcl ass, conpositel[inverse[x], x], Id, x ->conposite[NATMI, DUP]] // Reverse

Qut[23] = FUNCTI ON[conposi te[i nverse[DUP], inverse[NATMJL]]] == True

In[24]: = FUNCTI ON[conposi te[i nverse[DUP], i nverse[NATMJL]]] : = True
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Thatis, thefunctioncomposite{NATMUL ,DUP] is one-to-one:

In[25]:= ONEONE[conposite[NATMJL, DUP]]

Qut[25] = True



