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W summary

Quaife’stheoremDF6 aboutrecursivesubtractioris derivedin this notebookin two differentways,aswell asa variable—
freeversionthereof.

reference: Art Quaife,
Aut onat ed Devel opnent of Fundanent al Mat henati cal Theori es, page 186.

m Quaife’s Theorem DF6

The quickestderivationof Quaife’stheoremused minComp:

Map [A, | mi nConp[conposite[NATADD, RI GHT[y]]1,
conposi t e[NATADD, RIGHT[z]], singleton[x]]] // Reverse

nat sub[natsub[x, y], z] == natsub[x, natadd[y, z]]

We hold off addingthis rule for now. Anotherderivationof this resultwill be presentedhortly.

m variable—free version

OnecoulduseQuaife’'stheoremDF6 to deriveversionswith fewervariables, butit is moreinstructiveto do this indepen
dently, startingwith theassociativéaw:

Assoc [NATADD, conpositef[cross[ld, NATADD], ASSOC], cross[RI GHT[x], 1d]]

conposi t e [NATADD, cross[ld, conposite[NATADD, RIGHT[x]]]] ==
conposi t e [NATADD, cross [conposite[NATADD, RI GHT[x]], 1d]]

conposi t e[NATADD, cross[ld, conposite[NATADD, RI GHT[x_]
|

111 =
conposi t e[NATADD, cross[conposite[NATADD, RI GHT[x]1], 1d]1]
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Subst Test [rot ate, conposite[u, cross[v, w]],
{u -> NATADD, v ->1d, w->conposite[NATADD, RI GHT[x]11}]

conposi te[rotate[NATADD], cross[ld, conposite[NATADD, RIGHT[x]]]] ==
conposi te[inverse[RI GHT[x]], inverse[NATADD], rot at e [NATADD] ]

It is unclearhowto orientthis equation. Mappingwith LEFT[y] yields:

Map [conposi te[#, LEFT[y]1] & 9%

conposi te[i mage [i nver se [NATADD], singleton[y]], NATADD, RIGHT[x]] ==
conposite[inverse[RIGHT[x]], i nverse[NATADD], i nage[i nver se [NATADD], singleton[y]]]

This relationis its owninverse. This canbe madeinto arewriterule:

conposi te[inverse[RI GHT[x_]], i nverse[NATADD], i mage[i nver se [NATADD], singleton[y_11]:=
conposi te[i mage[i nver se [NATADD], singl eton[y]], NATADD, Rl GHT[x]]

Fromthis we obtainQuaife’stheorem:

Map [A, | mageConp[conposite[i nverse[RI GHT[x]], i nver se [NATADD] ],
i mage[i nver se[NATADD], singleton[y]]l, singleton[z]]] // Reverse

nat sub[natsub[y, z], x] == natsub[y, natadd[x, z]]

Theruleis addednow:

nat sub[natsub[y_, z_], x_]:=natsub[y, natadd[x, z]]

m variable—free version

Onecanderiveavariable—fregersionby usingsymdif andV SNormality:

syndi f [conposi t e[r ot at e[NATADD], cross|[rotate[NATADD], 1d]],
conposi te[rot at e[NATADD], cross[ld, NATADD], ASSOC]] // VSNornmal ity

uni on[i ntersecti on[conposite[conpl enent [rotate[NATADD] ], cross[rotate[NATADD], 1d]],
conposi te[rot at e [NATADD], cross|[ld, NATADD], ASSCC]],
i ntersection[conposite[rotate[NATADD], cross|[rotate[NATADD], 1d]],
conposi te[conpl erent [r ot at e [NATADD] ], cross[ld, NATADD], ASSCC]]] ==0

We addthis asatemporaryrule:

uni on[i ntersecti on[conposite[conpl ement [rotate[NATADD]], cross[rotate[NATADD], 1d]],
conposi t e[rot at e [NATADD], cross[ld, NATADD], ASSCC]],
i ntersection[conposite[rotate[NATADD], cross|[rotate[NATADD], |1d]],
conposi te[conpl erent [r ot at e [NATADD] ], cross[ld, NATADD], ASSCC]]1] :=0

Therule we really wantis this:

Subst Test [equal , 0, syndif [u, V],
{u -> conposi t e[rot at e[NATADD], cross[rotate[NATADD], |1d]],
v -> conposi te[rotat e[NATADD], cross[ld, NATADD], ASSCC]}]

True == equal [conposite[rotate[NATADD], cross[rotate[NATADD], Id]],
conposi te[rot at e[ NATADD], cross|[ld, NATADD], ASSCOC]]

Notethecloseresemblancwith theassociativéaw for NATADD.



subrecur.nb

conposi te[rot at e[NATADD], cross[ld, NATADD], ASSCC] : =
conposi te[rot at e [NATADD], cross[rotate[NATADD], |1d]]

Therule we heldoff addingin the precedingsectioncannow berederived:

Assoc [r ot at e[NATADD], conposite[cross[ld, NATADD], ASSCC], RI GHT[x]]

conposi te[rotate[NATADD], cross|[ld, conposite[NATADD, RIGHT[x]]]] ==
conpositelinverse[RIGHT[x]], i nverse[NATADD], rotate[NATADD] ]

This helpsestablistthe connectiorbetweerthe variable-freéormulaandQuaife’sformula DF6.



