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B Summary

Any weakinequalityfor naturalnumberscanbe convertedo a stronginequalityby negation: A naturalnumber m is less
thanor equalto a naturalnumbern if andonlyif n is notstrictly greateithan m. Quaifechoseto write mostarithmetical
inequalitiesasstrictones.

Art Quai fe, Autonat ed Devel opnent of Fundanent al Mat hemati cal Theori es,
Kl uwer Academi c Publ i shers, Dordrecht, 1992. (See page71.)

Whenworking with the GOEDEL program,working with weakinequalitiesis generallyeasier especiallywhenrelational
variantsarestudied. The presencef the membershigelation E oftenproduceexpressionivolving IMAGE, whereas
thisis notthe casefor the subsetelation S.

conposi te[E, NATADD]
conposi te[inverse[l MAGE[i nver se [NATADD] ] ], E]
conposi t e[NATADD, i nverse[E]]

conposi te[inverse[E], | MAGE[NATADD] ]

Nonethelessheremaybe anadvantagéo usingstrictinequalitieshecause&loing so automaticallyaddsset—hoothypotheses
thatmay simplify someformulas. In this notebookwe studyoneexamplerelatedto Quaife’'stheorem(014). (Seeop.cit.,
pagel89.) Thestatemenbf thistheoremusingweakinequalitiess this:

subcl ass[x, natadd[x, y]]

True

W conversion to strong form

The conversiorto strongform via negationuseshis rewriterule:
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conposi te[i d[onega], conpl enent [E], id[onega]]
conposi te[id[onega], inverse[S], id[onega]]
Notethatusingthis rule doesaddextrahypothesesyhich will shortlybe eliminated:

Subst Test [nenber, pair [u, v], intersection[cart [w, w], conpl enent [E]],
{u ->natadd[x, y], vV ->X, w->onmega}]

and [menber [x, onega], nenber [y, onmega]] ==
and [menber [x, omega], nenber [y, onega], not [menber [natadd[x, y], x]]]

Transposeverythingto oneside:

Map[i mplies[First [9%9, #] & % // Reverse

or [not [menber [Xx, onega]], not [menber [y, onega]], not [menber [natadd[x, y], x]]] == True
Thistemporaryrule will beimprovedbelow:

or [not [menber [x_, onega]],
not [nenber [y_, omega]], not [menber [natadd[x_, y_], Xx_11]1:=True

Notethatthefollowing set—hoodule alsoholds:

Subst Test [i npl i es, menber [w, z], nmenber [w, V],
w->natadd[x, y]]

or [and [menber [x, omega], nenber [y, onega]], not [menber [natadd[x, y], z]]] == True
or [and [menber [x_, onega], menber [y_, onegal], not [menber [natadd[x_, y_1, z_11]:=True
Combiningthesetwo factsproduces simplerresultthatis identicalto Quaife’stheorem(014):

Map [not, Subst Test [and, inplies[pl, or [not [p2], not [p3]]1], inplies[pl, and[p2, p3]],
{pl -> nenber [natadd[x, y], X], p2 -> nenber [x, onega], p3 -> nenber [y, onega]}]] // Reverse

menber [natadd[x, y], x] == Fal se

menber [natadd[x_, y_1, x_]: =Fal se

W relational version

Oneway to obtainarelationalversionis asfollows. Firstwe replacenatadd with NATADD usingthistrick:
Subst Test [cl ass, y, menber [A[i nage[n, singleton[PAIR[X, y111], X], n -> NATADD]
0 == i mage [i mage [i nver se [NATADD], x], singleton[x]]
i mage [i mage[i nver se [NATADD], x_1, singleton[x_]]:=0

i mage[fi x[conpositel[inverse[E], | MAGE[i nver se[NATADD]], FIRST]], singleton[x]] //
Normal ity

i mage [fix[compositel[inverse[E], | MAGE[i nverse[NATADD]], FIRST]], singleton[x]] ==0
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i mage[fix[conpositel[inverse[E], | MAGE[i nver se[NATADD]], FIRST]], singleton[x_1]:=0
Next, thevariable x canbeeliminated:

fix[conposite[inverse[E], | MACE[i nverse[NATADD]], FIRST]] // VSNormal ity

fix[conpositel[inverse[E], | MAGE[i nverse[NATADD]], FIRST]] ==0

fix[conposite[inverse[E], | MACE[i nverse[NATADD]], FIRST]]:=0

W arelated rule

Anotherway to eliminatethevariable x is like this:

Map [conpl erment
Subst Test [cl ass, X, equal [0, i mage[i mage[i nverse[n], x], singleton[x]]],
n -> NATADD] ] // Reverse

i ntersectionjonega,
fix[conpositel[inverse[E], | MAGE[inverse[S]], | MAGE[id[omega]]]]] ==0

i ntersection[onega,
fix[conmpositel[inverse[E], | MAGE[i nverse[S]], | MAGE[i d[onmega]l]l]l]]:=0

This canberewrittenusing:

Map [VERTSECT, Assoc [FI RST, i nver se[NATADD], i nverse[E]]]

conposi te [l MAGE[FI RST], | MAGE[i nver se [NATADD] ]] ==
conposite[l MAGE[i d[onmega] ], | MAGE[i nverse[S]], | MAGE[i d[onmega]]]

The aboveformulacanalsobe derivedanothemway asfollows:

Subst Test [| MAGE, conpositef[u, i nverse[NATADD]], u -> FI RST] // Reverse

conposi te[l MAGE[FI RST], | MAGE[i nver se [NATADD] ] ] =
conposite[l MAGE[i d[onega]], | MACE[i nverse[S]], | MAGE[i d[onega]]]

Thefollowing ruleis aconsequence:
Map [fi x[conposi te[i nverse[E], #]] & %

fix[conpositel[inverse[E], | MAGE[FI RST], | MAGE[i nverse[NATADD]]]] ==0



