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m Introduction

GoedelusesV, E, pairset, complement, intersection, cart, domain, inverse, flip androtate asprimitives. Onecan
eliminateinver se by definingit in termsof flip. Thisstill leaves9 primitives.

domai n[flipf[cart [x, V111

i nverse[x]

Alternatively,onecanretaininver se, andinsteadeliminateflip. Bernaysshowsthatone canreducethe numberof primi-
tivesin classtheoryto the following seven:E, complement, inter section, cart, domain, inverse, androtate. Actually,
Bernaysdoesnotuserotate, butinsteadusesa slightly differentprimitive, whichis closelyrelated:

class[pair [pair[u, v], w], menber [pair [u, pair [v, w]], X]]

rotatef[inverse([x]]

Thefollowing referenceo thework of Bernayss readilyaccessible.

Paul Bernays, "Axiomatic Set Theory, " North Hol | and Publ i shi ng Co, 1968.
Repri nt ed by Dover Publications, Inc., 1991. See page 64.

The ideasundoubtedlygo backmuchfurther. On page7 of his monograpton the consistencyof the axiom of choiceand
the generalizeadtontinuumhypothesisGoedelrefersto a paperpublishedoy Bernaysin 1937. Goedel’'scomments thatby
addingan axiom assertinghe existenceof the classrange[SINGLETON] of all singletonsthe two axiomsfor flip and
rotate canbereplacedy asingleaxiom.
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m Constructions based on the Bernays primitives.

The Doverbook referenceonly commentsriefly on how the constructionshouldproceedput | did not havemuchdiffi-
culty filling in thegaps. Whatwe do belowis to showhowto constructGoedel’sprimitivesfrom thoseof Bernays. Thisis
bestdonein stages.Amongthe easiestonstructionsrethosefor range andunion:

domai n[i nverse[x]]

range[X]

conpl ement [i ntersecti on[conpl ement [x], conpl ement [y]]]

union[x, y]

m Eliminating V as primitive.

Bernaysnotesthatonedoesnot needto take V asaprimitive becausét canbe expressedh termsof E.
uni on[E, conpl ement [E]]
\%

Alternatively,onecouldintroducethe universalclassV as

domai n[E]

\Y,

m Composite in terms of the Bernays primitives.

Bernaysgivesa formulafor composite in termsof the primitives,which canbe simplified asfollows:

i nverse[domai n[rotatel[intersection[cart [y, VI,
rotate[cart [x, V111111

conposite[x, y]

Onceonehascomposite available,t is easyto constructhe subsetelation S andtheidentity relationl d.

i nver se[conpl enent [conposi te[E, conpl enent [i nverse[E]]1]1]]

S

intersection[S, inverse[S]]

Id

Alternately,onecoulddefinetheidentity relation Id moredirectly as
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i nver se[conpl enent [conposi te[i nverse[E], conpl ement [E]]]]

Id

The functionSINGLETON cannow alsobe defined,which seemgo obviatethe needfor a separat@xiomconcerninghe
existenceof range[SINGLETON].

i ntersection[E, conposite[conpl enent [conposite[E, conplenent [1d]]]1]1]

S| NGLETON

m Defining image, singleton, and related formulas.

Therestrictionof theidentity relationis definedas:
intersection[ld, cart [x, x]]

id[x]

Next onecanconstrucimage, anduseit to definethe sumclassU[x], the powerclassP[x], theunaryintersectiomA[X],
andthesingleton:

range[conposite[x, id[y]l]l]

i mage (X, Y]

i mage[i nverse[E], x]

Ulx]

conpl ement [i mage [E, conpl emrent [x]]]

PIx]

conpl ement [i mage [conpl ement [i nverse[E]], X]]

AlX]

i ntersection[P[x], conpl enent [i mage [conpl enent [E], X]]1]

singl eton[x]
The constructiorof pair set[x,y] follows trivially from this:

assert [equal [pairset [x, y], union[singleton[x], singleton[y]]]]

True

m FIRST, SECOND, SWAP, flip[x] and cross[x,y]

The constructiorof FIRST andSECOND aregivenby:
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rotate[cart [l d, V]]

SECOND

r ot at e [SECOND]
FI RST
NextonecanconstructSWAP, flip andcrossin termsof the primitives:
i ntersection[conpositel[inverse[FI RST], SECOND], conpositel[i nverse[SECOND], FI RST]]
SWAP
flip[x]
conposi te[x, SWAP]

intersection[conpositelinverse[FI RST], x, FI RST], conpositel[i nverse[SECOND], y, SECOND] ]

Cross[x, Y]



