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summary

An Otter proofthatwell orderingsaretransitivewasobtained2000Decembel4. In this notebookthefactthatwell-order
ings aretransitiveis rederivedin atechnicallydifferentfashion,but still basedon the key ideathata setof threeelements
eachof which is fixed by the well-orderinghasa leastelement. Threefree variablesareintroducedto representhese
elementsreplacingSkolemfunctionsthatappeatin the Otter proof. Theseintroducedvariablesareeventuallyeliminated
by usingGadel’s algorithm,whichis formulated in the GOEDEL programasa setof rewriterulesfor class. If no special
measuresare adoptedthe GOEDEL programhasno way of knowing whetherthesevariablesreferto setsor to proper
classesandrathercomplexexpressionsvould be encounteredo coverall cases.To circumventthis problem,animportant
new techniquéds introducedin this notebook the conceptof a setpart wrapper,which permitstaking advantagef cond
tional rewrite rulesthat arevalid for setsonly. Nothing muchin the way of new rewrite rulesare neededor this new
conceptasidefrom its definition andthe key propertythatsetpart[u] is alwaysa set. The GOEDEL programapparently
finds it evidentfrom the definition that every setcanbe wrappedwith a setpart wrapper,andis ableto removethese
wrappersautomaticallywith no specialeffort.

normalization results

The removalof setvariablesrequiresthe useof class, which makesit imperativethat normalizationrulesarein placeto
preventthe hypothese$rom beingrewritten. Two rulesareneededthefirst of which is neededo preservehe hypothesis
thatarelationbereflexive. A slightly moregeneraruleis derived:

In[2]:= not [subcl ass[x, cart [y, z]]1] // AssertTest // Reverse

Qut[2]= or [not [subclass[x, cart [V, z]]], not [subclass[x, cart [y, V]]]] =
not [subcl ass[x, cart [y, z]]]

In[3]:= or [not [subclass[x_, cart [V, z_]11, not [subclass[x_, cart[y_, V]11]:=
not [subcl ass[x, cart [y, z]11]

The aboverule affectsthe nextonebecausehe hypothesighat x bereflexiveis a partof the definition of well-ordering.
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In[4]:= not [WELLORDER[x]] // Assert Test // Reverse

Qut[4]= or [not [subclass[x, cart [fix[x], fix[x]]]],

not [subcl ass[P[fix[x]], union[domai n[funpart [LEAST[x]]], singleton[0]]]]] == not |
WELLORDER[X] ]
In[5]:= or [not [subclass[x_, cart [fix[x_1, fix[x_1111,

not [subcl ass[P[fix[x_]1, uni on[domai n[funpart [LEAST[x_]]1]1, singleton[0]]]1]]:=not[
WELLORDER[X]]

existence of least elements

Thereis asimpleformulafor domain[L EAST[x]] whenx is awellordering:

In[6]:= inplies[WELLORDER[x], equal [domai n[LEAST[x]1]1, dif [P[fix[x]], singleton[0]]1]]

Qut[6]= True

In this section,a versionof this formulais introducedwith anextravariable,which will be neededshortly. To derivethis
formula, thefollowing temporarylemmais needed.

In[7]:= SubstTest [i nplies, and[nenber [y, u], equal [u, v]], nenber [y, V],
{u->dif[P[fix[x]], singleton[0]], v ->domai n[LEAST[x]]1}]

Qut[7]= or [equal [0, y], not [equal [0, intersection[y, Ib[x, y]]11]7,
not [equal [domai Nn[LEAST[x]], intersection[conpl enent [singleton[0]], P[fix[x]]]]11,
not [menber [y, V]], not [subclass[y, fix[x]]]] = True

In[8]:= (%/. {X->X_, Yy->y_}) /. Equal -> Set Del ayed

The hypothesighat x is a well-orderingis usedto eliminatethe literal involving domain[LEAST[X]] in the above
Statement.

In[9]:= Map[not, SubstTest [and, i nplies[pl, p2],
i mpli es[and[p2, p3], p4], not [i nplies[and[pl, p3], p4]1], {pl -> VELLORDER[X],
p2 -> equal [dormai n[LEAST[x]1], intersection[conpl enent [singleton[0]], P[fix[x]]1]11,
p3 -> and[not [equal [0, y]], menber [y, V], subclass[y, fix[x]]1],
p4 -> not [equal [0, intersection[y, Ib[x, Yy1111}11]

Qut[9]= or [equal [0, y], not [equal [0, intersection[y, Ib[x, y]11]7,
not [menber [y, V]], not [subcl ass[y, fix[x]]], not [WELLORDER[x]]] == True

In[10]:= or [equal [0, y_1, not [equal [0, intersection[y_, Ib[x_, y_1111,
not [nmenber [y_, V]]1, not [subclass[y_, fix[x_]1]], not [WELLORDER[X_11] : = True

Thefollowing specialformulafor theleastelemenif a singletonwill beneeded.

In[11]:= least [x, singleton[y]l] // Normality
Qut[11]= intersection[lb[x, singleton[y]], singleton[y]] ==intersection[fix[x], singleton[y]]
In[12]:= intersection[lb[x_, singleton[y_1], singleton[y_]]:=

intersection([fix[x], singleton[y]]
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definition of the setpart wrapper

The conceptof setpart is usefulto wrap setsto permitautomaticsimplificationsthatapply only to sets. The following
membershipule definesthiswrapper:

In[13]:= nenber [x_, setpart [y_]1]:=and[nenber [x, y], menber [y, V1]

The following normalizationformula could be usedto definesetpart shouldonewantto usethis conceptfor automated
reasoningusingOtter. Thisnormalizatiorrule is not neededor the applicationin this notebook andwill notbeaddedasa
rewrite rule becauseloing sowould causesetpart to beintroducedn situationswhereit is not wanted,andonewould then
needto addmanynewrulesto the GOEDEL programto eliminateit.

In[14]:= setpart [x] // Normality // Reverse

Qut[14]= intersection[x, image[V, singleton[x]]] ==setpart [X]

The omly importantpropertyof setpart is thatit alwaysbe recognizedo be a setwhenit is encounteredby conditional
rewriterules.

In[15]: = Map[nenber [#, V] & 9% // Reverse
Qut[15] = menber [setpart [x], V] = True

In[16]:= nenber [setpart [x_], V] :=True

key ideas

The key ideais thatif x is awell-ordering,thenany setof threeelementf fix[x] musthavea leastmember. It is
conveniento introducethesethreeelementoneat a time to preventrulesfor pair set from enteringinto the formulasthat
areproduced. Eachof thevariableswill be wrappedwith setpart to makeit knownthatit is a set. Thefirst elemento be
introducedis calledsetpart[u] .

In[17]: = Subst Test [i npl i es, and [WELLORDER[x], menber [w, dif [P[fix[x]], singleton[0]1]1]],
not [enpty [l east [X, w]]], w->union[singleton[setpart [u]], z]]

Qut[17]= or [not [equal [0, intersection[z, Ib[x, z], I b[x, singleton[setpart [u]]]]]],
not [menber [z, V]], not [menber [setpart [u], fix[x]]], not [subclass([z, fix[x]]],
not [WELLORDER[x]], subclass[z, i mage[x, singleton[setpart [u]]]]] = True

Theseconcelemento beintroduceds calledsetpart[v].
In[18]:= %/. z ->union[y, singleton[setpart [v]]]

I,

Qut[18] = or [and[nenber [pair [setpart [u], setpart [V] X
1111
]
]

1
subcl ass [y, i mage[x, singleton[setpart [u ,
and [menber [pair [setpart [v], setpart [u]], ,
subcl ass [y, i mage[x, singleton[setpart [v]]]]],
not [equal [0, intersection[y, Ib[x, y], I b[x, singleton[setpart [u]]],
I b[x, singleton[setpart [v]]]]]], not [menber [y, V]],
not [menber [setpart [u], fix[x]]], not [menber [setpart [v], fix[x]]],
not [subcl ass[y, fix[x]]], not [WELLORDER([x]]] == True

]
X
]

Thefinal variableis calledsetpar t[w].
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In[19]:= %/. y ->singleton[setpart [w]]

Qut[19] = or [and [nenber [pair [setpart [u], setpart [v]], X],
nmenber [pair [setpart [u], setpart [w]], X]],
and [menber [pair [setpart [v], setpart [u]], X],
nmenber [pair [setpart [v], setpart (w]], X]], and]
nmenber [pair [set part [w], setpart [u]],
fix[x]]], not [menber [setpart [v], fiXx[X]
[WELLORDER[X]]] = True

x], menber [pair [setpart [w], setpart [v]], X]],
not [menber [set part [ 11

uj,
not [menber [setpart [w], fix[x]]], not
In[20]:= (%/. {U->uU_, V->V_, W->W_, X ->X}) /. Equal -> Set Del ayed

Theresultobtainedabovecanbe restatedn thefollowing fashion,which suggests procedurdor eliminatingthe variables
u,v andw.

In[21]:= inplies[VWELLORDER[x], nmenber [pair [pair [setpart [u], setpart [v]], setpart [w]],
uni on[conpl ement [cart [cart [fix[x], fix[x]], fix[x]11,
conposite[x, FIRST, id[x]], conposite[x, SECOND, id[i nverse[x]]],
i ntersection[conpositelinverse[x], FIRST], conmpositel[inverse[x], SECOND]1111]

Qut [ 21] True

eliminating the set variables

To eliminatethevariablesjt helpsto turn off thesimplify flag.
In[22]:= sinplify = Fal se;

The eliminationof variablesyields the following complicatedmess,but notethat setpart hasbeeneliminatedwithout
havingto introduceany specialrewriterules.

In[23]:= Map[equal [0, composite[conpl enent [#], id[cart [V, V]1]] &
Subst Test [cl ass, pair [pair [u, V], W],
i mpl i es [VWELLORDER[x], nenber [pair [pair [setpart [u], setpart [v]], setpart[w]], z]],
z -> uni on[conpl ement [cart [cart [fix[x], fix[x]], fix[x]1]],
conposite[x, FIRST, id[x]], conmposite[x, SECOND, id[inverse[x]]], intersection[
conposi te[inverse[x], FIRST], conposite[inverse[x], SECOND]]1]] // Reverse]

Qut[23]= or [and[subcl ass|
cart [fix[x], intersection[fix[x], fix[conposite[conplenent [x], id[fix[x]], x]111,
uni on[x, inverse[x]]], subclass[cart [fix[x], intersection[fix[X],
fix[conmposite[conpl enent [x], id[fix[x]], conplerment [x]]]]], X],
subcl ass[conposite[id[fix[x]], intersection[x, conpl enent [inverse[x]]],

idifix[x]], complement [i nverse[x]], id[fix[x]]], x], subclass[conposite]
id[fix[x]], intersection[conpl enent [x], conpl enent [inverse[x]]], id[fix[x]],
intersection[x, inverse[x]], id[fix[x]]], x]], not [WELLORDER([X]]] == True

The conclusionin the abovestatementontainshreeassertionsyhich is morethanoneactuallyneeds. It sufficesto cutthe
conclusiondownto oneof thesethree:

In[24]:= Map[or [#, subcl ass[conposite[id[fix[x]], intersection[x, conpl enent [i nverse[x]]1],
id[fix[x]], conplenment [i nverse[x]], id[fix[x]]1], X]1]1 & 9%
Qut[24] = or [not [WELLORDER[X]],

subcl ass [conposite[id[fix[x]], intersection[x, conpl enent [i nverse[x]]],
id[fix[x]], conplenent [inverse[x]], id[fix[x]]], Xx]] =True

In[25]:= (%/. X ->x_) /. Equal -> Set Del ayed
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In the next section,specialrules are derivedto eliminatethe expressiorcomplement[inver sg[x]] that appearsn this
statementeffectivelyreplacingthatwith the simplerexpressiornnter section[ Di x].

a theorem about inverse complements of well orderings

Lemma. (Thefactthata well orderingx is reflexiveis combinedwith the propertythatanytwo elementf fix[x] canbe
compared.)

In[26]:= Map[inplies[WELLORDER[x], #] & Subst Test [subcl ass, x, intersection[u, v],
{u->cart [fix[x], fix[x]], v ->union[conplenent [i nverse[x]], 1d]1}1] // MapNot Not

Qut[26] = or [not [VELLORDER[Xx]], subclass[x, union[
conmpositelid[fix[x]], conplenent [i nverse[x]], id[fix[x]]], id[fix[x]]]]] = True

In[27]:= (%/. X ->Xx_) /. Equal -> Set Del ayed
Lemma.(Equalityimpliesinclusion.)
In[28]:= Map[not, SubstTest [and, i nplies[pl, p2], inplies[p2, p3], not [inplies[pl, p3]1],

{pl -> VELLORDER[X], p2 -> equal [cart [fix[x], fix[x]], union[x, inverse[x]]],
p3 -> subcl ass[cart [fix[x], fix[x]], union[x, inverse[x]]]1}11]

Qut[28]= or [not [WELLORDER[x]], subclass[cart [fix[x], fix[x]], union[x, inverse[x]]]] ==True
In[29]:= (%/. X ->X_) /. Equal -> Set Del ayed

The above two inclusions can be combinedinto an equationexpressinga well order x in terms of
complement[inver se[x]]:

In[30]:= Subst Test [and, i nplies[p, subclass[x, y]], inplies[p, subclass[y, x11,
{p -> WVELLORDER[X], Yy -> union[conposite[id[fix[x]],
conpl enent [i nverse([x]], id[fix[x]]], id[fix[x]1]1}] // Reverse

Qut[30] = or [equal [x, union[conposite[id[fix[x]], conpl enent [inverse[x]], id[fix[x]]],
id[fix[x]]]], not [WNELLORDER[X]]] == True
In[31]:= or [equal [x_, union[conposite[id[fix[x_]], conplenent [i nverse[x_11, id[fix[x_111,

id[fix[x_111], not [WELLORDER[X_]1] : = True
Thesimplify flag needgo beturnedbackon now.
In[32]:= sinplify =True;

Lemma. (Eliminatinganunneededntersectiorwith Di.)

In[33]:= conposite[id[fix[x]],
intersection[Di, conplenent [i nverse[x]]], id[fix[x]]] //VSNormality

Qut[33]= conposite[id[fix[x]], intersection[Di, conplement [i nverse[x]]], id[fix[x]]] ==
conposite[id[fix[x]], conpl enent [i nverse([x]], id[fix[x]]]

In[34]:= conpositel[id[fix[x_]], intersection[D, conpl enent [i nverse[x_]111, id[fix[x_]1]1:=

conposite[id[fix[x]], conpl ement [i nverse[x]], id[fix[x]]]

Lemma.(Theequationderivedabovefor awell order x is solvedfor complement[inversg[x]] by intersectingvith Di .)
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In[35]:= SubstTest [i nplies, equal [x, y], equal [i mage[z, x], i mage[z, Y]],
{y -> union[conposite[id[fix[x]], conpl ement [i nverse[x]], id[fix[x]]],
id[fix[x111, z->id[Di 1}]

Qut[35]= or [equal [conposite[id[fix[x]], conpl enent [inverse[x]], id[fix[x]]],
intersection[Di, x]], not [equal [X, union]
conposite[id([fix[x]], conplenent [inverse([x]], id[fix[x]]], id[fix[x]]]]]] =True

In[36]:= (%/. X ->x_) /. Equal -> Set Del ayed
Main result:(Theexpressiortomplement[inver se[x]] canbereplacedwith inter section[Di,x].)

In[37]:= Map[not, SubstTest [and, i nplies[pl, p2], inplies[p2, p3], not [inplies[pl, p3]1],
{p1 -> VELLORDER[X],
p2 -> equal [X,
uni on[conposite[id[fix[x]], conpl ement [i nverse[x]], id[fix[x]]], id[fix[x]]111,
p3 -> equal [conposite[id[fix[x]], conpl ement [i nverse[x]], id[fix[x]]],
intersection[Di, x]]1}11

Qut[37]= or [equal [conposite[id[fix[x]], conpl enent [inverse[x]], id[fix[x]]],
intersection[Di, x]], not [WELLORDER([X]]] == True

In[38]:= or [equal [conposite[id[fix[x_]], conplenent [inverse[x_1], id[fix[x_111,
intersection[Di, x_]], not [WELLORDER[X_]11] : = True

A variantis alsoneeded.

In[39]:= SubstTest [i nplies, equal [u, v], equal [i mage[w, u], i mage[w, v]],
{u ->conposite[id[fix[x]], conpl enent [i nverse[x]], id[fix[x]]],
v ->intersection[Di, x], w->id[x]}]

Qut[39] = or [equal [conposite[id[fix[x]], intersection[x, conplenent [inverse[x]]], id[fix[x]]],
intersection[D, x]],
not [equal [composite[id[fix[x]], conmplenment [i nverse[x]], id[fix[x]]],
intersection[Di, x]]]] = True
In[40]:= (%/. X ->Xx_) /. Equal -> Set Del ayed
In[41]:= Map[not, SubstTest [and, inplies[pl, p2], inplies[p2, p3], not [inplies[pl, p3]1],
{pl -> VELLORDER[X], p2 -> equal [
conpositel[id[fix[x]], conpl enent [i nverse[x]], id[fix[x]]], intersection[Di, x]11,
p3 -> equal [conposite[id[fix[x]], intersection[x, conpl enent [i nverse[x]]1],
id[fix[x]]], intersection[Di, x]1}1]
Qut[41] = or [equal [conposite[id[fix[x]], intersection[x, conplenent [i nverse[x]]], id[fix[x]]],

intersection[Di, x]], not [WELLORDER([Xx]]] == True

In[42]:= (%/. X ->Xx_) /. Equal -> Set Del ayed
Equality substitutiorfor compositess used:

In[43]:= Subst Test [i npl i es, and[equal [u, v], equal [w, z]],
equal [conposite[u, w], conposite[v, z]1],
{u->conpositel[id[fix[x]], intersection[x, conpl enment [i nverse[x]]], id[fix[x]]],
w-> conpositel[id[fix[x]], conpl enent [i nverse[x]], id[fix[x]]],
v ->intersection[Di, x], z->intersection[Di, x]}]

Qut[43]= or [equal [conposite[intersection[Di, x], intersection[Di, x]],
conpositel[id[fix[x]], intersection[x, conpl enent [i nverse[x]]],
id(fix[x]], conplenent [inverse([x]], id[fix[x]]]], not [equal |
conposite[id[fix[x]], conpl enent [i nverse([x]], id[fix[x]]], intersection[Di, x]]]7,
not [equal [conposite[id[fix[x]], intersection[x, conpl enent [inverse[x]]],
id[fix[x]]], intersection[Di, x]]]] ==True
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In[44]:= (%/. X ->x_) /. Equal -> Set Del ayed

the final steps

A speciallemmais neededo takeadvantagef thefollowing rewriterule:

In[45]: = subcl ass[conpositel[intersection[Di, x], intersection[Di, x]], X]

Qut[45] = subcl ass[conposite[x, X], X]
Lemma.

In[46]:= Subst Test [i nplies, and[equal [u, v], subcl ass[v, w]], subclass[u, w],
{u -> conposite[intersection[D, x], intersection[D, x]1,
v ->conposite[id[fix[x]], intersection[x, conpl enent [i nverse[x]]1],
id[fix[x]], conpl ement [i nverse[x]], id[fix[x]]], w->X}]

Qut[46] = or [not [equal [conposite[intersection[Di, x], intersection[Di, x]],

conposite[id[fix[x]], intersection[x, conplenent [i nverse[x]]],
id[fix[x]], complenment [i nverse[x]], id[fix[x]]]1]],
not [subcl ass[conposite[id[fix[x]], intersection[x, conpl ement [i nverse[x]]],
id[fix[x]], conpl enent [inverse[x]], id[fix[x]]], x]],
subcl ass[conposite[x, x], x]] = True
In[47]:= (%/. X ->Xx_) /. Equal -> Set Del ayed

Main Theoremwell orderingsaretransitive.

In[48]:= Map[not, SubstTest [and, inplies[pl, p2], inplies[pl, p3],
implies[pl, p4], inplies[and[p3, p4], p5], implies[and[p2, p5], p6],
not [i npli es[pl, p6]11,
{pl -> VELLORDER[X],
p2 -> subcl ass[conposite[id[fix[x]], i ntersection[x, conpl ement [i nverse[x]]],
id[fix[x]], conpl enent [i nverse[x]], id[fix[x]]1], X],
p3 -> equal [conposite[id[fix[x]], conpl enment [i nverse[x]], id[fix[x]]1],
intersection[D, x]1,
p4 -> equal [conposite[id[fix[x]], intersection[x, conpl enent [i nverse[x]]],
id[fix[x]1], intersection[D, x]1,
p5 -> equal [conposite[id[fix[x]], intersection[x, conpl enent [i nverse[x]]],
id[fix[x]], conpl ement [i nverse[x]], id[fix[x]]], conposite[
intersection[Di, x], intersection[Di, x]1], p6 ->subcl ass[conposite[x, x], x]}1]

Qut[48] = or [not [VELLORDER([x]], subcl ass[conposite[x, x], X]] == True
In[49]:= or [not [WELLORDER[X_]], subcl ass[conposite[x_, x_], X_1]:=True
Corollary:

In[50]:= Map[not, SubstTest [and, i nplies[pl, p2],

implies[pl, p3], inplies[and[p2, p3], p4], not [i nplies[pl, p4]l],
{p1 -> VELLORDER[X], p2 -> subcl ass[x, cart [V, V]],
p3 -> subcl ass[composite[x, x], x], p4 -> TRANSI Tl VE[x]1}1]

Qut[50] = or [not [WELLORDER([x]], TRANSI TI VE[X]] == True
In[51] : = or [not [VELLORDER[X_]]1, TRANSI TI VE[x_]] : = True

A variable—freeversionof this canbederivedfor the specialcaseof smallwell-orderings:
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In[52]:= Map[equal [V, #] & Subst Test [cl ass, x, not [menber [X, y]], ¥ ->dif [WO, TRV]]] // Reverse
Qut[52] = subcl ass[WO, TRV] == True
In[53]:= subclass[WD, TRV] : =True

Not all well orderingsaresets. For exampletherestrictionof thesubclasselation S to theclass OMEGA of all ordinals
is awell orderingwhichis a properclass.

In[54]:= WELLORDER[restrict[S, OVEGA OVEGA]]

Qut[54] = True

some further corollaries

In this final section,the resultsobtainedaboveare combinedwith otherpreviouslyderivedfactsaboutwell orderingsto
derivevarioususefulcorollaries.

In[55]:= inplies[VWELLORDER[x], PARTI ALORDER[x]] // Not Not Test

Qut[55]= or [and[subcl ass[x, cart [fix[x], fix[x]]],
subcl ass[intersection[x, inverse[x]], Id], TRANSI TI VE[x]], not [WELLORDER[X]]] == True

I n[ 56] : (%/. x =>x_) /. Equal -> Set Del ayed

In[57]:= Map[equal [V, #] & SubstTest [cl ass, X, not [nenber [x, y]], ¥ ->dif [WD, PO]]] // Reverse
Qut[57] = subcl ass [WO, PO] == True

In[58]:= subclass[WO, PQ] : = True

If x isawell ordering,then intersection[Di,x] is acyclic.

In[59]:= Subst Test [i npl i es, and[subcl ass[x, y], subclass[y, z]], subclass[x, z],
{X->WD, y->PO z ->imagelinverse[l MAGE[id[Di 11], ACYCLIC]}]

Qut[59] = subcl ass[i mage [l MAGE[i d[Di 1], WO], ACYCLI C] == True
In[60]:= subclass[image[l MAGE[i d[Di 11, WO], ACYCLIC] : = True
Well orderingsaretotal orderings.

In[61]:= Map[not, SubstTest [and, inplies[pl, p2], inplies[pl, p3], inplies[and[p2, p3], p4],
not [i mpl i es[pl, p4]1]1, {pl -> VELLORDER[X], p2 -> PARTI ALORDER[X],
p3 -> equal [cart [fix[x], fix[x]], union[x, inverse[x]]], p4 -> TOTALORDER[X]}]]

Qut[61] = or [not [WELLORDER[x]], TOTALORDER([X]] == True

In[62]:

or [not [WELLORDER[x_]]1, TOTALORDER[X_1]1] : = True

In[63]:= Map[equal [V, #] & Subst Test [cl ass, x, not [nenber [x, y]], ¥ ->dif [WO, TO]1]] // Reverse

Qut[63] = subcl ass[WO, TO] = True

In[64]:= subclass[WO, TO] : = True



